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Summary. We define free modules and prove that every left module over Skew-Field
is free.
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The articles [10], [5], [17], [6], [2], [18], [3], [4], [11], [12], [1], [13], [7], [8], [16], [15], [14], and
[9] provide the notation and terminology for this paper.

One can prove the following proposition

(2)1 Let R be a non degenerated add-associative right zeroed right complementable non empty
double loop structure. Then 0R 6=−1R.

For simplicity, we adopt the following rules:x denotes a set,R denotes a ring,V denotes a left
module overR, L denotes a linear combination ofV, a denotes a scalar ofR, F denotes a finite
sequence of elements of the carrier ofV, andC denotes a finite subset ofV.

One can prove the following two propositions:

(6)2 If the support ofL ⊆C, then there existsF such thatF is one-to-one and rngF = C and
∑L = ∑(L F).

(7) ∑(a·L) = a·∑L.

In the sequelA, B are subsets ofV andl is a linear combination ofA.
Let us considerR, V, A. The functor Lin(A) yielding a strict subspace ofV is defined by:

(Def. 1) The carrier of Lin(A) = {∑ l}.

One can prove the following propositions:

(11)3 x∈ Lin(A) iff there existsl such thatx = ∑ l .

(12) If x∈ A, thenx∈ Lin(A).

(13) Lin( /0the carrier ofV) = 0V .

(14) If Lin(A) = 0V , thenA = /0 or A = {0V}.

(15) For every strict subspaceW of V such that 0R 6= 1R andA= the carrier ofW holds Lin(A) =
W.

1 The proposition (1) has been removed.
2 The propositions (3)–(5) have been removed.
3 The propositions (8)–(10) have been removed.
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(16) LetV be a strict left module overR andA be a subset ofV. If 0R 6= 1R andA = the carrier
of V, then Lin(A) = V.

(17) If A⊆ B, then Lin(A) is a subspace of Lin(B).

(18) If Lin(A) = V andA⊆ B, then Lin(B) = V.

(19) Lin(A∪B) = Lin(A)+Lin(B).

(20) Lin(A∩B) is a subspace of Lin(A)∩Lin(B).

Let us considerR, V and letI1 be a subset ofV. We say thatI1 is base if and only if:

(Def. 2) I1 is linearly independent and Lin(I1) = the vector space structure ofV.

Let us considerRand letI1 be a left module overR. We say thatI1 is free if and only if:

(Def. 3) There exists a subset ofI1 which is base.

The following proposition is true

(21) 0V is free.

Let us considerR. Observe that there exists a left module overRwhich is strict and free.
For simplicity, we adopt the following rules:R is a skew field,a, b are scalars ofR, V is a left

module overR, andv, v1, v2 are vectors ofV.
The following propositions are true:

(23)4 {v} is linearly independent iffv 6= 0V .

(24) v1 6= v2 and{v1,v2} is linearly independent iffv2 6= 0V and for everya holdsv1 6= a·v2.

(25) v1 6= v2 and{v1,v2} is linearly independent iff for alla, b such thata·v1+b·v2 = 0V holds
a = 0R andb = 0R.

(26) LetV be a left module overR andA be a subset ofV. SupposeA is linearly independent.
Then there exists a subsetB of V such thatA⊆ B andB is base.

(27) LetV be a left module overR andA be a subset ofV. If Lin (A) = V, then there exists a
subsetB of V such thatB⊆ A andB is base.

(28) Every left module overR is free.

Let us considerRand letV be a left module overR. A subset ofV is called a basis ofV if:

(Def. 5)5 It is base.

One can prove the following two propositions:

(29) LetV be a left module overR andA be a subset ofV. If A is linearly independent, then
there exists a basisI of V such thatA⊆ I .

(30) For every left moduleV over R and for every subsetA of V such that Lin(A) = V there
exists a basisI of V such thatI ⊆ A.

4 The proposition (22) has been removed.
5 The definition (Def. 4) has been removed.
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[3] Czesław Bylínski. Functions and their basic properties.Journal of Formalized Mathematics, 1, 1989.http://mizar.org/JFM/Vol1/
funct_1.html.
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