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Summary. The paper is the crowning of a series of articles written in the Mizar lan-
guage, being a formalization of notions needed for the description of the one-dimensional
Lebesgue measure. The formalization of the notion as classical as the Lebesgue measure
determines the powers of the PC Mizar system as a tool for the strict, precise notation and ver-
ification of the correctness of deductive theories. Following the successive afticles$ [2], [3], [4],
[8] constructed so that the final one should include the definition and the basic properties of the
Lebesgue measure, we observe one of the paths relatively simple in the sense of the definition,
enabling us the formal introduction of this notion. This way, although toilsome, since such is
the nature of formal theories, is greatly instructive. It brings home the proper succession of
the introduction of the definitions of intermediate notions and points out to those elements of
the theory which determine the essence of the complexity of the notion being introduced.

The paper includes the definition of tbefield of Lebesgue measurable sets, the definition
of the Lebesgue measure and the basic set of the theorems describing its properties.

MML Identifier: MEASURET.

WWW: http://mizar.org/JFM/Vol7/measure’.html

The articles[[1R],[[14],[[16],[13],14]/116], [9]/12],13],14],[15],16],[17],[10], and [1] provide the
notation and terminology for this paper.
One can prove the following propositions:

(1) For every functiorF from N into R such that for every natural numbeholdsF (n) = Ox
holdsy F = Og.

(2) For every functiorF from N into R such thatF is non-negative and for every natural
numbem holdsF (n) < (SerF)(n).

(3) LetF, G, H be functions fronN into R. Supposés is non-negative anHl is non-negative.
Suppose that for every natural numbéroldsF (n) = G(n)+H(n). Letn be a natural number.
Then(SerF)(n) = (SerG)(n) + (SeH ) (n).

(4) LetF, G, H be functions fromN into R. Suppose that for every natural numingnolds
F(n) = G(n)+H(n). If Gis non-negative anH is non-negative, thefF <SG+ Y H.

(6E] Let F, G be functions fromN into R. Suppose is non-negative and for every natural
numbem holdsF (n) < G(n). Let n be a natural number. ThéBerF)(n) < 3 G.

(7) For every functiorF from N into R such thatF is non-negative and for every natural
numbem holds(SerF)(n) < S F.

1 The proposition (5) has been removed.
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Let Sbe a non empty subset bf letH be a function fronSinto N, and letn be an element of
S ThenH(n) is a natural number.

Let Sbe a non empty set and It be a function fronSinto R. The functor O yielding a
function fromN into R is defined by:

(Def. 1) For every elemem of N holds if n € S then (OnH)(n) = H(n) and if n ¢ S then
(OnH)(n) = 0.

One can prove the following propositions:

(8) For every non empty set and for every functiorG from X into R such thatG is non-
negative holds O is non-negative.

(9) LetF be afunction fronN intoR. Supposé is non-negative. Lat, k be natural numbers.
If n <k, then(SerF)(n) < (SerF)(k).

(10) Letk be a natural number arfelbe a function fronN into R. Suppose that for every natural
numbem such than # k holdsF (n) = Oz. Then

(i) for every natural numbar such than < k holds(SerF)(n) = Oz, and
(i) for every natural numben such thak < n holds(SerF)(n) = F (k).

(11) LetG be a function fronN into R. SupposéS is non-negative. LeBbe a non empty subset
of N andH be a function fronSinto N. If H is one-to-one, theg On(G-H) < 5 G.

(12) LetF, G be functions fronN into R. Supposé is non-negative an@ is non-negative. Let
Sbe a non empty subset Bf andH be a function fronSinto N. SupposeH is one-to-one.
Suppose that for every natural numiienolds ifk € S, thenF (k) = (G-H)(k) and ifk ¢ S,
thenF (k) = Oz. Theny F <3 G.

Let A be a subset dR. A function fromN into 2R is said to be an interval covering &fif:
(Def. 2) A CJrngit and for every natural numbarholds itn) is an interval.

Let A be a subset dR, letF be an interval covering o4, and letn be a natural number. Then
F(n) is an interval.

Let F be a function fromN into 2%. A function fromN into (2%)" is said to be an interval
covering ofF if:

(Def. 3) For every natural numbaerholds itn) is an interval covering of (n).

Let A be a subset oR and letF be an interval covering oA. The functor(F)vol yielding a
function fromN into R is defined as follows:

(Def. 4) For every natural numberholds(F)vol(n) = vol(F (n)).

Next we state the proposition
(13) Forevery subseétof R and for every interval covering of A holds(F ) vol is non-negative.

Let F be a function fromN into 2%, let H be an interval covering df, and letn be a natural
number. TherH (n) is an interval covering of (n).
Let F be a function fronN into 2* and letG be an interval covering df. The functor(G) vol

yields a function fronN into R" and is defined as follows:
(Def. 5) For every natural numberholds(G) vol(n) = (G(n)) vol.

Let A be a subset dR and letF be an interval covering oA. The functor vo{F) yielding an
extended real number is defined as follows:

(Def. 6) vol(F) =S ((F)vol).
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Let F be a function fronN into 2® and letG be an interval covering df. The functor vo[G)
yielding a function fronN into R is defined as follows:

(Def. 7)  For every natural numberholds(vol(G))(n) = vol(G(n)).
One can prove the following proposition

(14) LetF be a function fromN into 2%, G be an interval covering of, andn be a natural
number. Then < (vol(G))(n).

Let A be a subset dR. The functor Sv(A) yielding a subset oR is defined by:

(Def. 8) For every extended real numbeholdsx € Svq(A) iff there exists an interval covering
of A such tha = vol(F).

Let Abe a subset dR. One can check that Si&) is non empty.
Let A be an element of2 The functorC* yielding an element oR is defined as follows:

(Def.9) CA=infSvc(A).
The function OSMeas from™into R is defined as follows:

(Def. 10) For every subsétof R holds(OSMeag(A) = infSvc(A).

LetH be a function fronN into [N, N]. Then prIH) is a function fromN into N and it can be
characterized by the condition:

(Def. 11) For every elememtof N there exists an elemesbf N such that (n) = (prl(H)(n), s).

LetH be a function fronN into [ N, N]. Then prZH) is a function fromN into N and it can be
characterized by the condition:

(Def. 12) For every elememtof N holdsH (n) = (prl(H)(n), pr2(H)(n)).

Let F be a function fronN into 2%, let G be an interval covering d%, and letH be a function
fromNinto [N, N]. Let us assume that rig= [N, N]. The functor OG,H) yields an interval
covering ofJrngF and is defined by:

(Def. 13) For every elememof N holds(On(G,H))(n) = G(prl(H)(n))(pr2(H)(n)).
The following propositions are true:

(15) LetH be a function fromN into [N, N3. SupposeH is one-to-one and rid = [N, N .
Letk be a natural number. Then there exists a natural numiserch that for every function
F from N into 2% and for every interval covering of F holds (Ser(On(G,H))vol))(k) <
(ServolG))(m).

(16) For every functionF from N into 2% and for every interval coverings of F holds
infSve(UrngF) < 3 vol(G).

(17) OSMeas is a Caratheodor’s measuréRon

OSMeas is a Caratheodor’s measureion
The functorl,-oFIELD is ac-field of subsets oR and is defined by:

(Def. 14) L,-oFIELD = o-Field OSMeas.
Theo-measurd., onL-oFIELD is defined by:
(Def. 15) L, = o0-MeagOSMeas.
Next we state two propositions:
(18) Lyis complete o -oFIELD.
(Zlﬂ For every sef such thatA € L,-oFIELD holdsR \ A € L,-oFIELD.

2 The propositions (19) and (20) have been removed.
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