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The articles|[18],[[12],[[23],[121],[124] [T10], 18], 111]/{14] [11] [[4].[116],12] [ 122] [ |3] [[13],15],
[61, [7], [19], [20], [9], [15], and [17] provide the notation and terminology for this paper.

1. TERMS OVER ASIGNATURE AND OVER AN ALGEBRA

Letl be a non empty set, I&& be a non-empty many sorted set indexed gnd leti be an element
of |. Observe thaK(i) is non empty.

In the sequeB denotes a non void non empty many sorted signatur&/ashehotes a non-empty
many sorted set indexed by the carrieiSof

Let us considelS and letV be a many sorted set indexed by the carrieiSofThe functor
S-TermgV) yielding a subset of FinTreéhe carrier of DTConMSAV)) is defined by:

(Def. 1) S-TermgV) =TS(DTConMSAV)).

Let us conside§, V. Note thatS-TermgV) is hon empty.

Let us consideB, V. A term of SoverV is an element 08-TermgV).

In the sequeh is an algebra ove®andt is a term ofSoverV.

Let us conside§, V and leto be an operation symbol & Then Synfo,V) is a nonterminal of
DTConMSAYV).

Let us considelS, V and lets; be a nonterminal of DTConMS®). A finite sequence of
elements oB-TermgV) is said to be an argument sequence;df:

(Def. 2) Itis a subtree sequence joinableshy

We now state the proposition

(1) Leto be an operation symbol @ anda be a finite sequence. Theo, the carrier of
S)-treqa) € S-TermgV) anda is decorated tree yielding if and only & is an argument
sequence of Syfo,V).

The schemd@erminddeals with a non void non empty many sorted signatéiy@ non-empty
many sorted seB indexed by the carrier ofl, and a unary predicate, and states that:

1This article has been prepared during the visit of the author in Nagano in Summer 1994,
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For every ternt of 4 over B holdsP|t]
provided the following conditions are satisfied:
e For every sort symba of 4 and for every element of B(s) holds P[the root tree
of (v, s)], and
e Let o be an operation symbol of and p be an argument sequence of SyB).
Suppose that for every terhof 4 over B such that € rngp holds2?[t]. Then?[{o,
the carrier of4)-tree(p)].

Let us conside§, A, V. Aterm of A overV is a term ofSover (the sorts o) UV.

Let us consideB, A, V and leto be an operation symbol & An argument sequence of A,
andV is an argument sequence of Syay(the sorts ofd) UV).

The schem&Terminddeals with a non void non empty many sorted signatiira non-empty
algebraB over 4, a non-empty many sorted sétindexed by the carrier off, and a unary predicate
P, and states that:

For every ternt of B over C holdsP[t]
provided the parameters meet the following requirements:
e For every sort symbad of 4 and for every element of (the sorts ofB)(s) holds

P[the root tree ofx, s)],

e For every sort symbas of 4 and for every element of C(s) holds?[the root tree
of {v, s)], and

e Let o be an operation symbol offt and p be an argument sequence @f3, and
C. Suppose that for every tertrof B over C such that € rngp holds?[t]. Then
P[Sym(o, (the sorts ofB) U C)-treg(p)].

Let us conside§, V, t and letp be a node of. Thent(p) is a symbol of DTConMSAV ).

Let us consideB, V. Note that every term doverV is finite.

The following propositions are true:

(2)()) There exists a sort symbsbf Sand there exists an elemerntfV (s) such that(0) = (v,
s), or

(i)  t(0) € [:the operation symbols & {the carrier ofS} ].

(3) Lett be aterm ofA overV. Then

(i) there exists a sort symbebf Sand there exists a sesuch thak € (the sorts ofA)(s) and
t(0) = (x,s), or

(i) there exists a sort symbalof Sand there exists an elemantf V (s) such that(0) = (v,
s}, or

(i) t(0) € [the operation symbols &, {the carrier ofS} .

(4) For every sort symbd of Sand for every elementof V(s) holds the root tree ofv, s) is
aterm ofSoverV.

(5) For every sort symbd of Sand for every element of V(s) such that(0) = (v, s) holds
t = the root tree ofv, s).

(6) Letsbe a sort symbol o6 andx be a set. Supposec (the sorts ofA)(s). Then the root
tree of({x, s) is a term ofA overV.

(7) Lett be aterm ofA overV, sbe a sort symbol df, andx be a set. Ik € (the sorts 0fA)(s)
andt(0) = (x, s), thent = the root tree ofx, s).

(8) For every sort symbd of Sand for every elementof V (s) holds the root tree ofv, s) is
a term ofA overV.

(9) Lett be a term ofA overV, s be a sort symbol of, andv be an element o¥/(s). If
t(0) = (v, s), thent = the root tree of v, s).

(10) Leto be an operation symbol & Supposé(0) = (o, the carrier ofS). Then there exists
an argument sequene®f Sym(o,V) such that = (o, the carrier ofS)-treq(a).
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Let us conside§, let A be a non-empty algebra ov8rlet us consideY, letsbe a sort symbol
of S, and letx be an element of (the sorts Aj(s). The functorxay Yyields a term ofA overV and
is defined as follows:

(Def. 3) xav =the root tree ofx, s).

Let us conside8, A, V, letsbe a sort symbol 0§, and letv be an element d¥ (s). The functor
va Yields a term ofA overV and is defined by:

(Def. 4) vp =theroot tree ofVv, S).

Let us considelS, V, let s; be a nonterminal of DTConMS/ ), and letp be an argument
sequence of;. Thens;-tree(p) is a term ofSoverV.

The schem@ermind2deals with a non void non empty many sorted signatiira non-empty
algebraB over A4, a non-empty many sorted sétindexed by the carrier off, and a unary predicate
P, and states that:

For every ternt of B over C holdsP[t]
provided the parameters meet the following conditions:

e For every sort symbas of 4 and for every element of (the sorts ofB)(s) holds
Plxg.c],

e For every sort symbd of 4 and for every elementof C(s) holds®|v], and

e Leto be an operation symbol of and p be an argument sequence of Sgnfthe
sorts of B) U C). Suppose that for every termof B over C such that € rngp holds
P[t]. Then?[Sym(o, (the sorts ofB) U C)-treg(p)].

2. SORT OF ATERM
We now state three propositions:

(11) For every ternt of SoverV there exists a sort symbsbf Ssuch that € FreeSortV,s).
(12) For every sort symbaof Sholds FreeSo(V,s) C S-TermgV).
(13) S-TermgV) = |JFreeSortgV).
Let us consideB V, t. The sort ot yields a sort symbol cfand is defined by:
(Def. 5) t € FreeSortV, the sort oft).

The following propositions are true:

(14) Letsbe a sort symbol o8 andv be an element 0¥ (s). If t = the root tree ofy, s), then
the sort oft =s.

(15) Lett be aterm ofA overV, shbe a sort symbol 08, andx be a set. Supposec (the sorts
of A)(s) andt = the root tree ofx, s). Then the sort of = s.

(16) Lett be aterm ofA overV, sbe a sort symbol 0§, andv be an element o7 (s). If t = the
root tree of(v, sy, then the sort of = s.

(17) Leto be an operation symbol & Suppose(0) = (o, the carrier ofS). Then the sort of
t = the result sort 0b.

(18) LetA be a non-empty algebra ov8rs be a sort symbol 0§, andx be an element of (the
sorts ofA)(s). Then the sort okay =s.

(19) For every sort symbaof Sand for every elementof V(s) holds the sort ofiy = s.

(20) Leto be an operation symbol &andp be an argument sequence of SV ). Then the
sort of ( Synfo,V)-treg p) quaterm ofSoverV) = the result sort 0b.
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3. ARGUMENT SEQUENCE

Next we state several propositions:

(21) Leto be an operation symbol &anda be a finite sequence of elementsffermgV).
Thenais an argument sequence of Sy;V) if and only if Sym(o,V) = the roots ofa.

(22) Leto be an operation symbol @& anda be an argument sequence of SgpV). Then
lena = len Arity(0) and dona = dom Arity(o) and for every natural numbérsuch that
doma holdsa(i) is a term ofSoverV.

(23) Leto be an operation symbol @& a be an argument sequence of SgV), andi be a
natural number. Suppose doma. Lett be a term ofSoverV. Supposé = a(i). Then
() t=(aquafinite sequence of elements 8fTermgV) quanon empty sef)
(i) the sort oft = Arity (0)(i), and
(iiiy  the sort oft = Arity (0);.
(24) Leto be an operation symbol &anda be a finite sequence. Suppose that
(i) lena=lenArity(o) or doma = dom Arity(0), and

(i) for every natural numbeirsuch thai € doma there exists a termof SoverV such that
t = a(i) and the sort of = Arity (0)(i) or for every natural numbersuch that € domathere
exists a term of SoverV such that = a(i) and the sort of = Arity (0);.

Thenais an argument sequence of SimV).

(25) Letobe an operation symbol &anda be a finite sequence of elementsffermgV).
Suppose that

(i) lena=lenArity(o) or doma= domArity(0), and

(i)  for every natural numbeirsuch thai € doma and for every ternt of SoverV such that
t = a(i) holds the sort of = Arity (0)(i) or for every natural numbersuch that € doma and
for every termt of SoverV such that = a(i) holds the sort of = Arity (0);.

Thenais an argument sequence of SimV).

(26) LetSbe anon void non empty many sorted signature\antl, be non-empty many sorted
sets indexed by the carrier 8f If V; C V5, then every term o6 overV; is a term ofSoverVs.

(27) LetSbe a non void non empty many sorted signatérége an algebra ove3, andV be a

non-empty many sorted set indexed by the carried. dfhen every term oBoverV is a term
of AoverV.

4. COMPOUND TERMS
Let Sbe a non void non empty many sorted signature an¥ Ibe a non-empty many sorted set
indexed by the carrier d. A term of SoverV is called a compound term &overV if:
(Def. 6) 1t(0) € [the operation symbols &, {the carrier ofS} ].

Let Sbe a non void non empty many sorted sighature and le¢ a non-empty many sorted set
indexed by the carrier & A non empty subset &-TermgV) is said to be a set with a compound
term of SoverV if:

(Def. 7) There exists a compound tetraf SoverV such that € it.
The following propositions are true:
(28) Iftis notroot, ther is a compound term dboverV.
(29) For every node of t holdst|p is a term ofSoverV.

Let Sbe a non void non empty many sorted signatureYldte a non-empty many sorted set
indexed by the carrier d, lett be a term ofSoverV, and letp be a node of. Thent[pis a term
of SoverV.
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5. EBVALUATION OF TERMS

Let Sbe a non void non empty many sorted signature and et an algebra oves. A non-empty
many sorted set indexed by the carrieiSo$ said to be a variables family &fif:

(Def. 8) It misses the sorts @t

We now state the proposition

(30) LetV be a variables family o, sbe a sort symbol of, andx be a set. Ik € (the sorts of
A)(s), then for every elementof V(s) holdsx # v.

Let Sbe a non void non empty many sorted signatureAlbe a non-empty algebra ovErlet
V be a non-empty many sorted set indexed by the carri€rlett be a term ofA overV, let f be a
many sorted function fron into the sorts ofA, and letv; be a finite decorated tree. We say that
is an evaluation of w.r.t. f if and only if the conditions (Def. 9) are satisfied.

(Def. 9)()) donmv; =domt, and

(i) for every nodep of v1 holds for every sort symba of Sand for every element of V (s)
such that(p) = (v, s) holdsv;(p) = f(s)(v) and for every sort symbd of Sand for every
elemenix of (the sorts ofA)(s) such that(p) = (X, s) holdsvs(p) = x and for every operation
symbolo of Ssuch that(p) = (o, the carrier ofS) holdsvi(p) = (Den(o,A))(sucgvi, p)).

For simplicity, we follow the rulesS denotes a non void non empty many sorted signatre,
denotes a non-empty algebra 0&W denotes a variables family &, t denotes a term oA over
V, andf denotes a many sorted function frafrinto the sorts ofA.

The following propositions are true:

(31) Letsbe asort symbol dbandx be an element of (the sorts Aj(s). Suppose = the root
tree of(x, s). Then the root tree of is an evaluation of w.r.t. f.

(32) Letsbe a sort symbol aBandv be an element of (s). Supposé = the root tree ofv, s).
Then the root tree of (s)(v) is an evaluation of w.r.t. f.

(33) Leto be an operation symbol & p be an argument sequencemfA, andV, andq be a
decorated tree yielding finite sequence. Suppose that
(i) leng=Ilenp, and

(i) for every natural numberand for every term of A overV such that € domp andt = p(i)
there exists a finite decorated tnesuch that; = q(i) andv is an evaluation of w.r.t. f.

Then there exists a finite decorated trgesuch thatv; = (Den(o, A))(the roots ofg)-treg(q)
andv; is an evaluation of Sy(o, (the sorts ofA) UV)-treg(p) quaterm of A overV w.r.t. f.

(34) Lett be aterm ofA overV ande be a finite decorated tree. Suppede an evaluation of
w.rt. f. Let p be a node of andn be a node oé. If n= p, thenefnis an evaluation of[p
w.r.t. f.

(35) Letobe an operation symbol & p be an argument sequencemfA, andV, andv; be a
finite decorated tree. Supposeis an evaluation of Sy(o, (the sorts ofA) UV )-treg p) qua
term of AoverV w.r.t. f. Then there exists a decorated tree yielding finite sequeisceh
that

(i) leng=lenp,
(i) v1=(Den(o,A))(the roots ofg)-tregq), and

(iiiy  for every natural numberand for every ternt of A overV such that € domp andt = p(i)
there exists a finite decorated tnesuch that; = q(i) andv; is an evaluation of w.r.t. f.

(86) There exists a finite decorated tree which is an evaluatiomwoft. f.



TERMS OVER MANY SORTED UNIVERSAL ALGEBRA 6

(37) Letey, e be finite decorated trees. Supp@sds an evaluation of w.r.t. f andey is an
evaluation of w.r.t. f. Thene; = e.

(38) Letvy be afinite decorated tree. Suppasés an evaluation af w.r.t. f. Thenv;(0) € (the
sorts ofA)(the sort ott).

Let Sbe a non void non empty many sorted signatureAlbe a non-empty algebra overlet
V be a variables family oA, lett be a term ofA overV, and letf be a many sorted function frowh
into the sorts ofA. The functort @ f yielding an element of (the sorts Aj (the sort oft) is defined

by:
(Def. 10) There exists a finite decorated tvgesuch that; is an evaluation of w.r.t. f andt @ f =
v1(®).

In the sequel is a term ofA overV.
We now state several propositions:

(39) For every finite decorated treg such thatv; is an evaluation of w.r.t. f holdst@ f =
v1(®).

(40) Letvy be afinite decorated tree. Suppasgeés an evaluation of w.r.t. f. Let p be a node
of t. Thenvy(p) =t[p@f.

(41) For every sort symbalof Sand for every elementof (the sorts of\)(s) holdsxa v @f =x.
(42) For every sort symbalof Sand for every elementof V(s) holdsva @ f = f(s)(v).
(43) Leto be an operation symbol & p be an argument sequencemfA, andV, andq be a
finite sequence. Suppose that
(i) leng=lenp, and

(i) for every natural numbersuch thai € domp and for every ternt of A overV such that
t = p(i) holdsq(i) =t @ f.

Then(Sym(o, (the sorts ofA) UV )-tregp) qua term of A overV) @ f = (Den(o,A))(q).
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