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Summary. We introduce the equivalence classes in a pseudometric space. Next we
prove that the set of the equivalence classes forms the metric space with the special metric
defined in the article.

MML Identifier: METRIC_2.
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The articles|[5], [[2], 8], [7], [4], [1], [3], and[[B] provide the notation and terminology for this
paper.

Let M be a non empty metric structure and ¥ety be elements oM. The predicatx x~ y is
defined by:

(Def. 1) p(x,y)=0.

Let M be a Reflexive non empty metric structure andjatbe elements of1. Let us note that

the predicate = y is reflexive.
Let M be a symmetric non empty metric structure anc]gtbe elements dfl. Let us note that

the predicate ~ y is symmetric.
Let M be a non empty metric structure andxede an element df1. The functox” yielding a

subset oM is defined as follows:
(Def. 2) X = {y,yranges over elements bf: x~y}.
Let M be a non empty metric structure. A subseMfis called aJ-equivalence class o if:
(Def. 3) There exists an elementf M such that it= x-.
Next we state a number of propositions:

(6H For every pseudo metric spakkeand for all elements, y, zof M such thak ~ y andy ~ z
holdsx =~ z

7) For every pseudo metric spalekand for all elementg, y of M holdsy € x= iff y ~ x.
yp p y y y

(8) For every pseudo metric spabkand for all elements, p, g of M such thatp € xZ and
qe x” holdsp~ g.

(9) For every pseudo metric spaldieand for every elementof M holdsx e x.
(10) For every pseudo metric spadeand for all elements, y of M holdsx € y= iff y e x=.

(11) For every pseudo metric spaleeand for all elementg, x, y of M such thatp € X and
x~yholdsp e y~.

1Supported by RPBP.1I1-24.B3.
1 The propositions (1)—(5) have been removed.
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(12) For every pseudo metric spakkkeand for all elements;, y of M such thaty € X~ holds
xH =

(13) For every pseudo metric spadeand for all elements, y of M holdsx™ = y- iff x~y.
(14) For every pseudo metric spadeand for all elements, y of M holdsx™ meets/™ iff x~y.
(16@ For every pseudo metric spakkeholds every l-equivalence class ®fl is a non empty set.

Let M be a pseudo metric space. One can verify that euépquivalence class dl is non
empty.
Next we state several propositions:

(17) For every pseudo metric spalfeand for all elements, p, g of M such thatp € X~ and
g € x- holdsp(p,q) = 0.

(18) LetM be a Reflexive discernible non empty metric structure gndbe elements oM.
Thenx~yifand only ifx=Yy.

(19) For every non empty metric spalgkeand for all elements, y of M holdsy € x" iff y = x.
(20) For every non empty metric spakeand for every elementof M holdsx™ = {x}.

(21) LetM be a non empty metric space avicbe a subset dfl. ThenV is ad-equivalence
class ofM if and only if there exists an elemexbf M such thaV = {x}.

Let M be a non empty metric structure. The fundwf yields a set and is defined by:
(Def. 4) MY = {s;sranges over elements of'@camer oM: \/ . entom X= =S}

Let M be a non empty metric structure. One can checkNMtatis non empty.
In the sequeY is a set.
We now state several propositions:

(23E] For every non empty metric structuk& holdsV e MU iff there exists an elementof M
such thal = xH.

(24) For every non empty metric structuveand for every elementof M holdsx™ € M".

(26@ For every non empty metric structuk& holdsV € MY iff V is aJ-equivalence class of
M.

(27) For every non empty metric spaleand for every elementof M holds{x} € M".

(28) For every non empty metric spalgeholdsV € M™ iff there exists an elememtof M such
thatV = {x}.

(29) LetM be a pseudo metric spadé, Q be elements o™, andps, p2, a1, g2 be elements
of M. If pp €V andqg; € Qandp; €V andq; € Q, thenp(p1,a1) = P(P2,42)-

Let M be a non empty metric structure, Mt Q be elements o™, and letv be an element of
R. We say that the distance betweémndQ is v if and only if:

(Def. 5) For all elementgp, g of M such thatp € V andq € Q holdsp(p,q) = v.

Next we state two propositions:

(31E] Let M be a pseudo metric spass, Q be elements df1™, andv be an element dk. Then
the distance betwedhandQ is vif and only if there exist elements g of M such thatp € V

andq € Q andp(p,q) = v.

2 The proposition (15) has been removed.
3 The proposition (22) has been removed.
4 The proposition (25) has been removed.
5 The proposition (30) has been removed.
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(32) LetM be a pseudo metric spadé, Q be elements dfl™, andv be an element dk. Then
the distance betweahandQ is v if and only if the distance betwedpandV isv.

Let M be a non empty metric structure and\&tQ be elements oM™. The functorp®(V, Q)
yields a subset dR and is defined by:

(Def. 6) p°(V,Q) = {v;vranges over elements Bf the distance betwedhandQ is v}.

Next we state the proposition

(34 LetM be a pseudo metric spasé, Q be elements dfl™, andv be an element dk. Then
v e p°(V,Q) if and only if the distance betwedhandQ s v.

Let M be a non empty metric structure and Vebe an element oR. The functorpﬁ (v
yielding a subset of M™, M™ ] is defined by the condition (Def. 7).

(Def. 7) pig ~*(v) = {W;W ranges over elements pM~, M= \Vy, o cicrent omo (W= (V, Q) A
the distance betwedhandQisv)}.

Next we state the proposition

(36 Let M be a pseudo metric spacepe an element oR, andW be an element of M™,
MY ]. ThenW € pi ~ (v) if and only if there exist elements, Q of M™ such thai = (V,
Q) and the distance betwe®handQ is v.

Let M be a non empty metric structure. The funcpstM™, M) yields a subset oR and is
defined by:

(Def. 8) p°(M~,M") = {v;vranges over elements B \/\, . gement ov0 the distance betwean
andQis v}.

Next we state the proposition

(38 Let M be a pseudo metric space antle an element dR. Thenv € p°(M™,M5) if and
only if there exist elementg, Q of M™ such that the distance betweérandQ is v.

LetM be a non empty metric structure. The functor dgijj yielding a subset of1" is defined
by the condition (Def. 9).

(Def. 9) dom pfj = {V;V ranges over elements bf-: Vo:element o Vv:element otz the distance
betweerV andQ is v}.

Next we state the proposition

(40 Let M be a pseudo metric space avicbe an element ofl~. ThenV < domy pj, if and

only if there exists an eleme® of MY and there exists an elemenbf R such that the
distance betweevt andQisv.

Let M be a non empty metric structure. The functor dquﬁ yields a subset oM™ and is
defined by the condition (Def. 10).

(Def. 10) dompj; = {Q;Qranges over elements Bf-: \/, . icment oD Vv:element o the distance
betweerV andQ is v}.

The following proposition is true

6 The proposition (33) has been removed.
7 The proposition (35) has been removed.
8 The proposition (37) has been removed.
9 The proposition (39) has been removed.
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(42@ Let M be a pseudo metric space a@de an element df1”. ThenQ € domyp if and
only if there exists an elemem of MY and there exists an elemenbf R such that the
distance betweevt andQisv.

Let M be a non empty metric structure. The functor dggryielding a subset of MY, MY ] is
defined by the condition (Def. 11).

(Def. 11)  donpy = {V1; V4 ranges over elements oM~, M7 1: \/y, o cicment ot Vv:element ofe (Vi =
(V, Q) A the distance betwedhandQisv)}.

The following proposition is true

(44 LetM be a pseudo metric space andbe an element ofM™, MZ . ThenV; € domp;
if and only if there exist elementg, Q of M™ and there exists an elementf R such that
Vi = (V, Q) and the distance betwe®handQ is v.

Let M be a non empty metric structure. The functor gragtyields a subset ofM=, M", R ]
and is defined by the condition (Def. 12).

(Def. 12)  graplpy = {V2; V2 ranges over elements pM~, M~ R1: \Vy, . ciement om0 Vv element o (V2=
(V, Q, v} A the distance betweahandQisv)}.

We now state several propositions:

(46 Let M be a pseudo metric space awglbe an element oM™, MY R]. ThenV, ¢
grapr‘pﬁ if and only if there exist element#, Q of MY and there exists an elemenof R
such thal, = (V, Q, v) and the distance betwe®handQ is v.

(47) For every pseudo metric spadeholds dom pH =domp pH,
(48) For every pseudo metric spadeholds grapip} € [:domy py], domyply, p°(ME,MB) .

(50 Let M be a pseudo metric spadé, Q be elements oM™, andvi, v» be elements oR.
Suppose the distance betweérandQ is v; and the distance betwed&andQ is v,. Then
V1 = Vo.

(SZE Let M be a pseudo metric space avid Q be elements oM™, Then there exists an
elementv of R such that the distance betweéérandQ is v.

Let M be a pseudo metric space. The fungfjryields a function from: M~, M” ] into R and
is defined as follows:

(Def. 13) For all elementg, Q of M™ and for all elementp, q of M such thaip € V andq € Q holds
pm (V. Q) = p(p. ).
The following three propositions are true:

(54@ For every pseudo metric spabkand for all element¥, Q of M holdspj, (V, Q) = 0
iff V=Q.

(55) For every pseudo metric spadeand for all element¥, Q of M™ holdspj (V, Q) = pj1 (Q,
V).

(56) For every pseudo metric spadeand for all element¥, Q, W of MU holdspﬁ (V,W) <
P (V. Q) +pw(Q.W).
LetM be a pseudo metric space. The fundibg; yielding a metric space is defined by:
(Def. 14) M5 = (M5, pi).
LetM be a pseudo metric space. Note tht is strict and non empty.

10 The proposition (41) has been removed.
11 The proposition (43) has been removed.
12 The proposition (45) has been removed.
13 The proposition (49) has been removed.
14 The proposition (51) has been removed.
15 The proposition (53) has been removed.
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