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Summary. This article defines ordereuttuples, projections and Cartesian products
for n=>5. We prove many theorems concerning the basic properties ofttifes and Carte-
sian products that may be utilized in several further, more challenging applications. A few of
these theorems are a strightforward consequence of the regularity axiom. The article origi-
nated as an upgrade of the articlée [3].

MML Identifier: MCART_2.
WWW: http://mizar.org/JFM/Vol2/mcart_2.html

The articlesl[2],[[1],[[4], and [3] provide the notation and terminology for this paper.

For simplicity, we use the following conventior; X1, X2, X3, Xa, Xs, ¥, Y1, Y2, V3, Y4, V5, X, X1,
Xo, X3, X4, X5, Y, Y1, Y2, Y3, Ya, Y5, Y6, Y7, Z are setsyg is an element oKy, x7 is an element oK,
Xg is an element 0Kz, Xg is an element 0K, andxjg is an element oKs.

Next we state two propositions:

(1) Suppos& # 0. Then there exist¥ such thatY € X and for allYy, Y2, Y3, Ya, Y5, Yg such
thatY; € Yo andY;> € Yz andYz € Yz andYz € Ys andYs € Yg andYs € Y holdsY; missesX.

(2) Suppos«X # 0. Then there exist¥ such thalY € X and for allYy, Yz, Y3, Y4, Y5, Y, Y7 such
thatY; € Yo andYs € Yz andYsz € Y4 andYz € Y5 andYs € Yg andYs € Y7 andY7 € Y holdsY;
missesX.

Let us consideks, X2, X3, X4, X5. The functor{xi, %2, X3, X4, Xs) is defined as follows:
(Def. 1)  (X1,X%2,%3,Xa,X5) = {{X1,X2,X3,Xa), X5).

We now state several propositions:

() (X1, X2,%3,%a,%5) = ({{{X1, X2}, X3}, Xa), Xs).

GH  (x1,%2,Xa, X4, X5) = {{X1, X, X3}, Xa, X5).

(6)  (X1,%2,X3,%4,X5) = ((X1, X2),X3,X4,X5).

(7)1 (X1, %2,%3,%4,%5) = (Y1,Y2,Y3,Ya,Y5), thenx; = y1 andx; =y, andxs = yz andxs = ys
andx5 =Ys.

(8) If X #£ 0, then there exists such that € X and it is not true that there exist, X2, X3, X4,
x5 such that; € X or xa € X butx = (X1, X2, X3, X4, X5).

1Supported by RPBP.1I1-24.C6.
1 The proposition (4) has been removed.
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Let us consideKy, Xp, X3, X4, Xs5. The functorf: Xq, Xz, X3, X4, X5 yields a set and is defined
as follows:

(Def. 2) [ X1, Xa, X3, X4, X5] = [[[: X1, X2, X3, Xa ], X5].

Next we state several propositions:

(9) [X1, X2, X3, Xa, Xs] = [[[[ X1, X2, X3, Xa], X5 1.
A1 [Xe, Xo, Xa, Xa, Xs] = [ [: X1, X, X3, Xa, Xs 1.
(12) [I Xl, Xz, )(37 X4, X5 I} = [I [I X]_, X2 I}, X3, )(47 X5 ]

(13) X3 #0andXz # 0andXs # 0 andXy # 0 andXs # 0 iff [ Xq, Xo, X3, X4, X5 # 0.

(14) If Xy #£0andX; # 0andXs # 0 andXy # 0 andXs # 0, then if [ Xq, X2, X3, X4, X5] = [ Y1,
Y2, Y3, Ya, Y51, thenX; =Y; andX; =Y, andXs = Yz andXy = Ys andXs = Y.

(15) If [: Xla X27 )%a x47 X5 :] 7é 0 and [: le X27 ><37 >(47 X5 :] = [:Y17 Y27 Y37 Y41 Y5 :]a then)(l = Yl
andX; =Y, andX3 = Yz andXs = Yz andXs = Ys.

(16) IF[X, X, X, X, X]=[Y,Y,Y,Y,Y], thenX =Y.

(A7) If X3 # 0andX; # 0 andXz # 0 andXs # 0 andXs # 0, then for every elementof [ Xy,
X2, X3, X4, X5 ] there exisis, X7, Xg, Xg, X10 Such thai = (xg, X7, Xs, X9, X10) -

Let us consideKs, Xz, X3, X4, Xs. Let us assume tha # 0 andX; # 0 andXz # 0 andX4 # 0
andXs # 0. Letx be an element df Xz, X, X3, Xa, X5 ]. The functorx; yields an element oX; and
is defined by:

(Def. 3)  If x = (x1,X2, X3, X4, X5), thenx; = Xg.

The functorx, yields an element ok, and is defined by:
(Def. 4)  If x= (x1,X2, X3, X4, X5), thenxy = Xo.

The functorxs yielding an element oXs is defined as follows:
(Def. 5)  If x = (X1, X2, X3,X4, X5), thenxz = X3.

The functorx, yielding an element oX, is defined as follows:
(Def. 6) If x = (x1,X2,X3,X4,X5), thenxq = X4.

The functorxs yields an element dfs and is defined by:
(Def. 7)  If x= {x1,X2, X3, X4, X5), thenxs = Xs.

The following propositions are true:

(18) Suppos&; # 0 andX; # 0 andX3 # 0 andX4 # 0 andXs # 0. Let x be an element dfXy,
X2, X3, X4, X5] and givernxy, X, X3, X4, Xs. If X = (X1, X2, X3,X4, X5}, thenx; = x1 andxz = X2
andxz = x3 andxs = X4 andxs = Xs.

(19) If X1 £ 0andXz # 0 andX3 # 0 andX4 # 0 andXs # 0, then for every elementof [: Xy,
X2, X3, Xa, X5 ] holdsx = (X1, X2, X3, X4, X5).

(20) SupposeX; # 0 and X, #£ 0 and X3 # 0 and X4 # 0 and X5 # 0. Let x be an element
of [ X1, Xz, X3, X4, X5]. Thenxy = ((((xquasef1)1)1)1 andx, = ((((xquasef1)1)1)2 and
x3 = (((x quased1)1)2 andxqs = ((x qua seb ), andxs = (X qua sebs.

(21) I Xy C [ X, X, X3, Xa, X5 OF X1 C [ Xp, X3, X4, X5, X1 OF X3 C [ X3, X4, X5, X1, X2 ] OF
X1 C [ Xg, X5, X1, X2, X3] 0r X1 C [ X5, X1, X2, X3, X4, thenXy = 0.

2 The proposition (10) has been removed.
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(22) If [ Xq, X2, X3, X4, X5] meets: Y1, Yo, Y3, Ya, Y5 ], thenX; meetsy; andXz meetsy, andX3
meetsYz andXs meetsy; andXs meetsys.

(23) [: {Xl}v {XZ}a {X3}7 {X4}7 {X5} :] = {(X13X25X35X4’X5)}'

For simplicity, we use the following conventioAy; is a subset 0Kz, A is a subset 0Ky, Az is
a subset 0Kz, A4 is a subset 0Ks, As is a subset 0Ks, andx is an element of X1, Xo, X3, X4, X5
One can prove the following propositions:

(24) Suppos&; # 0 andX; # 0 andXs £ 0 andXy # 0 andXs # 0. Let givenxy, X2, X3, X4, Xs.
If X = (x1,X2,X3,X4,Xs), thenx; = x; andxy = X, andxz = x3 andxq = X4 andxs = Xs.

(25) If X1 £ 0andX; # 0 andX3 # 0 and X4 # 0 andXs # 0 and for allxg, X7, Xg, X9, X10 Such
thatx = (X, X7, Xs, X0, X10) holdsy; = xg, theny; = x.

(26) If X1 £ 0 andX; # 0 andX3 # 0 and X4 # 0 andXs # 0 and for allxg, X7, X8, X9, X10 Such
thatx = (X, X7,Xs, X0, X10) holdsy, = x7, theny, = x,.

(27) 1f X3 £Z0andX; # 0 and X3 # 0 andXs # 0 andXs # 0 and for allxg, X7, X8, X9, X10 Such
thatx = (Xs, X7, Xg, X9, X10) holdsys = xg, thenyz = X.

(28) If X3 0 andX; # 0 and X3 # 0 and X4 # 0 andXs # 0 and for allxg, X7, Xg, Xg, X10 SUCh
thatx = (Xs, X7, Xg, X9, X10) holdsys = Xg, thenys = X4.

(29) If X3 £ 0andX; # 0 andX3 # 0 andX4 # 0 andXs # 0 and for allxg, X7, Xg, X9, X10 Such
thatx = (X, X7, X8, Xg, X10) holdsys = x10, thenys = xs.

(30) Ifye [ X1, X2, X3, X4, X5 ], then there existy, X2, X3, X4, X5 such that; € X; andx; € Xz
andxz € Xz andxy € X4 andxs € X5 andy = (Xg, X2, X3, X4, Xs5) .

(B1) (X1,%2,X3,X4,X5) € [ X1, X2, X3, Xq, X5 ] iff X1 € X3 andxp € Xp andxsz € Xz andxq € X4
andxs € Xs.

(32) Suppose that for evegyholdsy € Z iff there existxy, X2, X3, X4, Xs such thatx; € X; and
X2 € Xp andxz € X3 andxq € X4 andxs € X5 andy = (X1, X2, X3,X4,%5). ThenZ = [ X1, Xp,
X3, X4, X5 .

(33) Suppos&; # 0 andX; # 0 andX3 # 0 andXy £ 0 andXs # 0 andY; # 0 andY, # 0 and
Y3 # 0 andYs # 0 andYs # 0. Letx be an element df Xz, X2, X3, X4, X5 andy be an element
of Y1, Y2, Y3, Y4, Y5 ]. If X =1y, thenx; = y; andx; =y, andxz = y3 andxs = y4 andxs = ys.

(34) For every element of [ X1, X2, X3, X4, X5 ] such thai € [ A1, Az, Az, A4, As ] holdsx; €
A; andxp € A andxz € Az andxy € A4 andxs € As.

(35) If X3 CYrandX; CYs andXs C Yz andXs C Y4 andXs C s, then[: X1, X2, X3, X4, X5 Z} -
[:Ylv Y27 Y37 Y47 Y5 ]

Let us consideKy, Xz, X3, X4, Xs, A1, A2, Az, Ag, As. Then[. Aq, Az, Az, A4, As ] is a subset of
[ X1, X2, X3, X4, X5 1.
One can prove the following three propositions:

(36) SupposeX; # 0 and Xz # 0. Let x11 be an element of Xq, X2]. Then there exists an
elementxs of X; and there exists an elemeatof X, such thai;; = (Xs, 7).

(37) If Xy #0andX; # 0 andX3 # 0, then for every elemend 1 of [: Xy, X2, X3 there exiskg,
X7, Xg such thati; = (Xs, X7, Xg).

(38) If Xy # 0andX; # 0 andX; # 0 andXs # 0, then for every element; 1 of [: Xy, X2, X3, X4
there exisig, X7, Xs, Xg such thak;; = (Xs, X7, Xg,Xg).
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