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Summary. This article defines ordereuttuples, projections and Cartesian products
for n= 8. We prove many theorems concerning the basic properties ofttifges and Carte-
sian products that may be utilized in several further, more challenging applications. A few of
these theorems are a strightforward consequence of the regularity axiom. The article origi-
nated as an upgrade of the articlée [6].
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The articlesl[5],[1],[71,1[6], 12], [3], and[4] provide the notation and terminology for this paper.
For simplicity, we follow the rulesxy, X2, X3, X4, X5, X, X7, Xg denote setsy, y1, ¥2, ¥3, Y4, Vs,
V6, ¥7, Ys denote setsx, Xy, X2, X3, X4, Xs, Xg, X7, Xg denote sets, Y1, Yz, Y3, Y, Y5, Y6, Y7, Vs, Yo,
Y10, Y11, Y12, Y13 denote setsZ denotes a sekg denotes an element &, x;o denotes an element
of X, X171 denotes an element &, x;» denotes an element &, x;3 denotes an element &§, X14
denotes an element &, andx;s denotes an element &§.
We now state two propositions:

(1) Suppos& # 0. Then there exist¥ such that
(i) YeX, and

(II) for all Y1, Ya, Y3, Y4, Y5, Y6, Y7, Y8, Yo, Y10, Y11, Y12 Such thalr; € Yo andY, € Yz andYz € Yy
andY; € Ys andYs € Yg andYg € Y7 andY7 € Yg andYg € Yg andYg € Yig andYig € Y11 and
Y11 € Y12 andYiz € Y holdsY; missesX.

(2) Suppose«X # 0. Then there existy such that
(i) YeX, and

(ii) for all Y1, Yo, Y3, Ya, Y5, Y6, Y7, Y8, Yo, Y10, Y11, Y12, Y13 such thatYl €Ys ande €Ys and
Y3 € Yz andYy € Y5 andYs € Yg andYs € Y7 andY7 € Yg andYg € Yg andYg € Y10 andYio € Y11
andYi1 € Yo andYio € Yiz andYiz € Y holdsY; missesX.

Let us consideky, X2, X3, X4, X5, X6, X7, Xg. The functor{xy, X2, X3, X4, Xs, Xs, X7, Xg) is defined as
follows:

(Def. 1)  (X1,%X2,X3,%X4,Xs5,X6,X7,X8) = ((X1,X2,X3,X4,X5,X6,X7), Xg)-

One can prove the following propositions:

(3)  (X1,X2,%3,Xa,Xs5,X6,%7,%8) = {{{{{{ (X1, X2), X3}, X4}, X5}, Xe), X7), X8)-
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GH (1%, X3, X4, X5, X6, X7,X6) = {{X1, X2, X3, X4, X5,X6) , X7, X5)
(6)  (X1,%2,X3, %4, X5, X6, X7, Xg) = ({X1,X2,X3,X4,X5), X6, X7, Xg)-
(7)) (X1,X2,X3, X4, X5, X6, X7,X8) = ({X1,X2, X3, X4}, X5, X6, X7, X8) -
(8)  (x1,%2,X3,X4,X5,%6,X7,X8) = ({X1, X2, X3), X4, X5, X6, X7, X8) -
(9)  (x1,X%2,%3,X4, %5, X6, X7,X8) = (X1, X2), X3, X4, X5, X6, X7, X8) -

(10) If (X1,X2,X3,X4,Xs5,X6,X7,X8) = (Y1,Y2,¥3,Y4,¥5,Ye,Y7,¥8), thenx; =y; andx, =y, and
X3 = Y3 andxy = y4 andxs = ys andxg = Yg andx; = y7 andxg = ys.

(11) If X # 0, then there existg such thaty € X and it is not true that there exigf, X2, X3, X4,
Xs, X6, X7, Xg SUCh that € X or xp € X buty = (X1, X2, X3, X4, X, X, X7, Xg) .

Let us consideKy, Xo, X3, X4, X5, Xs, X7, Xg. The functor]: Xy, Xo, X3, Xa, X5 Xg X7 Xg ] yields
a set and is defined by:

(Def. 2) [Z Xj_7 Xg, Xg, X4, X5 X6 X7 Xg Z} = [Z [Z Xl, Xz, X3, )(47 X5 X6 X7 Z], Xg }

The following propositions are true:

(12) [ Xq, X2, X3, Xa, X5 X X7 Xg ] = [[EFEFEXe, X2, X3, Xa], X5 ], X6], X7, Xg].
(14F] [X0. Xo, Xa, Xa, X5 X6 X7 Xg] = [ [ X1, Xo, Xa, Xa, X5 X6, X7, Xg -
(15) [ X1, X2, X3, Xa, X5 Xe X7 Xg ] = [ [ X1, Xo, X3, Xa, X5 ], Xe, X7, Xg .

(16) [ Xq, X2, X3, Xa, X5 Xe X7 Xg ]
(A7) [ X, X2, X3, Xa, X5 Xe X7 Xg] = [ [ X1, X2, X31], X4, X5, X6, X7 Xg].
(18) [ Xy, X2, X3, Xa, X5 Xe X7 Xg] = [ [ X1, X2, X3, X4, X5, Xe X7 Xg .

(19) X; #£0andX; #0andXz # 0 andXy £ 0 andXs # 0 andXg # 0 andX; £ 0 andXg # 0
iff [ X1, X2, X3, X4, X5 Xg X7 Xg] # 0.

(20) Suppos&; # 0 andX; # 0 andXz # 0 andX4 # 0 andXs # 0 andXg = 0 andX7 # 0 and
Xg 75 0. SUppOSQﬁ Xl, Xz, X3, )(47 Xg Xg X7 Xg Z] = [Z Y1, Yz, Y3, Y4, Y5 Ys Y7 Vg ] Then X1=Y1
andX; =Y, andXz = Yz andXs = Yz andXs = Y5 andXg = Yg and Xy = Y7 andXg = Y.

(21) I [ Xy, X2, X3, X4, X5 Xe X7 Xg] # 0 and[: Xy, X, X3, X4, X5 Xg X7 Xg] = [[Y1, Y2, Y3, Y, Y5
Ys Y7 Yg ], thenX; =Y; andXz =Yz and X3 = Yz andXa = Yz andXs = Y5 and Xs = Ys and
X7=Yy anng =VYsg.

[EX, X2, X3, X4, X5, X6, X7, Xg .

(22) XX X, X, XXX X]=[Y,Y,Y,Y,Y YY Y] thenX =Y.

In the sequek;s denotes an element &§.
The following proposition is true

(23) Suppos&; # 0 andX; # 0 andXz # 0 andX4 # 0 andXs # 0 andXg # 0 andX7 # 0 and
Xg # 0. Let x be an element of Xy, Xz, X3, X4, X5 X6 X7 Xg]. Then there exiskg, X10, X11,
X12, X13, X14, X15, X16 SUCh thak = (X9, X10, X11, X12, X13, X14, X15, X16) -

Let us consideKy, Xo, X3, Xa, X5, Xg, X7, Xg. Let us assume thad = 0 andX; # 0 andXz # 0
andXs # 0 andXs # 0 andXs # 0 and X7 # 0 andXg # 0. Let x be an element df X3, Xp, X3, Xa,
X5 Xs X7 Xg]. The functorx; yields an element dX; and is defined as follows:

(Def. 3)  1fx= (x1,X2,X3,X4,X5, X6, X7,Xg), thenxy = xq.

1 The proposition (4) has been removed.
2 The proposition (13) has been removed.
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The functorx, yielding an element oX; is defined as follows:
(Def. 4)  If x = (X1, X2, X3, Xa, X5, X6, X7, X8}, thenxy = xz.

The functorxz yields an element df3 and is defined by:
(Def. 5)  If x = (X1, X2, X3, X4, X5, X6, X7, X3}, thenxz = x3.

The functorx, yielding an element oX; is defined as follows:

(Def. 6)  If x = {X1,%2, X3, Xa, X5, X6, X7, X8}, thenxq = Xa.

The functorxs yields an element afs and is defined by:
(Def. 7)  If x = (X1, %2, X3, X4, X5, X6, X7, X8}, thenxs = Xs.

The functorxg yielding an element oXg is defined as follows:

(Def. 8)  Ifx= (x1,%2,X3,X4,X5,X6,X7,Xg), thenxs = Xe.

The functorx; yielding an element oX; is defined as follows:

(Def. 9)  If x = (X1, %2, X3, Xa, X5, X6, X7, X8}, thenxz = xz.
The functorxg yields an element afg and is defined as follows:
(Def. 10) Ifx= (x1,X2, X3, X4, X5, X5, X7, Xg), thenxg = xg.
The following propositions are true:

(24) Suppos&; # 0 andX; # 0 andXz # 0 and X4 # 0 andXs # 0 andXs # 0 andX7 # 0 and
Xg # 0. Let x be an element of X3, Xo, X3, Xa, X5 Xg X7 Xg:] and givenxy, Xz, X3, X4, X5, X6,
X7, Xg. SUPPOSEX = (X1, X2, X3, X4, X5, X6, X7,Xg). Thenxy = x; andx; = x; andxz = x3 and
X4 = X4 andxs = X5 andXg = Xg andxy = X7 andxg = Xg.

(25) SupposeX; # 0 and Xz £ 0 and X3 # 0 and X4 # 0 and X5 # 0 and Xs # 0 and
X7 # 0 and Xg # 0. Let x be an element of: X3, Xp, X3, Xa, X5 X X7 Xg]. Thenx =

(X1, X2, X3, X4, X5, X6, X7, X8) -

(26) SupposeX; # 0 and Xz # 0 and Xz # 0 and X4 # 0 and X5 # 0 and Xs #
0 and X7 £ 0 and Xg # 0. Let x be an element off: Xy, X, X3, X4, X5 X6 X7 Xg .
Thenx; = ((((((xquased1)1)1)1)1)1)1 andxz = (((((((xquaseds)1)1)1)1)1)2 andxs =
((((((xquasef1)1)1)1)1)2 andxs = (((((x qua sed1)1)1)1)2 andxs = ((((x quasebi)i)1)z
andxs = (((x qua set1)1)2 andxy = ((x qua sed), andxg = (x qua seds.

(27) Suppose thaXy C [ X1, X2, X3, X4, X5 X X7 Xg] Or X1 C [ X2, X3, Xa, X5, Xe X7 Xg X1] or
X1 C [ X3, Xq, X5, Xe, X7 Xg X1 X2] Or X C [[Xg, X5, X, X7, Xg X1 X2 X3] 0Or Xy C [ X5, Xg,
X7, Xg, X1 X2 X3 Xa] or Xy C [: X, X7, Xg, X1, X2 X3 X4 X5] 0r X1 C [ X7, Xg, X1, X2, X3 X4 X5
Xe] or Xg C [ Xg, X1, X2, X3, Xa X5 X6 X7]. ThenX; = 0.

(28) Supposé X1, X2, X3, Xa, X5 Xg X7 Xg] meets|: Y1, Yo, Y3, Ya, Y5 Y6 Y7 Yg]. ThenX; meets
Y1 and X, meetsy, andXz meetsyz andX4 meetsy, andXs meetsys andXg meetsYg andXy
meetsy7 andXg meetsysg.

(29) [: {Xl}a {XZ}a {X3}’ {X4}7 {X5} {X6} {X7} {Xg} :] = {<X1’XZ’X3vX4’X5’X57X77X8)}'

For simplicity, we follow the rulesA; is a subset 0Kj, Ay is a subset oK;, Az is a subset of
X3, A4 is a subset 0K4, Asg is a subset 0Ks, Ag is a subset 0Kg, A7 is a subset 0Kz, Ag is a subset
of Xg, andx is an element of X1, X2, X3, X4, X5 X5 X7 Xg .

One can prove the following propositions:

(30) Suppos&; # 0 andX; # 0 andXz # 0 andX4 # 0 andXs # 0 andXs # 0 andX7 # 0 and
Xg # 0. Let givenxy, Xp, X3, X4, X5, X6, X7, Xg. SUPPOSE& = (X1, X2, X3, X4, X5, X6,X7,Xg). Then
X1 = X1 andxo = X andxz = X3 andxs = X4 andxs = Xg andxg = Xg andxy = X7 andxg = Xg.
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(31) Suppose thak; = 0 and X; # 0 and X3 = 0 and X4 # 0 and Xs # 0 and Xs # 0
and X7 # 0 and Xg # 0 and for all X9, X10, X11, X12, X13, X14, X15, X16 Such thatx =
(X9, X10,X11, X12, X13, X14, X15, X16) h0OldSYy1 = X9. Theny; = x;.

(32) Suppose thak; £ 0 and X # 0 and X3 £ 0 and X4 # 0 and Xs # 0 and Xg # 0
and X7 £ 0 and Xg # 0 and for all X9, X109, X11, X12, X13, X14, X15, %16 such thatx =
(X9, X10, X11, X12, X13, X14, X15, X16) h0ldSy2 = X10. Theny, = xo.

(33) Suppose thakK; £ 0 and X # 0 and X3 £ 0 and X4 # 0 and Xs # 0 and Xg # 0
and X7 # 0 and Xg # 0 and for all X9, X10, X11, X12, X13, X14, X15, X16 Such thatx =
(X9, X10, X11, X12, X13, X14, X15, X16) holdsys = X11. Thenys = x.

(34) Suppose thak; = 0 and X; # 0 and X3 = 0 and X4 # 0 and Xs # 0 and Xg # 0
and X7 # 0 and Xg # 0 and for all X9, X10, X11, X12, X13, X14, X15, X16 Such thatx =
(X9, X10,X11, X12, X13, X14, X15, X16) N0ldSYs = X12. Thenys = xg.

(35) Suppose thak; £ 0 and X, # 0 and X3 £ 0 and X4 # 0 and Xs # 0 and Xg # 0
and X7 £ 0 and Xg # 0 and for all X9, X109, X11, X12, X13, X14, X15, %16 Such thatx =
(X9, X10, X11, X12, X13, X14, X15, X16) h0ldSys = X13. Thenys = xs.

(36) Suppose thak; £ 0 and X, # 0 and X3 # 0 and X4 # 0 and Xs # 0 and Xg # 0
and X7 # 0 and Xg # 0 and for all X9, X10, X11, X12, X13, X14, X15, X16 Such thatx =
(X9,X10,X11, X12, X13, X14, X15, X16) holdsys = X14. Thenys = Xs.

(37) Suppose thak; = 0 and X; # 0 and X3 # 0 and X4 # 0 and X5 # 0 and Xg # 0
and X7 # 0 and Xg # 0 and for all X9, X10, X11, X12, X13, X14, X15, X16 Such thatx =
(X9, X10,X11, X12, X13, X14, X15, X16) h0ldSYy7 = X15. Theny; = x7.

(38) Suppose thak; £ 0 and X, # 0 and X3 £ 0 and X4 # 0 and Xs # 0 and Xg # 0
and X7 # 0 and Xg % 0 and for all X9, X10, X11, X12, X13, X14, X15, X16 Such thatx =
(X9, X10, X11, X12, X13, X14, X15, X16) holdSyg = X16. Thenyg = xg.

(39) Suppose € [ X1, X2, X3, X4, X5 X6 X7 Xg]. Then there exisky, X2, X3, X4, X5, X6, X7, Xg
such thatx; € X; andx, € Xo andxz € X3z andxs € X4 andxs € X5 andxg € Xg andxy € X7
andxg € Xg andy = (X1, X2, X3, X4, X5, X6, X7,Xg) .

(40)  (x1,X2,X3,X4,Xs,X6,%7,X8) € [ X1, X2, X3, X4, X5 Xg X7 Xg ] iff x1 € X1 andxp € Xz andxs €
X3 andxy € X4 andxs € X5 andxg € Xg andxy € X7 andxg € Xs.

(41) Suppose that for evegyholdsy € Z iff there existxy, X2, X3, X4, X5, Xg, X7, Xg such that
X1 € X1 andxo € Xo andxs € Xz andxs € X4 andxs € Xs andxg € Xg andxzy € Xy andxg € Xg
andy = (X17X27X37X47X57X67X77X8)- Thenz = [: Xla X2> X3a X4> X5 XG X7 x8 ]

(42) Suppose that; # 0 andX; # 0 andXz # 0 andX4 # 0 andXs # 0 andXg # 0 and X7 = 0
andXg # 0 andY; # 0 andY, # 0 andY; £ 0 andY; # 0 andYs # 0 andYs = 0 andY; # 0
andYg # 0. Let x be an element df Xy, Xz, X3, X4, X5 Xg X7 Xg] andy be an element dfY;,
Y2, Y3, Ya, Y5 Y5 Y7 Y3 ] SUppOSQ( =Y. Thenx; = Y1 andxy = Y2 andxz = Y3 andxy = Ya and
X5 = Y5 andXs = Ye andxz = y7 andxg = Y.

(43) Letx be an element of X3, X2, X3, X4, X5 X X7 Xg1]. Suppos« € [ Aq, A, Az, Ay, As As
A7 Ag]. Thenxs € A; andxp € Ay andxs € Az andxg € Aq andXs € As andxg € Ag and
X7 € A7 andxg € Ag.

(44) If X3 CYiandXy C Y, andXs C Yz andXs C Ys andXs C Ys andXs C Yg andX; C Y7 and
Xg C Yg, then[: X1, Xa, X3, X4, X5 Xg X7 Xg ] € [ Y1, Y2, Y3, Y4, Y5 Y6 Y7 Vg .

(45) [Z A1, Ao, Az, Aq, As As A7 Ag Z] is a subset OF X1, X2, X3, Xa, X5 Xg X7 Xg ]



N-TUPLES AND CARTESIAN PRODUCTS FOR.. 5

REFERENCES

[1] Czestaw Bylhski. Some basic properties of seleurnal of Formalized Mathematic$, 1989/http://mizar.org/JFM/Voll/zfmisc_|
T.htmIl

[2] Michat Muzalewski and Wojciech Skaban-tuples and Cartesian products fore= 5. Journal of Formalized Mathematic®, 1990.
http://mizar.orqg/JFM/Vol2/mcart_2.html}

[3] Michat Muzalewski and Wojciech Skaban-tuples and Cartesian products for= 6. Journal of Formalized Mathematic®, 1990.
http://mizar.org/JFM/Vol2/mcart_3.html}

[4] Michat Muzalewski and Wojciech Skaban-tuples and Cartesian products for= 7. Journal of Formalized Mathematic®, 1990.
http://mizar.org/JFM/Vol2/mcart_4.htmll

[5] Andrzej Trybulec. Tarski Grothendieck set theodournal of Formalized Mathematicéxiomatics, 1989.http://mizar.org/JFM/
Axiomatics/tarski.htmll

[6] Andrzej Trybulec. Tuples, projections and Cartesian produldarnal of Formalized Mathematic&, 1989/http://mizar.org/JrFM/
Voll/mcart_1.html}

[7] Zinaida Trybulec. Properties of subsedsurnal of Formalized Mathematic$, 1989http://mizar.org/JFM/Voll/subset_1.htmll

Received October 15, 1990

Published January 2, 2004


http://mizar.org/JFM/Vol1/zfmisc_1.html
http://mizar.org/JFM/Vol1/zfmisc_1.html
http://mizar.org/JFM/Vol2/mcart_2.html
http://mizar.org/JFM/Vol2/mcart_3.html
http://mizar.org/JFM/Vol2/mcart_4.html
http://mizar.org/JFM/Axiomatics/tarski.html
http://mizar.org/JFM/Axiomatics/tarski.html
http://mizar.org/JFM/Vol1/mcart_1.html
http://mizar.org/JFM/Vol1/mcart_1.html
http://mizar.org/JFM/Vol1/subset_1.html

	 n-tuples and cartesian products for … By michal muzalewski and wojciech skaba

