JOURNAL OF FORMALIZED MATHEMATICS
Volume12, Released 2000, ~Published 2003
Inst. of Computer Science, Univ. of Bialystok

The Measurability of Extended Real Valued

Functions
Noboru Endou Katsumi Wasaki Yasunari Shidama
Shinshu University Shinshu University Shinshu University
Nagano Nagano Nagano

Summary. In this article we prove the measurablility of some extended real valued
functions which aréf +g, f —g and so on. Moreover, we will define the simple function which
are defined on the sigma field. It will play an important role for the Lebesgue integral theory.
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The articles[[20],[[2R],[[1],[121],[[17],.[23],[111], 2], 1181/ 13] .14],[15],.[10],. [19] 161, 17],[18],.],
[12], [13], [14], [15], and[[16] provide the notation and terminology for this paper.

1. FINITE VALUED FUNCTION

For simplicity, we follow the rulesX denotes a non empty setdenotes an element ¢f, f, g
denote partial functions froxd to R, Sdenotes @-field of subsets oK, F denotes a function from
Qinto S, pdenotes a rational numberdenotes a real number, m denote natural numbers, aAd
B denote elements &

Let us consideK and let us considef. We say thaf is finite if and only if:
(Def. 1) For every such thak € domf holds|f (X)| < +co.

We now state three propositions:

1) f=1f.

(2) For all f, g, A such thatf is finite org is finite holds dongf + g) = domf Nndomg and
dom(f —g) = domf ndomg.

(3) Letgivenf, g, F, r, A. Supposef is finite andg is finite and for everyp holdsF (p) =
ANLE-dom(f,R(p)) N (ANLE-dom(g,R(r —p))). ThenANLE-dom(f +g,R(r)) = rngF.

2. MEASURABILITY OF f+gAND f—g
We now state several propositions:

(4) There exists a functioR from N into Q such thatF is one-to-one and dofm= N and
rngF = Q.

(5) LetX,Y, Z be non empty sets arfe be a function fromX into Z. If X =Y, then there
exists a functiorG fromY into Z such that rné = rngG.
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(6) LetgivenS f, g, A. Supposef is measurable ol andg is measurable o. Then
there exists a functiok from Q into Ssuch that for every rational numbprholdsF (p) =
ANLE-dom(f,R(p)) N (ANLE-dom(g,R(r — p))).

(7) Letgivenf, g, A. Supposef is finite andg is finite andf is measurable oA andg is
measurable oA. Thenf + g is measurable oA.

(QE] For every non empty s€& and for all partial functiondy, f, fromC to R holds f; — fo =
fi +—fo.

(10) For every real numberholdsR(—r) = —R(r).
(11) For every non empty s€tand for every partial functiofi fromC to R holds—f = (1) f.

(12) LetC be a non empty sef, be a partial function fron€ to R, andr be a real number. If
is finite, thenr f is finite.

(13) Let givenf, g, A. Supposef is finite andg is finite andf is measurable oA andg is
measurable oA andA C domg. Thenf — g is measurable oA.

3. DEFINITIONS OFEXTENDED REAL VALUED FUNCTIONS MAX(f) AND MAX _(f) AND
THEIR BASIC PROPERTIES

LetC be a non empty set and létoe a partial function fronC to R. The functor max (f) yielding
a partial function fronC to R is defined by:

(Def. 2) dommax(f) = domf and for every element of C such thatx € dommax (f) holds

(max; (f))(x) = max(f(x), O).
The functor max (f) yields a partial function fron€ to R and is defined as follows:

(Def. 3) dommax(f) = domf and for every elememnt of C such thatx € dommax (f) holds
(max- (1))(x) = max(—f(x), 0z).

One can prove the following propositions:

(14) LetC be a non empty sef, be a partial function front to R, andx be an element dot. If
x € domf, then G; < (max; (f))(x).

(15) LetC be a non empty sef, be a partial function front to R, andx be an element dt. If
x € domf, then Gy < (max_(f))(x).

(16) For every non empty s€tand for every partial functiori from C to R holds max (f) =
max, (—f).

(17) LetC be a non empty sef, be a partial function fron€ to R, andx be an element ot. If
x € domf and @ < (max; (f))(x), then(max_(f))(x) = Og.

(18) LetC be a non empty sef, be a partial function fron€ to R, andx be an element ot. If
x € domf and @; < (max_(f))(x), then(max;(f))(x) = Og.

(19) For every non empty s& and for every partial functiorf from C to R holds domf =
dom(max, (f) —max_(f)) and domf = dom(max; (f)+max_(f)).

(20) LetC be a non empty sef, be a partial function front to R, andx be an element ot. If
x € domf, then(max, (f))(x) = f(x) or (max;(f))(x) = Og but (max_(f))(x) = —f(x) or
(max_(f))(x) = Og.

(21) LetC be a non empty sef, be a partial function front to R, andx be an element ot. If
x € domf and(max,(f))(x) = f(x), then(max_(f))(x) = Og.

1 The proposition (8) has been removed.
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(22) LetC be a non empty sef, be a partial function fron€ to R, andx be an element ot. If
x € domf and(max, (f))(x) = Og, then(max_(f))(x) = —f(x).

(23) LetC be a non empty sef, be a partial function front to R, andx be an element of. If
x € domf and(max_(f))(x) = —f(x), then(max,(f))(x) = Og.

(24) LetC be a non empty sef, be a partial function front to R, andx be an element ot. If
x € domf and(max_(f))(x) = Og, then(max, (f))(x) = f(x).

(25) For every non empty s& and for every partial functiorf from C to R holds f =
max; (f) —max_(f).

(26) For every non empty s& and for every partial functiorf from C to R holds |f| =
max; (f)+max_(f).

4. MEASURABILITY OF MAX 4 (f), MAX _(f) AND |f]

Next we state three propositions:
(27) If f is measurable oA, then max (f) is measurable oA.
(28) If f is measurable oA andA C domf, then max (f) is measurable oA.

(29) Forallf, Asuch thatf is measurable oA andA C domf holds|f| is measurable oA.

5. DEFINITION AND MEASURABILITY OF CHARACTERISTIC FUNCTION

Next we state the proposition
(30) For all set\, X holds rngXax) € {Og,1}.

LetA, X be sets. Theda x is a partial function fronX to R.
One can prove the following two propositions:

(31) Xax isfinite.

(32) Xax is measurable oB.

6. DEFINITION AND MEASURABILITY OF SIMPLE FUNCTION

Let X be a set and leb be ac-field of subsets oK. Note that there exists a finite sequence of
elements oBwhich is disjoint valued.

Let X be a set and I€5 be ac-field of subsets oK. A finite sequence of separated subsetS of
is a disjoint valued finite sequence of elementS.of

We now state two propositions:

(33) Suppose€ is a finite sequence of separated subsef dhen there exists a sequer@ef
separated subsets 86uch that JrngF = |JrngG and for everyn such than € domF holds
F(n) = G(n) and for everym such tham ¢ domF holdsG(m) = 0.

(34) If Fis afinite sequence of separated subsef tifen|JrngF € S

Let X be a non empty set, I&be ao-field of subsets oK, and letf be a partial function from
X to R. We say thaff is simple function inSif and only if the conditions (Def. 5) are satisfied.

(Def. 5f(i) ~ f is finite, and
(i) there exists a finite sequen€eof separated subsets 8fsuch that donf = |JrngF and
for every natural number and for all elementg, y of X such thain € domF andx € F(n)
andy € F(n) holds f (x) = f(y).

2 The definition (Def. 4) has been removed.
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One can prove the following propositions:

(35) If fisfinite, then rng is a subset oR.

(36) Supposé is a finite sequence of separated subses dfet givenn. ThenF|Segis a
finite sequence of separated subsetS. of

(37) If f is simple function irS, thenf is measurable oA.
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