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Summary. LetK=(SK,0,1,+,-) be aring. The structu®K = (SK,0,1,+, ) is
called anti-ring, ifo e = B- o for elementsx, B of K [8, pages 5-7]. Itis easily seen tREK
is also a ring. IV is a left module ovekK, thenV is a right module ove?PK. If W is a right
module oveiK, thenW is a left module ovefPK. LetK,L be rings. A morphisnd : K — L
is called anti-homomorphism, (o - ) = J(B) - J(a) for elementsx, Bof K. If J: K — L
is @ homomorphism, theh: K — °PL is an anti-homomorphism. L&k, L be ringsV,W left
modules oveK, L respectively and : K — L an anti-monomorphism. A map:V — W
is calledJ - semilinear, iff (x+y) = f(x) + f(y) andf(a-x) = J(a) - f(x) for vectorsx,y of
V and a scalao of K.

MML Identifier: MOD_ 4.

WWW: http://mizar.org/JFM/Vol4/mod_4.html

The articles([4], [[12],[[13],[[2], 18], [[L], ([11], [[6], 71, (9], [5], and[10] provide the notation and
terminology for this paper.

1. OPPOSITE FUNCTIONS

In this paperA, B, C are non empty sets arfdis a function from[: A, B] into C.
Let us consideA, B, C, f. Thenf is a function from[: B, A] into C.
One can prove the following proposition

(1) Forevery elementof A and for every elementof B holds f (x, y) = () (y, X).

2. OPPOSITE RINGS

In the sequekK is a non empty double loop structure.
Let us consideK. The functoPPK yields a strict double loop structure and is defined as follows:

(Def. 1) °PK = (the carrier ofK, the addition ofK, .~ (the multiplication ofK),the unity ofK, the
zero ofK).

Let us consideK. One can check th&PK is non empty.

LetK be an add-associative right complementable right zeroed non empty double loop structure.
Observe that’K is add-associative, right zeroed, and right complementable.

One can prove the following propositions:

(2)()) The loop structure dt’K = the loop structure o,

(i) if Kis add-associative, right zeroed, and right complementable, then®®&mpcompK,
and

(iii)  for every setx holdsx is a scalar ofPK iff xis a scalar oK.

1 © Association of Mizar Users


http://mizar.org/JFM/Vol4/mod_4.html

OPPOSITE RINGSMODULES AND THEIR MORPHISMS

(3) °P(°PK) = the double loop structure &f.
(4) LetK be an add-associative right zeroed right complementable non empty double loop
structure. Then
(i) Ok = Oonk,
(i) 1k = dork, and
(iiiy  for all scalarsx, y, z, u of K and for all scalars, b, c, d of °°K such thatk=aandy="b
andz=candu=d holdsx+y=a+bandx-y=b-aand—x= —aandx+y+z=a+b+c
andx+ (y+2z) =a+ (b+c) and(x-y)-z=c-(b-a) andx- (y-z) = (c-b)-aandx- (y+2) =
(b+c)-aand(y+2)-x=a-(b+c)andx-y+z-u=b-a+d-c.
(5) For every ringK holds®PK is a strict ring.
LetK be aring. One can check tH&K is Abelian, add-associative, right zeroed, right comple-
mentable, well unital, and distributive.
One can prove the following proposition
(6) For every ringK holds®PK is a ring.

LetK be aring. One can verify th8€K is associative.
We now state the proposition
(7) For every skew fiel&k holds®PK is a skew field.

Let K be a skew field. One can check tHf8K is non degenerated, field-like, associative,
Abelian, add-associative, right zeroed, right complementable, well unital, and distributive.

One can prove the following proposition
(8) For every fieldK holds®PK is a strict field.
LetK be a field. Observe th88K is strict and field-like.
3. OPPOSITE MODULES
In the sequeV is a non empty vector space structure ager

Let us consideK, V. The functor®?V yields a strict right module structure ov&K and is

defined by the condition (Def. 2).

(Def. 2) Letobe afunction froni the carrier oW, the carrier ofPK ] into the carrier o¥/. Suppose
0 = \(the left multiplication ofV). Then°PV = (the carrier oi, the addition oW/, the zero

of V, 0).
Let us consideK, V. Observe thal?V is non empty.
We now state the proposition

The loop structure df*V = the loop structure d¥, and
for every setx holdsx is a vector oV iff xis a vector ofPV.

90)

(ii)

Let us consideK, V and leto be a function fronT:the carrier ofK, the carrier otV ] into the
carrier ofV. The functor®Po yielding a function from:the carrier of°?V, the carrier o°PK ] into

the carrier oPPV is defined by:
(Def. 3) °Po=.0.
One can prove the following proposition

(10) The right multiplication ofPV = °P(the left multiplication ofV).
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In the sequelV is a non empty right module structure over
Let us consideK, W. The functor®®W yields a strict vector space structure of8K and is
defined by the condition (Def. 4).

(Def. 4) Leto be a function fronf:the carrier o°PK, the carrier oMW ] into the carrier ofNV. Sup-
poseo = ~\(the right multiplication ofV). Then®”W = (the carrier ofV, the addition ofV,
the zero ofW, o).

Let us consideK, W. One can check th&W is non empty.
The following proposition is true

(12Hi) The loop structure ofPW = the loop structure d¥, and
(i) for every setx holdsx is a vector oV iff x is a vector ofPW.

Let us consideK, W and leto be a function fronf:the carrier oW, the carrier oK ] into the
carrier ofW. The functor®Po yields a function fronf: the carrier ofPK, the carrier ofPW ] into the
carrier of°®W and is defined as follows:

(Def. 5) ©°Po=.o0.
We now state a number of propositions:

(13) The left multiplication ofPW = °P(the right multiplication ofw).

(15E] For every functiorp from [ the carrier oK, the carrier ol ] into the carrier ol holds
°P(°Po) = o.

(16) Leto be a function fron:the carrier ofK, the carrier oV ] into the carrier o/, x be a
scalar ofK, y be a scalar ofPK, v be a vector oV, andw be a vector of?V. If x=y and
v =w, then(°Po)(w, y) = o(x, v).

(17) LetK, L beringsV be a non empty vector space structure d¢gW be a non empty right
module structure ovdr, x be a scalar oK, y be a scalar ok, v be a vector oV, andw be a
vector ofW. If L = °PK andW = °PV andx =y andv = w, thenw-y = x-Vv.

(18) LetK, L berings\V be a non empty vector space structure d¢gW be a non empty right
module structure ovdr, vy, Vo be vectors oW/, andwy, w, be vectors ofV. If L = °PK and
W = %PV andv; = w; andvs = Wo, thenwy +wW, = vq + Vs.

(19) For every functior from [ the carrier oW, the carrier oK | into the carrier ofV holds
%P(°Po) = 0.

(20) Leto be a function fronf:the carrier oW, the carrier oK ] into the carrier oV, x be a
scalar ofK, y be a scalar ofPK, v be a vector ofV, andw be a vector ofPW. If x=y and
v =w, then(°Po)(y, w) = o(V, X).

(21) LetK, L beringsV be a non empty vector space structure d¢gW be a non empty right
module structure ovdr, x be a scalar oK, y be a scalar ok, v be a vector o¥/, andw be a
vector ofW. If K =°PL andV = °PW andx =y andv=w, thenw-y = Xx-V.

(22) LetK, L be ringsV be a non empty vector space structure d¢gw be a non empty right
module structure ovdr, vy, Vo be vectors oWV, andwy, w, be vectors ofV. If K =°PL and
V = %W andvi = w; andvs = W», thenwy +W, = vq + Vs.

(23) LetK be a strict non empty double loop structure ahdbe a non empty vector space
structure oveK. Then®(°PV) = the vector space structure\6f

(24) LetK be a strict non empty double loop structure aicbe a non empty right module
structure oveK. Then®(°PW) = the right module structure &¥.

1 The proposition (11) has been removed.
2 The proposition (14) has been removed.
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(25) For every ringk and for every left modul® overK holds®PV is a strict right module over
oPK .

LetK be aring and le¥ be a left module oveK. Observe that?V is Abelian, add-associative,
right zeroed, right complementable, and right module-like.
The following proposition is true

(26) For every ringK and for every right modul®/ over K holds®PW is a strict left module
over°PK.

LetK be aring and IeV be a right module ovef. Observe that?W is Abelian, add-associative,
right zeroed, right complementable, and vector space-like.

4. MORPHISMS OF RINGS

LetK, L be non empty double loop structures andl{dbe a map fronK into L. We say that; is
antilinear if and only if:

(Def. 6) For all scalars, y of K holdsli(x+Yy) = 11(x) + 11(y) and for all scalar, y of K holds
|1(X-y) = Il(y) . |1(X) and|1(1|() =1.

Let K, L be non empty double loop structures and{dte a map fronK into L. We say that;
is monomorphism if and only if:

(Def. 7) 1y is linear and one-to-one.
We say that; is antimonomorphism if and only if:
(Def. 8) 15 is antilinear and one-to-one.

LetK, L be non empty double loop structures and{dbe a map fronK into L. We say that;
is epimorphism if and only if:

(Def. 9) Iy islinear and rndy = the carrier ofL.
We say that; is antiepimorphism if and only if:
(Def. 10) |4 is antilinear and rnfy = the carrier ofL.

LetK, L be non empty double loop structures and{gbe a map fronK into L. We say that;
is isomorphism if and only if:

(Def. 11) 11 is monomorphism and rrig = the carrier ofL.
We say that; is antiisomorphism if and only if:
(Def. 12) |4 is antimonomorphism and rig= the carrier ofL.

In the sequel is a map fronK into K.
LetK be a non empty double loop structure and jdte a map fronK into K. We say that; is
endomorphism if and only if:

(Def. 13) |4 islinear.

We say that; is antiendomorphism if and only if:
(Def. 14) 14 is antilinear.

We say that; is automorphism if and only if:
(Def. 15) |4 is isomorphism.

We say that; is antiautomorphism if and only if:
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(Def. 16) 14 is antiisomorphism.

Next we state three propositions:

(27) Jis automorphism if and only if the following conditions are satisfied:
(i) forall scalarsx, y of K holdsJ(x+y) = J(x) + J(y),

(i) for all scalarsx, y of K holdsJ(x-y) = J(x) - J(y),

(i) J(1k) = i,

(iv) Jis one-to-one, and

(v) rngJ = the carrier oK.

(28) Jis antiautomorphism if and only if the following conditions are satisfied:
(i) forall scalarsx, y of K holdsJ(x+y) = J(x) +J(y),

(i) for all scalarsx, y of K holdsJ(x-y) = J(y) - J(x),

(i) I(1k) = Lk,

(iv) Jis one-to-one, and

(v) rngJ = the carrier oK.

(29) idk is automorphism.

We adopt the following ruleK, L denote rings] denotes a map frod into L, andx, y denote
scalars oK.
Next we state four propositions:

(30) IfJislinear, thenl(Ok) = O andJ(—x) = —J(x) andJ(x—y) = J(X) — I(Y).
(31) IfJis antilinear, thed(0k) = 0 andJ(—x) = —J(x) andJ(x—Yy) = J(X) — J(y).
(832) For every rink holds idc is antiautomorphism ifK is a commutative ring.

(33) For every skew fiel& holds id is antiautomorphism ifK is a field.

5. OPPOSITE MORPHISMS TO MORPHISMS OF RINGS

Let K, L be non empty double loop structures andJidte a map fronK into L. The functor®PJ
yields a map fronK into °PL and is defined as follows:

(Def. 17) %P3 =1J.

In the sequek, L are add-associative right zeroed right complementable non empty double loop
structures and is a map fronK into L.
One can prove the following propositions:

(34) ©°P(%PJ) = J.

(35) LetK, L be add-associative right zeroed right complementable non empty double loop
structures and be a map fronK into L. ThenJ is linear if and only if°PJ is antilinear.

(36) Jis antilinear iff°PJ is linear.

(37) Jis monomorphism ifPPJ is antimonomorphism.
(38) Jis antimonomorphism iffPJ is monomorphism.
(39) Jis epimorphism iff°PJ is antiepimorphism.

(40) Jis antiepimorphism ifPPJ is epimorphism.

(41) Jisisomorphism if°PJ is antisomorphism.
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(42) Jis antiisomorphism iffPJ is isomorphism.

In the sequel denotes a map fromd into K.
Next we state four propositions:

(43) Jis endomorphism iffPJ is antilinear.
(44) Jis antiendomorphism iftPJ is linear.
(45) Jis automorphism ifPPJ is antisomorphism.

(46) Jis antiautomorphism iffPJ is isomorphism.

6. MORPHISMS OF GROUPS

In the seque, H are groups.
Let us conside6, H. A map fromG into H is said to be a homomorphism froGito H if:

(Def. 18) For all elements, y of G holds itx+Yy) = it(x) +it(y).

Let us consides, H. Then ZeroMapG,H) is a homomorphism fror® to H.

In the sequeF denotes a homomorphism fro@ito H.

Let us conside, H and letl; be a homomorphism fror@ to H. We say that; is monomor-
phism if and only if:

(Def. 19) |4 is one-to-one.

Let us conside6, H and letl; be a homomorphism from@ to H. We say that; is epimorphism
if and only if:

(Def. 20) rnd1 = the carrier oH.

Let us conside6, H and letl; be a homomorphism froi® to H. We say that; is isomorphism
if and only if:

(Def. 21) |4 is one-to-one and rrig = the carrier oH.

Let us conside6. An endomorphism o6 is a homomorphism fror® to G.

Let us considef. Observe that there exists an endomorphisi@ afhich is isomorphism.
Let us conside. An automorphism o6 is an isomorphism endomorphism@f

Let us conside6. Then igs is an automorphism db.

In the sequek, y denote elements @3.

The following proposition is true

(48] f(0) =04 andf(—x) = —f(x) andf(x—y) = f(x) — f(y).

We adopt the following conventior, H denote Abelian groupsd, denotes a homomorphism
from G to H, andx, y denote elements @3.
The following proposition is true

(49) f(x—y)=f(x)—f(y).

3 The proposition (47) has been removed.
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7. SEMILINEAR MORPHISMS

For simplicity, we adopt the following conventioK:, L are ringsJ is a map fromK intoL, V is a
left module ovelK, andW is a left module ovelL.

Let us consideK, L, J,V, W. A map fromV intoW is said to be a homomorphism frovhto
W by J if it satisfies the conditions (Def. 23).

(Def. Zq'ﬂi) For all vectorsx, y of V holds itx+y) = it(x) +it(y), and
(i) for every scalam of K and for every vectox of V holds itfa- x) = J(a) - it(x).

Next we state the proposition
(50) ZeroMapV,W) is a homomorphism frord to W by J.

In the sequef is a homomorphism fror toW by J.
Letus consideK, L, J,V,W, f. We say thaf is a monomorphism wrp if and only if;:

(Def. 24) f is one-to-one.

We say thaff is an epimorphism wrg if and only if:
(Def. 25) rngf = the carrier ofV.

We say thatf is an isomorphism wrg if and only if:
(Def. 26) f is one-to-one and rnfy= the carrier ofW.

In the sequel is a map fronK into K and f is a homomorphism fror toV by J.
Let us consideK, J, V. An endomorphism of andV is a homomorphism frora toV by J.
Let us consideK, J,V, f. We say thaf is an automorphism wr if and only if:

(Def. 27) f is one-to-one and rnfy= the carrier ol/.

In the sequeWV is a left module oveK.

Let us consideK, V, W. A homomorphism fronV to W is a homomorphism frorif to W by
idk .

One can prove the following proposition

(51) Letf be amap fronV intoW. Thenf is a homomorphism frok to W if and only if the
following conditions are satisfied:

(i) forall vectorsx, y of V holds f (x+y) = f(x) + f(y), and
(i) for every scalaia of K and for every vectox of V holds f (a-x) = a- f(x).

Let us consideK, V, W and letl; be a homomorphism froivi toW. We say that; is monomor-
phism if and only if:

(Def. 28) 14 is one-to-one.
We say that; is epimorphism if and only if:
(Def. 29) rnd1 = the carrier ofw.
We say that; is isomorphism if and only if:
(Def. 30) |4 is one-to-one and rrig = the carrier of\V.

Let us consideK, V. An endomorphism d¥ is a homomorphism fror toV.
Let us consideK, V and letl; be an endomorphism &. We say that; is automorphism if and
only if:

(Def. 31) |4 is one-to-one and rrig = the carrier oiV.

4 The definition (Def. 22) has been removed.
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