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Summary. The main goal of this paper is to show some properties of subalgebras of
universal algebras and many sorted algebras, and then the isomorphic correspondence between
lattices of such subalgebras.

MML Identifier: MSSUBLAT.

WWW: http://mizar.orqg/JFM/Voll0/mssublat.html

The articles[[11],[[15],1[8],[[1/7],[[16],[[5],[17],[[5], [[12],[[10], (18], [[2],[[14],[[1],1[9], [[13], and_[4]
provide the notation and terminology for this paper.

1. PRELIMINARIES

In this paperais a set and is a natural number.
The following propositions are true:

1) B—a)(0)=0

2 E—a)=(a.

@) E—a(2=(a8a)
4) B—a)(3) =(aaa).

(5) For every finite sequendeof elements of 0} holdsf =i~ Oifflenf =1.

(6) For every finite sequendesuch thatf = (O — 0)(i) holds lenf =i.

2. SOME PROPERTIES OFSUBALGEBRAS OF UNIVERSAL AND MANY SORTED ALGEBRAS
Next we state the proposition

(7) For all universal algebrdd;, U, such thatJ; is a subalgebra df, holds MSSigiiU;) =
MSSignUsz).

LetUp be a universal algebra. One can check that the characterigfigcisffunction yielding.
One can prove the following propositions:
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(8) LetUq, Uy be universal algebras. Suppdde is a subalgebra dfl,. Let B be a sub-
set of MSAIgU;). SupposeB = the sorts of MSAIgU1). Let o be an operation sym-
bol of MSSigr(U,) anda be an operation symbol of MSSi@ty). If a= o, then Derta,
MSAIg(U;)) = Den(o, MSAIg(U,)) | Args(a, MSAIg(Uy)).

(9) For all universal algebrdd;, U, such thatU; is a subalgebra df); holds the sorts of
MSAIg(U;) are a subset of MSA[Y),).

(10) LetUs, Uz be universal algebras. Suppdseis a subalgebra dfi,. Let B be a subset of
MSAIg(Uy). If B = the sorts of MSAIgU, ), thenB is operations closed.

(11) LetUq, Uy be universal algebras. Suppddeis a subalgebra dfl,. Let B be a subset
of MSAIg(U,). If B = the sorts of MSAIgU;), then the characteristics of MSAld;) =
OpergMSAlg(U,),B).

(12) For all universal algebrds;, U, such that); is a subalgebra d; holds MSAIgU;) is a
subalgebra of MSAIfJ,).

(13) For all universal algebras, U, such that MSAIgU, ) is a subalgebra of MSA(f),) holds
the carrier olJ; is a subset of),.

(14) LetUq, U be universal algebras. Suppose MSAlg) is a subalgebra of MSAIf,). Let
B be a non empty subset 0b. If B = the carrier olJ1, thenB is operations closed.

(15) LetUq, Uy be universal algebras. Suppose MSAlg) is a subalgebra of MSA[Y,).
Let B be a non empty subset bf. If B = the carrier o, then the characteristic &f; =
OpergU,, B).

(16) For all universal algebras, U, such that MSAIgU, ) is a subalgebra of MSAIt),) holds
U, is a subalgebra df,.

In the sequeM; is a segmental trivial non void hon empty many sorted signatureAaisch
non-empty algebra ovévi;.
The following propositions are true:

(17) For every non-empty subalgelBaf A holds the carrier of Alg(B) is a subset of Alg(A).

(18) LetB be a non-empty subalgebraAfandSbe a non empty subset of Al@A). If S=the
carrier of Alg, (B), thenSis operations closed.

(19) LetB be a non-empty subalgebradfandSbe a non empty subset of AlgA). If S=the
carrier of Alg, (B), then the characteristic of AJ§B) = OpergAlg,(A),S).

(20) For every non-empty subalgelBaf A holds Alg; (B) is a subalgebra of AlgA).

(21) LetSbe a non empty non void many sorted signature &8 be algebras oves. ThenA
is a subalgebra @ if and only if Ais a subalgebra of the algebramf

(22) For all universal algebrag, B holds signatur& = signaturd iff MSSign(A) =
MSSign(B).

(23) Let A be a non-empty algebra ovérl;. Suppose the carrier d; = {0}. Then
MSSignAlg,(A)) = the many sorted signature bf;.

(24) LetA, B be non-empty algebras ovist;. Suppose the carrier &, = {0} and Alg; (A) =
Alg,(B). Then the algebra ok = the algebra oB.

(25) LetAbe anon-empty algebra ovel;. If the carrier oMy = {0}, then the sorts of = the
sorts of MSAIgAlg4(A)).

(26) For every non-empty algebr& over M; such that the carrier oM; = {0} holds
MSAIg(Alg,(A)) = the algebra oA.

(27) LetA be a universal algebra amibe a strict non-empty subalgebra of MSMg. If the
carrier of MSSigiiA) = {0}, then Alg, (B) is a subalgebra oA.
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3. THE CORRESPONDENCHBETWEENLATTICES OF SUBALGEBRAS OF UNIVERSAL AND
MANY SORTED ALGEBRAS

Next we state three propositions:

(28) LetA be a universal algebray, by be strict non-empty subalgebrasAfanday, by be
strict non-empty subalgebras of MSAR. Suppose, = MSAIlg(a;) andb, = MSAIg(by).
Then (the sorts ady) U (the sorts oby) = 0——((the carrier ofa;) U (the carrier ofby)).

(29) LetA be a universal algebray, by be strict non-empty subalgebrasAfanday, by be
strict non-empty subalgebras of MSAR. Suppose, = MSAIg(a;) andb, = MSAIg(by).
Then (the sorts ofy) N (the sorts oby) = 0——(the carrier ofa;) N (the carrier ofby).

(30) LetA be a strict universal algebray, b; be strict non-empty subalgebras &f anday,
b, be strict non-empty subalgebras of MSMg. If ap = MSAIg(a;) andb, = MSAIg(b;),
then MSAIga; Liby) = ap U by.

Let A be a universal algebra with constants. One can verify that M$8)ga non void, strict,
segmental, and trivial and has constant operations.
The following proposition is true

(31) LetA be a universal algebra with constangés, b; be strict non-empty subalgebras of
A, anday, by be strict non-empty subalgebras of MSAMg. If a, = MSAIlg(a;) andb, =
MSAIg(b1), then MSAlga; Nby) = axNby.

Let A be a quasi total universal algebra structure. Note that the universal algebra struéure of
is quasi total.

Let A be a partial universal algebra structure. Note that the universal algebra strucAuie of
partial.

Let A be a non-empty universal algebra structure. Observe that the universal algebra structure
of Ais non-empty.

Let A be a universal algebra with constants. Note that the universal algebra strucAilasf
constants.

We now state the proposition

(32) LetAbe auniversal algebra with constants. Then the lattice of subalgebras of the universal
algebra structure ok and the lattice of subalgebras of MSAflge universal algebra structure
of A) are isomorphic.
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