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Summary. The article contains definition and basic propertiesseddditive, non-
negative measure, with valuesRy the enlarged set of real numbers, whBeenotes set
R=RU{-, +x} - by [9]. We present definitions aj-field of sets,o-additive measure,
measurable sets, measure zero sets and the basic theorems describing relationships between
the notion mentioned above. The work is the third part of the series of articles concerning the
Lebesgue measure theory.
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The articles[[11],[[10],[1B], [[14], ([12], [115], 123],L13],[14],[18],[16], [I7], [(I1], and 2] provide the
notation and terminology for this paper.

In this papetX is a set.

We now state several propositions:

(1) Forall set, Y holdsJ{X,Y,0} = U{X,Y}.

(4E] For all extended real numbexsy, s, t such that @ < xand G <sandx<yands<t
holdsx+s<y-+t.

(5) For all extended real numbexsy, zsuch that @ <yand G <zandx=y+zandy < +o
holdsz=x—y.

(6) Forevery subset of X holds{A} is a family of subsets oX.

(7) For all subset#, B of X holds{A, B} is a family of subsets oX.

(8) For all subsetd, B, C of X holds{A,B,C} is a non empty family of subsets %f
(9) {0} is a family of subsets oX.

The schem®omsetFamExleals with a sefl and a unary predicatg, and states that:
There exists a non empty famify of subsets of2 such that for every s holds
B e F iff BC 4 and?[B]
provided the parameters have the following property:
e There exists a s@& such thaB C 4 andP[B].
Let X be a set and leB be a non empty family of subsets ¥f The functorX \ Syielding a
family of subsets oK is defined by:

(Def. ZE] For every sef holdsA € X\ Siff there exists a seB such thaB € SandA = X\ B.

1 The propositions (2) and (3) have been removed.
2 The definition (Def. 1) has been removed.
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Let X be a set and Ie8 be a non empty family of subsets ¥f Observe thaX \ Sis non empty.
One can prove the following propositions:

(14 For every non empty familg of subsets oK holdsS= X\ (X\ S).

(15) For every non empty familgof subsets oK holds S= X\ U(X\S) andJ S= X\ N(X\
9.

Let X be a set and lel; be a family of subsets oK. Let us observe thdt is closed for
complement operator if and only if:

(Def. 3) For every sef such thatA € |1 holdsX \ A€ I.

One can prove the following proposition

(16) LetX be a set and be a family of subsets of. Supposd- is U-closed and closed for
complement operator. Théhis N-closed.

Let X be a set. Note that every family of subsets<oivhich isU-closed and closed for comple-

ment operator is also-closed and every family of subsets Xfwhich isN-closed and closed for
complement operator is alseclosed.

The following propositions are true:
(17) For every fields of subsets oK holdsS= X\ S

(18) LetM be a set. TheM is a field of subsets oX if and only if there exists a non empty
family Sof subsets oK such thaM = Sand for every sef such thatA € SholdsX\ A€ S
and for all set#\, B such thatA € SandB € SholdsAUB € S

(19) LetSbe a non empty family of subsets¥f ThenSis a field of subsets of if and only if

for every sefA such thatA € SholdsX \ A € Sand for all set#\, B such thatA € SandB € S
holdsANBe S

(20) For every fieldS of subsets ofX and for all setsA, B such thatA € SandB € S holds
A\BesS

(21) For every fields of subsets oK holds® € SandX € S.

Let Sbe a non empty set, I& be a function fronSinto R, and letA be an element 0. Then
F(A) is an extended real number.

Let X be a non empty set and |Et be a function fromX into R. Let us observe thef is
non-negative if and only if:

(Def. 4) For every elememft of X holds G; < F(A).

Next we state the proposition

(ZSE] Let Sbe a field of subsets of. Then there exists a functidd from Sinto R such that

M is non-negative ant¥l(0) = Oz and for all element#, B of Ssuch thatA missesB holds
M(AUB) = M(A) +M(B).

Let X be a set and leB be a field of subsets of. A function fromSinto R is said to be a
measure orsif:

(Def. 5) Itis non-negative and(ll) = Ox and for all elements, B of Ssuch thatA missesB holds
it(AUB) =it(A) +it(B).

Next we state two propositions:

3 The propositions (10)—(13) have been removed.
4 The proposition (22) has been removed.
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(ZSE] Let Sbe a field of subsets of, M be a measure 08 andA, B be elements o&. If AC B,
thenM(A) < M(B).

(26) LetSbe afield of subsets of, M be a measure o8 andA, B be elements 0. If ACB
andM(A) < 4o, thenM(B\ A) = M(B) — M(A).

Let X be a set. Note that there exists a family of subset® afhich is non empty, closed for
complement operator, amaclosed.

Let X be a set, leBbe a non empty-closed family of subsets &f, and letA, B be elements of
S ThenAUB is an element o8&

Let X be a set, leBbe a field of subsets of, and letA, B be elements 0§ ThenANnB s an
element ofS. ThenA\ B is an element o8.

We now state the proposition

(27) For every fields of subsets oK and for every measutd on Sand for all elements, B of
SholdsM(AUB) < M(A)+M(B).

Let X be a set, leEbe a field of subsets of, let M be a measure o8 and letA be a set. We
say thatA is measurable w.r.M if and only if:

(Def.6) AcsS

We now state the proposition

(29f] LetShe a field of subsets 6f andM be a measure o8 Then
(i) Ois measurable w.r.M,
(i) X is measurable w.r.M, and
(iiiy  for all setsA, B such that is measurable w.r.M andB is measurable w.r.M holdsX \ A
is measurable w.r.M andAUB is measurable w.r.M andAN B is measurable w.r.M.

Let X be a set, leEbe a field of subsets of, and letM be a measure o8 An element ofSis
called a set of measure zero w.M.if:

(Def. 7) M(it) = Ox.

Next we state several propositions:

(31)] LetSbe a field of subsets &f, M be a measure o8 A be an element o8, andB be a set
of measure zero w.r.M. If AC B, thenAis a set of measure zero w.iM..

(32) LetShbe a field of subsets of, M be a measure o8, andA, B be sets of measure zero
w.rt. M. Then
(i) AuUB s a set of measure zero w.iM,
(i)  AnNBis aset of measure zero w.i, and
(i) A\ Bis a set of measure zero w.i.

(33) LetSbe afield of subsets of, M be a measure 08 A be an element db, andB be a set
of measure zero w.r.M. ThenM(AUB) = M(A) andM(ANB) = 0y andM(A\ B) = M(A).

(34) For every subseX of X there exists a functioR from N into 2X such that rn§ = {A}.

(35) For every seAthere exists a functioR from N into {A} such that for every natural number
nholdsF(n) = A.

5 The proposition (24) has been removed.
6 The proposition (28) has been removed.
" The proposition (30) has been removed.
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Let X be a set. One can check that there exists a family of subs#tswiich is non empty and
countable.

Let X be a set. A denumerable family of subsetXa$ a non empty countable family of subsets
of X.

One can prove the following propositions:

(38F Let A, B, C be subsets oK. Then there exists a functidh from N into 2X such that
rmgF = {A,B,C} andF (0) = AandF (1) = B and for every natural numbaersuch that k< n
holdsF (n) =C.

(39) For all subsets, B of X holds{A,B, 0} is a denumerable family of subsetsXf

(40) LetA, B be subsets ok. Then there exists a functidh from N into 2X such that rng =
{A,B} andF (0) = A and for every natural numbersuch that 6< n holdsF (n) = B.

(41) For all subsets, B of X holds{A,B} is a denumerable family of subsets)f

(42) For every denumerable famifyof subsets oX holds X \ Sis a denumerable family of
subsets oK.

Let X be a set and ldt be a family of subsets of. We say that; is o-field of subsets-like if
and only if:

(Def. 9 For every denumerable famiM of subsets oK such thaM C I holds|JM € I;.

Let X be a set. One can verify that there exists a family of subse¥which is non empty,
closed for complement operator, andield of subsets-like.

Let X be a set. Ao-field of subsets oK is a closed for complement operatnifield of subsets-
like non empty family of subsets of.

We now state the proposition

(45@ For everyo-field Sof subsets oK holds0 € SandX € S

Let X be a set. One can check that everfield of subsets oK is non empty.
We now state four propositions:

(46) For everyo-field S of subsets o and for all setsA, B such thatA € SandB € Sholds
AUB e SandAnBe S

(47) For everyo-field S of subsets oK and for all setsA, B such thatA € SandB € Sholds
A\BeS

(48) For everyo-field Sof subsets oK holdsS= X\ S

(49) LetSbe a non empty family of subsets ¥f Then for every sef such thatA € Sholds
X\ A€ Sand for every denumerable fami of subsets oK such that C Sholds\M € S
if and only if Sis ao-field of subsets oK.

Let X be a set and IeB be ao-field of subsets oK. One can verify that there exists a function
from N into Swhich is disjoint valued.

Let X be a set and Ieb be ac-field of subsets oK. A sequence of separated subsetS &f a
disjoint valued function fronN into S.

Let X be a set, leE be ao-field of subsets oK, and letF be a function fromN into S Then
rngF is a non empty family of subsets %f

The following propositions are true:

8 The propositions (36) and (37) have been removed.
9 The definition (Def. 8) has been removed.
10 The propositions (43) and (44) have been removed.
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(52J Let Sbe ao-field of subsets oK andF be a function fromlN into S Then rng- is a
denumerable family of subsets Xf

(53) For every-field Sof subsets oK and for every functiorfr from N into Sholds|JrngF is
an element o

(54) LetY, Sbe non empty set$; be a function fron¥ into S, andM be a function fronSinto
R. If M is non-negative, thell - F is non-negative.

(55) LetSbe ac-field of subsets oK anda, b be extended real numbers. Then there exists a
functionM from Sinto R such that for every elemenAtof Sholds
@) if A=0,thenM(A)=4a, and
(i) if A#£0,thenM(A) =h.
(56) LetSbe ao-field of subsets oK. Then there exists a functidvl from Sinto R such that
for every elemenA of Sholds
(i) if A=0,thenM(A) = 0g, and
(i) if A#0,thenM(A) = +oo.

(57) LetSbe ao-field of subsets oK. Then there exists a functidvl from Sinto R such that
for every elemenA of SholdsM(A) = O.

(58) LetSbe ao-field of subsets oK. Then there exists a functidvl from Sinto R such that
M is non-negative an(0) = Oz and for every sequende of separated subsets $holds

S(M-F)=M(UrngF).

Let X be a set and le® be ao-field of subsets oK. A function fromSinto R is said to be a
o-measure oIsif:

(Def. 11@ It is non-negative and(i®) = Oz and for every sequendéeof separated subsets 8holds
S (it-F) =it(UrngF).

Let X be a set. Note that every non empty family of subse$ which isc-field of subsets-like
and closed for complement operator is alsclosed.
Next we state several propositions:

(60 For everyo-field S of subsets oK holds everyo-measure o1sis a measure o8.

(61) LetSbe ao-field of subsets oK, M be ac-measure otg, andA, B be elements of. If A
missesB, thenM(AUB) = M(A) + M(B).

(62) LetShbe ao-field of subsets oK, M be ac-measure org, andA, B be elements o8, If
A C B, thenM(A) < M(B).

(63) LetSbe ao-field of subsets oK, M be ac-measure org, andA, B be elements o8 If
AC BandM(A) < +w, thenM(B\ A) = M(B) —M(A).

(64) LetSbe ao-field of subsets oK, M be ac-measure o1%, andA, B be elements o8 Then
M(AUB) < M(A)+M(B).

Let X be a set, leS be ao-field of subsets oK, let M be ac-measure ors, and letA be a set.
We say thaf#\ is measurable w.r.M if and only if:

(Def. 12) AcS

We now state two propositions:

11 The propositions (50) and (51) have been removed.
12 The definition (Def. 10) has been removed.
13 The proposition (59) has been removed.
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(66 Let She ao-field of subsets ok andM be ac-measure os. Then
(i) 0is measurable w.r.M,
(i) X is measurable w.r.M, and
(iii)  for all setsA, B such that\ is measurable w.r.M andB is measurable w.r.M holdsX\ A
is measurable w.r.M andAUB is measurable w.r.M andAN B is measurable w.r.i.

(67) LetSbe ao-field of subsets oK, M be ac-measure o1g, andT be a denumerable family
of subsets oK. Suppose that for every satsuch thatA € T holdsA is measurable w.r.iM.
ThenJT is measurable w.r.M and T is measurable w.r.M.

Let X be a set, leSbe ao-field of subsets oK, and letM be ac-measure o1s. An element of
Sis called a set of measure zero w.k.if:

(Def. 13) M(it) = Og.
One can prove the following propositions:

(69f Let Sbe ac-field of subsets oK, M be ag-measure o1, A be an element o8, andB be
a set of measure zero w.idl. If A C B, thenAis a set of measure zero w.id.

(70) LetSbe ao-field of subsets oK, M be ag-measure 0%, andA, B be sets of measure zero
w.r.t. M. Then
(i) AuUBiIs a set of measure zero w.iM,
(i)  ANBis a set of measure zero w.i, and
(i) A\ Bis aset of measure zero w.i.
(71) LetShe ao-field of subsets 0K, M be ac-measure o1, A be an element db, andB be

a set of measure zero w.rkl. ThenM(AUB) = M(A) andM(ANB) = 0y andM(A\ B) =
M(A).
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