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Summary. Concerned with a generalization of concepts introduced in [14], i.e. there
are introduced the sum and the product of matrices of any dimension of elements of any field.
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The articles [19], [8], [24], [20], [13], [25], [6], [7], [3], [5], [4], [17], [23], [16], [18], [11], [10],
[9], [14], [22], [15], [1], [21], [26], [2], and [12] provide the notation and terminology for this paper.

1. AUXILIARY THEOREMS

We adopt the following rules:i, j, k, l , n, m are natural numbers,D is a non empty set, andK is a
field.

The following proposition is true

(1) If n = n+k, thenk = 0.

Let us considerK, n, m. The functor

 0 . . . 0
...

...
...

0 . . . 0


n×m

K

yields a matrix overK of dimension

n× mand is defined by:

(Def. 1)

 0 . . . 0
...

...
...

0 . . . 0


n×m

K

= n 7→ (m 7→ 0K).

Let us considerK and letA be a matrix overK. The functor−A yields a matrix overK and is
defined by:

(Def. 2) len(−A) = lenA and width(−A) = widthA and for alli, j such that〈〈i, j〉〉 ∈ the indices of
A holds(−A)◦ (i, j) =−(A◦ (i, j)).

Let us considerK and letA, B be matrices overK. The functorA+B yields a matrix overK and
is defined by:

(Def. 3) len(A+B) = lenA and width(A+B) = widthA and for alli, j such that〈〈i, j〉〉 ∈ the indices
of A holds(A+B)◦ (i, j) = (A◦ (i, j))+(B◦ (i, j)).

The following propositions are true:
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(3)1 For all i, j such that〈〈i, j〉〉 ∈ the indices of

 0 . . . 0
...

...
...

0 . . . 0


n×m

K

holds

 0 . . . 0
...

...
...

0 . . . 0


n×m

K

◦

(i, j) = 0K .

(4) For all matricesA, B overK such that lenA = lenB and widthA = widthB holdsA+B =
B+A.

(5) For all matricesA, B, C over K such that lenA = lenB and lenA = lenC and widthA =
widthB and widthA = widthC holds(A+B)+C = A+(B+C).

(6) For every matrixA overK of dimensionn× m holdsA+

 0 . . . 0
...

...
...

0 . . . 0


n×m

K

= A.

(7) For every matrixA overK of dimensionn× m holdsA+−A =

 0 . . . 0
...

...
...

0 . . . 0


n×m

K

.

Let us considerK and letA, B be matrices overK. Let us assume that widthA = lenB. The
functorA·B yielding a matrix overK is defined by:

(Def. 4) len(A·B) = lenA and width(A·B) = widthB and for alli, j such that〈〈i, j〉〉 ∈ the indices of
A·B holds(A·B)◦ (i, j) = Line(A, i) ·B�, j .

Let us considern, k, m, let us considerK, let A be a matrix overK of dimensionn× k, and letB
be a matrix overK of dimension widthA × m. ThenA ·B is a matrix overK of dimension lenA ×
widthB.

Let us considerK, let M be a matrix overK, and leta be an element ofK. The functora ·M
yields a matrix overK and is defined as follows:

(Def. 5) len(a·M) = lenM and width(a·M) = widthM and for alli, j such that〈〈i, j〉〉 ∈ the indices
of M holds(a·M)◦ (i, j) = a· (M ◦ (i, j)).

Let us considerK, let M be a matrix overK, and leta be an element ofK. The functorM ·a
yielding a matrix overK is defined as follows:

(Def. 6) M ·a = a·M.

One can prove the following propositions:

(8) For all finite sequencesp, q of elements of the carrier ofK such that lenp = lenq holds
len(p•q) = lenp and len(p•q) = lenq.

(9) For all i, l such that 〈〈i, l〉〉 ∈ the indices of

 1 0
...

0 1


n×n

K

and l = i holds

Line(

 1 0
...

0 1


n×n

K

, i)(l) = 1K .

(10) For all i, l such that 〈〈i, l〉〉 ∈ the indices of

 1 0
...

0 1


n×n

K

and l 6= i holds

Line(

 1 0
...

0 1


n×n

K

, i)(l) = 0K .

1 The proposition (2) has been removed.



THE PRODUCT AND THE DETERMINANT OF MATRICES. . . 3

(11) For all l , j such that〈〈l , j〉〉 ∈ the indices of

 1 0
...

0 1


n×n

K

and l = j holds

(

 1 0
...

0 1


n×n

K

)�, j(l) = 1K .

(12) For all l , j such that〈〈l , j〉〉 ∈ the indices of

 1 0
...

0 1


n×n

K

and l 6= j holds

(

 1 0
...

0 1


n×n

K

)�, j(l) = 0K .

(13) For every add-associative right zeroed right complementable non empty loop structureK
holds∑(n 7→ 0K) = 0K .

(14) LetK be an add-associative right zeroed right complementable non empty loop structure,
p be a finite sequence of elements of the carrier ofK, and giveni. If i ∈ domp and for every
k such thatk∈ domp andk 6= i holdsp(k) = 0K , then∑ p = p(i).

(15) For all finite sequencesp, q of elements of the carrier ofK holds len(p • q) =
min(lenp, lenq).

(16) Let p, q be finite sequences of elements of the carrier ofK and giveni. Supposei ∈ domp
andp(i) = 1K and for everyk such thatk∈ domp andk 6= i holdsp(k) = 0K . Let given j such
that j ∈ dom(p•q). Then

(i) if i = j, then(p•q)( j) = q(i), and

(ii) if i 6= j, then(p•q)( j) = 0K .

(17) For all i, j such that〈〈i, j〉〉 ∈ the indices of

 1 0
...

0 1


n×n

K

holds if i = j, then

Line(

 1 0
...

0 1


n×n

K

, i)( j) = 1K and if i 6= j, then Line(

 1 0
...

0 1


n×n

K

, i)( j) = 0K .

(18) For all i, j such that〈〈i, j〉〉 ∈ the indices of

 1 0
...

0 1


n×n

K

holds if i = j, then

(

 1 0
...

0 1


n×n

K

)�, j(i) = 1K and if i 6= j, then(

 1 0
...

0 1


n×n

K

)�, j(i) = 0K .

(19) Let p, q be finite sequences of elements of the carrier ofK and giveni. Supposei ∈ domp
andi ∈ domq andp(i) = 1K and for everyk such thatk∈ domp andk 6= i holdsp(k) = 0K .
Then∑(p•q) = q(i).

(20) For every matrixA overK of dimensionn holds

 1 0
...

0 1


n×n

K

·A = A.
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(21) For every matrixA overK of dimensionn holdsA·

 1 0
...

0 1


n×n

K

= A.

(22) For all elementsa, b of K holds〈〈a〉〉 · 〈〈b〉〉= 〈〈a·b〉〉.

(23) For all elementsa1, a2, b1, b2, c1, c2, d1, d2 of K holds

(
a1 b1

c1 d1

)
·
(

a2 b2

c2 d2

)
=(

a1 ·a2 +b1 ·c2 a1 ·b2 +b1 ·d2

c1 ·a2 +d1 ·c2 c1 ·b2 +d1 ·d2

)
.

(24) For all matricesA, B over K such that widthA = lenB and widthB 6= 0 holds(A ·B)T =
BT ·AT.

2. THE PRODUCT OFMATRICES

Let I , J be non empty sets, letX be an element of FinI , and letY be an element of FinJ. Then[:X,
Y :] is an element of Fin[: I , J :].

Let I , J, D be non empty sets, letG be a binary operation onD, let f be a function fromI into
D, and letg be a function fromJ into D. ThenG◦ ( f ,g) is a function from[: I , J :] into D.

We now state a number of propositions:

(25) LetI , J, D be non empty sets,F , G be binary operations onD, f be a function fromI into D,
g be a function fromJ into D, X be an element of FinI , andY be an element of FinJ. Suppose
F is commutative and associative but[:Y, X :] 6= /0 or F has a unity butG is commutative. Then
F-∑[:X,Y :](G◦ ( f ,g)) = F-∑[:Y,X :](G◦ (g, f )).

(26) Let I , J be non empty sets,F , G be binary operations onD, f be a function fromI into
D, andg be a function fromJ into D. SupposeF is commutative and associative and has a
unity. Let x be an element ofI andy be an element ofJ. ThenF-∑[:{x},{y} :](G◦ ( f ,g)) =
F-∑{x}G◦( f ,F-∑{y}g).

(27) LetI , J be non empty sets,F , G be binary operations onD, f be a function fromI into D, g
be a function fromJ into D, X be an element of FinI , andY be an element of FinJ. SupposeF
is commutative and associative and has a unity and an inverse operation andG is distributive
w.r.t. F . Let x be an element ofI . ThenF-∑[:{x},Y :](G◦ ( f ,g)) = F-∑{x}G◦( f ,F-∑Y g).

(28) Let I , J be non empty sets,F , G be binary operations onD, f be a function fromI into
D, g be a function fromJ into D, X be an element of FinI , andY be an element of FinJ.
SupposeF is commutative and associative and has a unity and an inverse operation andG is
distributive w.r.t.F . ThenF-∑[:X,Y :](G◦ ( f ,g)) = F-∑X G◦( f ,F-∑Y g).

(29) Let I , J be non empty sets,F , G be binary operations onD, f be a function fromI into
D, andg be a function fromJ into D. SupposeF is commutative and associative and has
a unity andG is commutative. Letx be an element ofI andy be an element ofJ. Then
F-∑[:{x},{y} :](G◦ ( f ,g)) = F-∑{y}G◦(F-∑{x} f ,g).

(30) LetI , J be non empty sets,F , G be binary operations onD, f be a function fromI into D, g
be a function fromJ into D, X be an element of FinI , andY be an element of FinJ. Suppose
that

(i) F is commutative and associative and has a unity and an inverse operation, and

(ii) G is distributive w.r.t.F and commutative.

ThenF-∑[:X,Y :](G◦ ( f ,g)) = F-∑Y G◦(F-∑X f ,g).

(31) Let I , J be non empty sets,F be a binary operation onD, f be a function from[: I , J :] into
D, g be a function fromI into D, andY be an element of FinJ. SupposeF is commutative
and associative and has a unity and an inverse operation. Letx be an element ofI . If for every
elementi of I holdsg(i) = F-∑Y(curry f )(i), thenF-∑[:{x},Y :] f = F-∑{x}g.
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(32) Let I , J be non empty sets,F be a binary operation onD, f be a function from[: I , J :] into
D, g be a function fromI into D, X be an element of FinI , andY be an element of FinJ.
Suppose for every elementi of I holdsg(i) = F-∑Y(curry f )(i) andF is commutative and
associative and has a unity and an inverse operation. ThenF-∑[:X,Y :] f = F-∑X g.

(33) Let I , J be non empty sets,F be a binary operation onD, f be a function from[: I , J :] into
D, g be a function fromJ into D, andX be an element of FinI . SupposeF is commutative
and associative and has a unity and an inverse operation. Lety be an element ofJ. If for every
elementj of J holdsg( j) = F-∑X(curry′ f )( j), thenF-∑[:X,{y} :] f = F-∑{y}g.

(34) Let I , J be non empty sets,F be a binary operation onD, f be a function from[: I , J :] into
D, g be a function fromJ into D, X be an element of FinI , andY be an element of FinJ.
Suppose for every elementj of J holdsg( j) = F-∑X(curry′ f )( j) andF is commutative and
associative and has a unity and an inverse operation. ThenF-∑[:X,Y :] f = F-∑Y g.

(35) For all matricesA, B, C overK such that widthA = lenB and widthB = lenC holds(A·B) ·
C = A· (B·C).

3. DETERMINANT

Let us considern, K, let M be a matrix overK of dimensionn, and letp be an element of the
permutations ofn-element set. The functorp-PathM yielding a finite sequence of elements of the
carrier ofK is defined by:

(Def. 7) len(p-PathM) = n and for all i, j such thati ∈ dom(p-PathM) and j = p(i) holds
(p-PathM)(i) = M ◦ (i, j).

Let us considern, K and letM be a matrix overK of dimensionn. The product on paths ofM
yields a function from the permutations ofn-element set into the carrier ofK and is defined by the
condition (Def. 8).

(Def. 8) Let p be an element of the permutations ofn-element set. Then (the product on paths of
M)(p) = (−1)sgn(p)(the multiplication ofK ~ (p-PathM)).

Let us considern, let us considerK, and letM be a matrix overK of dimensionn. The functor
DetM yielding an element of the carrier ofK is defined as follows:

(Def. 9) DetM = (the addition ofK)-∑Ωf
the permutations ofn-element set

(the product on paths ofM).

In the sequela denotes an element ofK.
Next we state the proposition

(36) Det〈〈a〉〉= a.

Let us considern, let us considerK, and letM be a matrix overK of dimensionn. The diagonal
of M yields a finite sequence of elements of the carrier ofK and is defined by:

(Def. 10) len(the diagonal ofM) = n and for everyi such thati ∈Segn holds (the diagonal ofM)(i) =
M ◦ (i, i).

REFERENCES

[1] Grzegorz Bancerek. The fundamental properties of natural numbers.Journal of Formalized Mathematics, 1, 1989. http://mizar.
org/JFM/Vol1/nat_1.html.

[2] Grzegorz Bancerek. Curried and uncurried functions.Journal of Formalized Mathematics, 2, 1990.http://mizar.org/JFM/Vol2/
funct_5.html.

[3] Grzegorz Bancerek and Krzysztof Hryniewiecki. Segments of natural numbers and finite sequences.Journal of Formalized Mathematics,
1, 1989.http://mizar.org/JFM/Vol1/finseq_1.html.
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