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The articlesl[[8],[7],[10],[[1],19], T11], 5], 6], 12], [3], and.[4] provide the notation and terminol-
ogy for this paper.
The following propositions are true:

(1) There exists a functioR from N into [N, N] such that~ is one-to-one and dofm= N
and g =[N, N.

(2) For every functiorF from N into R such thafF is non-negative holds:0< S F.

(3) LetF be afunction fronN into R andx be an extended real number. Suppose there exists
a natural numben such thak < F(n) andF is non-negative. Ther< S F.

(SE] For all extended real numbexsy such thaix is a real number holdg/ — x) + x =y and
(Yy+X) —x=Y.

(1OE] For all extended real numbexsy, zsuch thatz € R andy < x holds(z+x) — (z+Y) =X—Y.

(11) For all extended real numbexsy, z such thatz€ R andx <y holdsz+x < z+y and
X+z<y+zandx—z<y-z

(12) For all extended real numbexsy, z such thatze R andx < y holdsz+x < z+y and
X+z<y+zandx—z<y-z

Letx be a real number. The functBr(x) yielding an extended real number is defined as follows:
(Def. 1) R(X) =x.
We now state a number of propositions:
(13) For all real numbers, y holdsx <y iff R(x) <R(y).
(14) For all real numbers, y holdsx < y iff R(x) < R(y).
(15) For all extended real numbexsy, z such thak < y andy < zholdsy is a real number.

(16) Letx,y, zbe extended real numbers. Suppr$ea real number angis a real number and
x <yandy < z Theny s a real number.

(17) For all extended real numbetsy, z such thak is a real number and <y andy < zholds
yis a real number.

1 The propositions (4)—(7) have been removed.
2 The proposition (9) has been removed.
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(18) For all extended real numbetsy, z such thai < y andy < zandzis a real number holds
yis a real number.

(19) For all extended real numbexsy such that @ < xandx <y holds G; <y—x.

(20) For all extended real numbexsy, z such that g < x and G; < zandz+x <y holds
Z<y—X

(21) For every extended real numbeoldsx — Og = x.
(22) For all extended real numbexsy, zsuch that @ < xand G; < zandz+x < yholdsz<y.

(23) For every extended real numbesuch that @ < x there exists an extended real numper
such that 8 < yandy < x.

(24) Letx, zbe extended real numbers. SuppogeX andx < z. Then there exists an extended
real numbey such that @ < yandx+y < zandy € R.

(25) Letx, zbe extended real numbers. SupposedX andx < z. Then there exists an extended
real numbey such that @ < yandx+y < zandy € R.

(26) For every extended real numbesuch that & < x there exists an extended real numper
suchthat @ <yandy+y < x.

Let x be an extended real number. Let us assume that 8 The functor Seg yields a non
empty subset oR and is defined by:

(Def. 2) For every extended real numlyamoldsy € Segxiff 0z <y andy+y < x.

Let x be an extended real number. The functorxdsgmelds an extended real number and is
defined by:

(Def. 3) lenx = sup Seg.
Next we state several propositions:
(27) For every extended real numbesuch that & < x holds @; < lenx.
(28) For every extended real numbesuch that & < x holds lerx < x.
(29) For every extended real numbesuch that @ < x andx < 4o holds lerx is a real number.
(30) For every extended real numbesuch that @ < x holds lerk+lenx < x.

(31) Lete; be an extended real number. SuppogeCe;. Then there exists a functidh from
N into R such that for every natural numbeholds @; < F(n) andy F < e;.

(32) Leter be an extended real number aXce a non empty subset &. Suppose < e;
and infX is a real number. Then there exists an extended real nuxderh thatk € X and
x<infX-+ey.

(33) Letes be an extended real number aXde a non empty subset &. Suppose < &
and suX is a real number. Then there exists an extended real nuxtherh thatk € X and
supX —eg < X.

(34) LetF be a function fronN into R. Supposé- is non-negative an§f F < +c. Letn be a
natural number. TheR(n) € R.

—oo0 is an extended real number. Theéme is an extended real number.
One can prove the following propositions:

(35) R is an interval andR = ]—o, 4] and R = [, +0] andR = [—co,+oo[ and R =
]7°°7+°°]‘
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(36) For all extended real numbeaisb such thatb = —c holds]a,b[ = 0 and[a,b] = 0 and
[a,b[=0and]a,b] = 0.

(37) For all extended real numbeaisb such thata = + holds]a,b[ = 0 and[a,b] = 0 and
[a,b[=0and]a,b] = 0.

(38) LetAbe anintervala, b be extended real numbers, andl, ebe real numbers. h=|a,b|
andc € Aandd € Aandc < eande<d, thenee A

(39) LetAbe anintervala, b be extended real numbers, and, ebe real numbers. k= [a,b]
andc € Aandd € Aandc < eande < d, thenee A.

(40) LetAbe anintervala, b be extended real numbers, and, e be real numbers. k=]a,b]
andc € Aandd € Aandc < eande < d, thenec A.

(41) LetAbe anintervala, b be extended real numbers, and, e be real numbers. k= [a,b|
andc € Aandd € Aandc < eande<d, thenec A.

(42) LetAbe anon empty subset & andm, M be extended real numbers. Suppose inf A
andM = supA. Suppose that

(i) for all real numbers, d such that € A andd € A and for every real numbersuch that
c<eande<dholdsec A,

(i) me¢A and
(i) MegA
ThenA=]mM].

(43) LetAbe a non empty subset & andm, M be extended real numbers. Suppose infA
andM = supA. Suppose that

(i) for all real numbers, d such that € A andd € A and for every real numbersuch that
c<eande<dholdsec A

(i) meA

(i) MeA and

(iv) ACR.
ThenA=[m,M].

(44) LetAbe a non empty subset & andm, M be extended real numbers. Suppose inf A
andM = supA. Suppose that

(i) for all real numbers, d such that € A andd € A and for every real numbersuch that
c<eande<dholdsec A,

(i) meA

(i) M¢A and

(iv) ACR.
ThenA = [m M|.

(45) LetAbe a non empty subset & andm, M be extended real numbers. Suppose inf A
andM = supA. Suppose that

(i) for all real numbers, d such that € A andd € A and for every real numbersuch that
c<eande<dholdsec A,

(i) m¢gA
(i) MeA and
(iv) ACR.

ThenA=|mM].
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(46) LetAbe a subset dR. ThenAis an interval if and only if for all real numbegs b such
thata € Aandb € A and for every real numbersuch thats < c andc < b holdsc € A.

(47) For all intervalsA, B such thatA meetsB holdsAUB is an interval.

Let Abe aninterval. Let us assume tie 0. The functor infA yields an extended real number
and is defined as follows:

(Def. 4) There exists an extended real numbsuch that inA < b butA=]inf A b[ or A=]inf A b]
or A= [infA b] or A= [infA,b.

LetAbe aninterval. Let us assume tia# 0. The functor sup yields an extended real number
and is defined as follows:

(Def.5) There exists an extended real numbesuch thata < supA but A = |a,supA[ or A =
]a,supA] or A = [a,supA] or A = [a,SUpA.

One can prove the following propositions:

(48) For every intervaA such thatA is open interval and\ # 0 holds infA < supA andA =
Jinf A supA[.

(49) For every intervah such thatA is closed interval ané # 0 holds infA < supA andA =
[inf A supA].

(50) For every intervaA such thatA is right open interval ané # 0 holds infA < supA and
A= [infA supAl.

(51) For every intervalA such thatA is left open interval and\ # 0 holds infA < supA and
A=]infA supA].

(52) For every intervalA such thatA # 0 holds infA < supA but A = ]inf A;supA[ or A =
Jinf A ;supA] or A= [inf A, supA] or A= [inf A, SupA[.

(54 For every intervalA and for every real numbexr such thata € A holds infA < R(a) and
R(a) < supA.

(55) For all intervalsA, B and for all real numbers, b such thata € A andb € B holds if
SUupA <infB, thena<h.

(56) For every intervaf and for every extended real numteesuch thata € A holds infA < a
anda < supA.

(57) For every intervah such thai # 0 and for every extended real numizesuch thatinA < a
anda < supA holdsa € A.

(58) For all intervalsA, B such that sup = infB but supA € A or infB € B holdsAUB is an
interval.

Let A be a subset dR and letx be a real number. The functgr- A yielding a subset oR is
defined as follows:

(Def. 6) For every real numbgrholdsy € x+ A iff there exists a real numbersuch thatz € A and
y=X+2z

We now state several propositions:
(59) For every subsét of R and for every real numberholds—x+ (x+A) = A.
(60) For every real numberand for every subset of R such thatA = R holdsx+ A= A.

(61) For every real numberholdsx+ 0 = 0.

3 The proposition (53) has been removed.
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(62) For every interval and for every real numberholdsA is open interval iffx+ A is open
interval.

(63) For every intervah and for every real numberholdsA s closed interval ifik+ Ais closed
interval.

(64) LetA be an interval anda be a real number. Thef is right open interval if and only if
X+ Alis right open interval.

(65) LetAbe aninterval and be a real number. Thehis left open interval if and only ik+ A
is left open interval.

(66) For every interval and for every real numberholdsx+ A is an interval.

Let Abe an interval and let be a real number. One can check thatA is interval.
We now state the proposition

(67) For every intervah and for every real numberholds vo[A) = vol(x+ A).
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