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Summary. Definitions and basic properties ofaadditive, non-negative measure,
with values inR, the enlarged set of real numbers, whBreenotes seR = RU {—, +-o0}
- by [10]. The article includes the text being a continuation of the paper [5]. Some theorems
concerning basic properties of@additive measure and completeness of the measure are
proved.
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The articles[[11],18],[[13],[[12],[[14],16],17],0[1],[9],2], 18], [4], and [5] provide the notation and
terminology for this paper.

In this papetX denotes a set.

One can prove the following four propositions:

(1) For every extended real numbesuch that-c < x andx < 4 holdsx is a real number.
(2) For every extended real numbesuch thaix £ — andx # +c holdsx is a real number.

(3) For all functionsFy, F> from N into R such that for every natural number holds
(SefF1)(n) < (SerR)(n) holdss F < 5 Fo.

(4) For all functionsF;, F, from N into R such that for every natural number holds
(SerFp)(n) = (SerR)(n) holdsy F1 = 5 Fo.

Let X be a set and IS be ao-field of subsets oK. We introduce subfamily oas a synonym
of family of measurable sets &

Let X be a set, leS be ao-field of subsets oK, and letF be a function fromN into S Then
rngF is a family of measurable sets 8f

Next we state a number of propositions:

(5) LetShbe ac-field of subsets oK, M be ac-measure org, F be a function fronN into S
andA be an element d. If rngF C A and for every element of N holdsA C F(n), then
M(A) = M(NrngF).

(6) LetSbe ao-field of subsets oK andG, F be functions fronN into S. Supposés(0) =0
and for every elemem of N holds G(n+ 1) = F(0) \ F(n) andF(n+1) C F(n). Then
UrngG = F(0) \NrngF.

(7) LetSbe ao-field of subsets oK andG, F be functions fronN into S. Supposes(0) =0
and for every elemem of N holds G(n+ 1) = F(0) \ F(n) andF(n+1) C F(n). Then
NrngF =F(0)\UrngG.
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(8) LetSbe ao-field of subsets oK, M be ac-measure o8, andG, F be functions fromN
into S. Supposé (F(0)) < 4+ andG(0) = 0 and for every elementof N holdsG(n+1) =
F(0)\ F(n) andF(n+1) C F(n). ThenM(NrngF) = M(F(0)) —M(UrngG).

(9) LetSbe ao-field of subsets oK, M be ac-measure o8, andG, F be functions fromN
into S. Supposé (F(0)) < 4+ andG(0) = 0 and for every elementof N holdsG(n+1) =
F(0)\ F(n) andF(n+1) C F(n). ThenM(UrngG) = M(F(0)) — M(NrngF).

(10) LetSbe ao-field of subsets oK, M be ac-measure org, andG, F be functions froniN
into S. Supposé(F(0)) < +o andG(0) = 0 and for every elememtof N holdsG(n+1) =
F(0)\ F(n) andF(n+1) C F(n). ThenM(NrngF) = M(F(0)) —suprndgM - G).

(11) LetSbe ao-field of subsets oK, M be ac-measure org, andG, F be functions froniN
into S. Supposé (F(0)) < 4+ andG(0) = 0 and for every elementof N holdsG(n+1) =
F(0)\F(n) andF(n+1) C F(n). Then suprngM -G) is a real number anbll (F (0)) is a real
number and infrngM - F) is a real number.

(12) LetSbe ao-field of subsets oK, M be ac-measure org, andG, F be functions froniN
into S. Supposé (F(0)) < 4+ andG(0) = 0 and for every elementof N holdsG(n+1) =
F(0)\ F(n) andF(n+1) C F(n). Then suprn@gM - G) = M(F(0)) —infrng(M - F).

(13) LetSbe ao-field of subsets oK, M be ac-measure org, andG, F be functions froniN
into S. SupposéM(F(0)) < +o andG(0) = 0 and for every elememtof N holdsG(n+1) =
F(0)\ F(n) andF(n+1) C F(n). TheninfrndM -F) = M(F(0)) —suprndM - G).

(14) LetSbe ao-field of subsets oK, M be ac-measure ors, andF be a function fromN
into S. Suppose for every elementf N holdsF(n+ 1) C F(n) andM(F(0)) < 4. Then
M(NrngF) =infrng(M - F).

(15) LetSbe ao-field of subsets oK, M be a measure o8 T be a family of measurable sets
of S, andF be a sequence of separated subse® UfT = rngF, theny (M -F) <M(UT).

(16) LetSbe ao-field of subsets oK, M be a measure o8 andF be a sequence of separated
subsets o Theny (M-F) < M(UrngF).

(17) LetSbe ac-field of subsets oK andM be a measure od& Suppose that for every sequence
F of separated subsets 8holdsM(JrngF) < 3(M-F). ThenM is ac-measure 01%.

Let X be a set, leEbe ao-field of subsets 0K, and letM be ac-measure o5 We say thaiv
is complete orgif and only if:

(Def. Zﬁ For every subseA of X and for every seB such thaB € Sholds if AC B andM(B) = Og,
thenAe S

Let X be a set, leEbe ac-field of subsets oK, and letM be ac-measure ors. A subset ofX
is called a set with measure zero w.k.if:

(Def. 3) There exists a sé&such thaB € Sand itC B andM(B) = 0.

Let X be a set, le6 be ao-field of subsets oK, and letM be ac-measure ors. The functor
COM(S M) yielding a non empty family of subsets ¥fis defined by the condition (Def. 4).

(Def. 4) LetAbe a set. TheA € COM(S M) if and only if there exists a s& such thaB € Sand
there exists a s& with measure zero w.r.M such thatA = BUC.

Let X be a set, leB be ac-field of subsets oK, let M be ac-measure org, and letA be an
element of COMS M). The functor MeasPaktyielding a non empty family of subsets &fis
defined as follows:

(Def. 5) For every seB holdsB € MeasPan\ iff B € SandB C AandA\ B is a set with measure
zero w.r.t.M.

1 The definition (Def. 1) has been removed.



COMPLETENESS OF THEO-ADDITIVE ... 3

Next we state four propositions:

(18) LetSbe ao-field of subsets oK, M be ac-measure o1$, andF be a function fronN into
COM(S M). Then there exists a functidd from N into Ssuch that for every elementof N
holdsG(n) € MeasPaif (n).

(19) LetSbe ao-field of subsets oK, M be ac-measure org, F be a function fronN into
COM(S M), andG be a function fronN into S. Then there exists a functidf from N into
2% such that for every elementof N holdsH (n) = F(n)\ G(n).

(20) LetShe ao-field of subsets 0K, M be ac-measure o1, andF be a function fronN into
2X. Suppose that for every elemanbf N holdsF(n) is a set with measure zero w.rkl.
Then there exists a functidd from N into Ssuch that for every elementof N holds

F(n) C G(n) andM(G(n)) = Og.
(21) LetShe ac-field of subsets oK, M be ac-measure o%, andD be a hon empty family of
subsets oK. Suppose that for every sa&tholdsA € D iff there exists a séB such thaB € S

and there exists a s€twith measure zero w.r.M such thatA = BUC. ThenD is ao-field
of subsets oK.

Let X be a set, leEbe ac-field of subsets 0K, and letM be ac-measure ofs. One can verify
that COM S M) is o-field of subsets-like, closed for complement operator, and non empty.
We now state the proposition

(22) LetSbe ao-field of subsets oK, M be ac-measure org, andB;, B, be sets. Suppose
B1 € SandB, € S LetCy, C, be sets with measure zero w.M. If Bi UC; = B, UCy, then
M(B1) = M(By).

Let X be a set, leB be ao-field of subsets oK, and letM be ac-measure ors. The functor
COM(M) yielding ac-measure on COKB M) is defined by:

(Def. 6) For every seB such thatB € S and for every se€ with measure zero w.r.tM holds
(COM(M))(BUC) = M(B).

We now state the proposition

(23) For everyo-field S of subsets oK and for everyo-measureM on S holds COMM) is
complete on CONIS M).
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