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Summary. The aim of this article is to present the definition and some properties of
homomorphisms of many sorted algebras. Some auxiliary properties of many sorted functions
also have been shown.
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The articles [11], [15], [16], [6], [8], [7], [4], [2], [14], [1], [3], [12], [9], [13], [5], and [10] provide
the notation and terminology for this paper.

1. PRELIMINARIES

For simplicity, we use the following convention:S is a non void non empty many sorted signature,
U1, U2 are algebras overS, o is an operation symbol ofS, andn is a natural number.

Let I be a non empty set, letA, B be many sorted sets indexed byI , let F be a many sorted
function fromA into B, and leti be an element ofI . ThenF(i) is a function fromA(i) into B(i).

Let us considerSand letU1, U2 be algebras overS. A many sorted function fromU1 into U2 is
a many sorted function from the sorts ofU1 into the sorts ofU2.

Let I be a set and letA be a many sorted set indexed byI . The functor idA yields a many sorted
function fromA into A and is defined as follows:

(Def. 1) For every seti such thati ∈ I holds idA(i) = idA(i).

Let I1 be a function. We say thatI1 is “1-1” if and only if:

(Def. 2) For every seti and for every functionf such thati ∈ domI1 andI1(i) = f holds f is one-
to-one.

Let I be a set. Observe that there exists a many sorted function indexed byI which is “1-1”.
Next we state the proposition

(1) Let I be a set andF be a many sorted function indexed byI . ThenF is “1-1” if and only if
for every seti such thati ∈ I holdsF(i) is one-to-one.

Let I be a set, letA, B be many sorted sets indexed byI , and letI1 be a many sorted function
from A into B. We say thatI1 is onto if and only if:

(Def. 3) For every seti such thati ∈ I holds rngI1(i) = B(i).

Let F , G be function yielding functions. The functorG◦F yields a function yielding function
and is defined as follows:
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(Def. 4) dom(G◦ F) = domF ∩ domG and for every seti such thati ∈ dom(G◦ F) holds (G◦
F)(i) = G(i) ·F(i).

One can prove the following proposition

(2) Let I be a set,A, B, C be many sorted sets indexed byI , F be a many sorted function from
A into B, andG be a many sorted function fromB intoC. Then dom(G◦F) = I and for every
seti such thati ∈ I holds(G◦F)(i) = G(i) ·F(i).

Let I be a set, letA be a many sorted set indexed byI , let B, C be non-empty many sorted sets
indexed byI , let F be a many sorted function fromA into B, and letG be a many sorted function
from B into C. ThenG◦F is a many sorted function fromA into C.

One can prove the following propositions:

(3) Let I be a set,A, B be many sorted sets indexed byI , andF be a many sorted function from
A into B. ThenF ◦ idA = F.

(4) Let I be a set,A, B be many sorted sets indexed byI , andF be a many sorted function from
A into B. Then idB◦F = F.

Let I be a set, letA, B be many sorted sets indexed byI , and letF be a many sorted function
from A into B. Let us assume thatF is “1-1” and onto. The functorF−1 yielding a many sorted
function fromB into A is defined by:

(Def. 5) For every seti such thati ∈ I holdsF−1(i) = F(i)−1.

Next we state the proposition

(5) Let I be a set,A, B be non-empty many sorted sets indexed byI , H be a many sorted
function fromA into B, andH1 be a many sorted function fromB into A. If H is “1-1” and
onto andH1 = H−1, thenH ◦H1 = idB andH1◦H = idA.

Let I be a set, letA be a many sorted set indexed byI , and letF be a many sorted function
indexed byI . The functorF ◦A yields a many sorted set indexed byI and is defined as follows:

(Def. 6) For every seti such thati ∈ I holds(F ◦A)(i) = F(i)◦A(i).

Let us considerS, let U1 be a non-empty algebra overS, and let us considero. One can check
that every element of Args(o,U1) is function-like and relation-like.

2. HOMOMORPHISMS OFMANY SORTED ALGEBRAS

We now state the proposition

(6) LetU1 be an algebra overSandx be a function. Supposex∈ Args(o,U1). Then domx =
domArity(o) and for every sety such thaty∈ dom((the sorts ofU1) ·Arity(o)) holdsx(y) ∈
((the sorts ofU1) ·Arity(o))(y).

Let us considerS, letU1, U2 be algebras overS, let us considero, letF be a many sorted function
from U1 into U2, and letx be an element of Args(o,U1). Let us assume that Args(o,U1) 6= /0 and
Args(o,U2) 6= /0. The functorF#x yields an element of Args(o,U2) and is defined as follows:

(Def. 7) F#x = (Frege(F ·Arity(o)))(x).

Let us considerS, let U1 be a non-empty algebra overS, and let us considero. One can verify
that there exists an element of Args(o,U1) which is function-like and relation-like.

Let us considerS, let U1, U2 be non-empty algebras overS, let us considero, let F be a many
sorted function fromU1 intoU2, and letx be an element of Args(o,U1). ThenF#x is a function-like
relation-like element of Args(o,U2) and it can be characterized by the condition:

(Def. 8) For everyn such thatn∈ domx holds(F#x)(n) = F(Arity(o)n)(x(n)).
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We now state two propositions:

(7) Let givenS, o andU1 be an algebra overS. If Args(o,U1) 6= /0, then for every elementx of
Args(o,U1) holdsx = idthe sorts ofU1#x.

(8) LetU1, U2, U3 be non-empty algebras overS, H1 be a many sorted function fromU1 into
U2, H2 be a many sorted function fromU2 into U3, andx be an element of Args(o,U1). Then
(H2◦H1)#x = H2#(H1#x).

Let us considerS, let U1, U2 be algebras overS, and letF be a many sorted function fromU1

into U2. We say thatF is a homomorphism ofU1 into U2 if and only if the condition (Def. 9) is
satisfied.

(Def. 9) Let o be an operation symbol ofS. Suppose Args(o,U1) 6= /0. Let x be an element of
Args(o,U1). ThenF(the result sort ofo)((Den(o,U1))(x)) = (Den(o,U2))(F#x).

Next we state two propositions:

(9) For every algebraU1 overSholds idthe sorts ofU1 is a homomorphism ofU1 into U1.

(10) LetU1, U2, U3 be non-empty algebras overS, H1 be a many sorted function fromU1 into
U2, andH2 be a many sorted function fromU2 into U3. SupposeH1 is a homomorphism of
U1 intoU2 andH2 is a homomorphism ofU2 intoU3. ThenH2◦H1 is a homomorphism ofU1

into U3.

Let us considerS, let U1, U2 be algebras overS, and letF be a many sorted function fromU1

into U2. We say thatF is an epimorphism ofU1 ontoU2 if and only if:

(Def. 10) F is a homomorphism ofU1 into U2 and onto.

One can prove the following proposition

(11) LetU1, U2, U3 be non-empty algebras overS, F be a many sorted function fromU1 intoU2,
andG be a many sorted function fromU2 into U3. SupposeF is an epimorphism ofU1 onto
U2 andG is an epimorphism ofU2 ontoU3. ThenG◦F is an epimorphism ofU1 ontoU3.

Let us considerS, let U1, U2 be algebras overS, and letF be a many sorted function fromU1

into U2. We say thatF is a monomorphism ofU1 into U2 if and only if:

(Def. 11) F is a homomorphism ofU1 into U2 and “1-1”.

The following proposition is true

(12) LetU1, U2, U3 be non-empty algebras overS, F be a many sorted function fromU1 into
U2, andG be a many sorted function fromU2 into U3. SupposeF is a monomorphism ofU1

into U2 andG is a monomorphism ofU2 into U3. ThenG◦F is a monomorphism ofU1 into
U3.

Let us considerS, let U1, U2 be algebras overS, and letF be a many sorted function fromU1

into U2. We say thatF is an isomorphism ofU1 andU2 if and only if:

(Def. 12) F is an epimorphism ofU1 ontoU2 and a monomorphism ofU1 into U2.

One can prove the following three propositions:

(13) LetF be a many sorted function fromU1 into U2. ThenF is an isomorphism ofU1 andU2

if and only if F is a homomorphism ofU1 into U2, onto, and “1-1”.

(14) LetU1, U2 be non-empty algebras overS, H be a many sorted function fromU1 into U2,
andH1 be a many sorted function fromU2 into U1. SupposeH is an isomorphism ofU1 and
U2 andH1 = H−1. ThenH1 is an isomorphism ofU2 andU1.
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(15) LetU1, U2, U3 be non-empty algebras overS, H be a many sorted function fromU1 into
U2, andH1 be a many sorted function fromU2 into U3. SupposeH is an isomorphism ofU1

andU2 andH1 is an isomorphism ofU2 andU3. ThenH1◦H is an isomorphism ofU1 andU3.

Let us considerSand letU1, U2 be algebras overS. We say thatU1 andU2 are isomorphic if and
only if:

(Def. 13) There exists a many sorted function fromU1 into U2 which is an isomorphism ofU1 and
U2.

Next we state the proposition

(16) For every algebraU1 overSholds idthe sorts ofU1 is an isomorphism ofU1 andU1 andU1 and
U1 are isomorphic.

Let us considerSand letU1, U2 be algebras overS. Let us note that the predicateU1 andU2 are
isomorphic is reflexive.

Next we state two propositions:

(17) For all non-empty algebrasU1, U2 overSsuch thatU1 andU2 are isomorphic holdsU2 and
U1 are isomorphic.

(18) LetU1, U2, U3 be non-empty algebras overS. SupposeU1 andU2 are isomorphic andU2

andU3 are isomorphic. ThenU1 andU3 are isomorphic.

Let us considerS, letU1, U2 be non-empty algebras overS, and letF be a many sorted function
fromU1 intoU2. Let us assume thatF is a homomorphism ofU1 intoU2. The functor ImF yields a
strict non-empty subalgebra ofU2 and is defined as follows:

(Def. 14) The sorts of ImF = F ◦ (the sorts ofU1).

Next we state several propositions:

(19) LetU1 be a non-empty algebra overS, U2 be a strict non-empty algebra overS, andF be a
many sorted function fromU1 intoU2. SupposeF is a homomorphism ofU1 intoU2. ThenF
is an epimorphism ofU1 ontoU2 if and only if ImF = U2.

(20) LetU1, U2 be non-empty algebras overS, F be a many sorted function fromU1 intoU2, and
G be a many sorted function fromU1 into ImF. SupposeF = G andF is a homomorphism of
U1 into U2. ThenG is an epimorphism ofU1 onto ImF.

(21) LetU1, U2 be non-empty algebras overS andF be a many sorted function fromU1 into
U2. SupposeF is a homomorphism ofU1 into U2. Then there exists a many sorted function
G from U1 into ImF such thatF = G andG is an epimorphism ofU1 onto ImF.

(22) LetU1 be a non-empty algebra overS, U2 be a non-empty subalgebra ofU1, andG be a
many sorted function fromU2 into U1. If G = idthe sorts ofU2, thenG is a monomorphism of
U2 into U1.

(23) LetU1, U2 be non-empty algebras overSandF be a many sorted function fromU1 intoU2.
SupposeF is a homomorphism ofU1 into U2. Then there exists a many sorted functionF1

fromU1 into ImF and there exists a many sorted functionF2 from ImF intoU2 such thatF1 is
an epimorphism ofU1 onto ImF andF2 is a monomorphism of ImF intoU2 andF = F2◦F1.

(24) Let givenS, U1, U2 be algebras overS, giveno, F be a many sorted function fromU1 into
U2, x be an element of Args(o,U1), and f , u be functions. Supposex = f andx∈ Args(o,U1)
and u ∈ Args(o,U2). Then u = F#x if and only if for everyn such thatn ∈ dom f holds
u(n) = F(Arity(o)n)( f (n)).
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[8] Czesław Bylínski. Partial functions.Journal of Formalized Mathematics, 1, 1989.http://mizar.org/JFM/Vol1/partfun1.html.

[9] Beata Madras. Product of family of universal algebras.Journal of Formalized Mathematics, 5, 1993.http://mizar.org/JFM/Vol5/
pralg_1.html.

[10] Beata Madras. Products of many sorted algebras.Journal of Formalized Mathematics, 6, 1994.http://mizar.org/JFM/Vol6/pralg_
2.html.

[11] Andrzej Trybulec. Tarski Grothendieck set theory.Journal of Formalized Mathematics, Axiomatics, 1989.http://mizar.org/JFM/
Axiomatics/tarski.html.

[12] Andrzej Trybulec. Many-sorted sets.Journal of Formalized Mathematics, 5, 1993.http://mizar.org/JFM/Vol5/pboole.html.

[13] Andrzej Trybulec. Many sorted algebras.Journal of Formalized Mathematics, 6, 1994. http://mizar.org/JFM/Vol6/msualg_1.
html.

[14] Wojciech A. Trybulec. Pigeon hole principle.Journal of Formalized Mathematics, 2, 1990.http://mizar.org/JFM/Vol2/finseq_
4.html.

[15] Zinaida Trybulec. Properties of subsets.Journal of Formalized Mathematics, 1, 1989.http://mizar.org/JFM/Vol1/subset_1.html.

[16] Edmund Woronowicz. Relations and their basic properties.Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/
Vol1/relat_1.html.

Received April 25, 1994

Published January 2, 2004

http://mizar.org/JFM/Vol2/funct_5.html
http://mizar.org/JFM/Vol2/funct_5.html
http://mizar.org/JFM/Vol2/card_3.html
http://mizar.org/JFM/Vol3/funct_6.html
http://mizar.org/JFM/Vol3/funct_6.html
http://mizar.org/JFM/Vol1/finseq_1.html
http://mizar.org/JFM/Vol6/msualg_2.html
http://mizar.org/JFM/Vol6/msualg_2.html
http://mizar.org/JFM/Vol1/funct_1.html
http://mizar.org/JFM/Vol1/funct_1.html
http://mizar.org/JFM/Vol1/funct_2.html
http://mizar.org/JFM/Vol1/funct_2.html
http://mizar.org/JFM/Vol1/partfun1.html
http://mizar.org/JFM/Vol5/pralg_1.html
http://mizar.org/JFM/Vol5/pralg_1.html
http://mizar.org/JFM/Vol6/pralg_2.html
http://mizar.org/JFM/Vol6/pralg_2.html
http://mizar.org/JFM/Axiomatics/tarski.html
http://mizar.org/JFM/Axiomatics/tarski.html
http://mizar.org/JFM/Vol5/pboole.html
http://mizar.org/JFM/Vol6/msualg_1.html
http://mizar.org/JFM/Vol6/msualg_1.html
http://mizar.org/JFM/Vol2/finseq_4.html
http://mizar.org/JFM/Vol2/finseq_4.html
http://mizar.org/JFM/Vol1/subset_1.html
http://mizar.org/JFM/Vol1/relat_1.html
http://mizar.org/JFM/Vol1/relat_1.html

	homomorphisms of many sorted algebras By malgorzata korolkiewicz

