JOURNAL OF FORMALIZED MATHEMATICS
Volume4,  Released 1992,  Published 2003
Inst. of Computer Science, Univ. of Bialystok

Transpose Matrices and Groups of Permutations

Katarzyna Jankowska
Warsaw University
Biatystok

Summary. Some facts concerning matrices with dimension22are shown. Upper
and lower triangular matrices, and operation of deleting rows and columns in a matrix are
introduced. Besides, we deal with sets of permutations and the fact that all permutations of
finite set constitute a finite group is proved. Some proofs are basédlon [11] and [14].

MML Identifier: MATRIX_2.

WWW: http://mizar.org/JFM/Vold/matrix_2.html

The articles([15],[8],[[20],.121],[[6],[17],([6],(12], [[18],[[19],[4],[1/],[[1B],[[8],[[1], [12],[[10],[{16],
and [9] provide the notation and terminology for this paper.

1. SOME EXAMPLES OF MATRICES

For simplicity, we follow the rulesx, X1, X2, y1, Y2 are setsi, j, k, I, n, mare natural number§) is
a non empty seK is a field,sis a finite sequence, aralb, c, d are elements db.
The schem&eqDExdeals with a non empty set, a natural numbe, and a binary predicate
P, and states that:
There exists a finite sequenpeof elements of2 such that donp = SegB and for
everyk such thak € SegB holds?[k, p(k)]
provided the parameters satisfy the following condition:
e For everyk such thak € SegB there exists an elemerbf 4 such thatP[k, x].

a a nxm
Let us considen, mand leta be a set. The functof : . : yields a tabular finite
a ... a
sequence and is defined by:
nxm
a ... a
(Def. 1) P =n— (M- a).
a a
d d nxm
Let us consideD, n, mand let us considet. Then| : ~-. is a matrix oveD of
d ... d
dimensiom x m.
The following proposition is true
a ... a\"" a ... a\""
(1) If (i, j)etheindicesof| : . Jthen| - o(i,j)=a
a a a a
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In the sequed/, b’ are elements df.
Next we state the proposition

a a \"" ... o \™" a+b ... ad+b \™"

@ | oo+ =

a a b ... b a+b ... d+b

(@]

Leta, b, ¢, d be sets. The functo(

3 ) yielding a tabular finite sequence is defined as
follows:

et.2) (3§ )=(ablca).

Next we state two propositions:

(3) Ien( X% ) =2and width( X X > = 2 and the indices o( XX ) =[Seg2
i ¥y2 yi ¥2 yi y2
Seg2).

. P X1 X2
(4)() (1,1) etheindices o!( Vi Vo )

(i) (L 2) € the indices of( ;1 X2 )

Y2
(iiy (2 1) € the indices of( ;1 ;2 > and
(iv) (2, 2) etheindices of( XX >
Y1 ¥z

Let us consideD and leta be an element db. Then(a) is an element ob?.

Let us consideD, let us considen, and letp be an element dD". Then(p) is a matrix oveiD
of dimension 1x n.

The following proposition is true
(5) (1,1) etheindices of(a)) and({(a)) o (1,1) = a.

Let us consideb and leta, b, c, d be elements ob. Then( i 3 ) is a matrix oveD of

dimension 2.
The following proposition is true

(6) (i 3)0(1,1):aand<
("é‘ 3>o(2,2):d.

Let us considen and letK be a field. A matrix oveK of dimensionn is said to be an upper
triangular matrix oveK of dimensiom if:

o Q@

3)0(1,2):band(

o Q

2)0(271) = c and

(Def. 3) For alli, j such thafi, j) € the indices of it holds if > j, thenito (i, j) = Ok.

Let us considen and let us considdf. A matrix overK of dimensionn is said to be a lower
triangular matrix oveK of dimensiom if;

(Def. 4) For alli, j such thati, j) € the indices of it holds if < j, then ito (i, j) = Ok.

We now state the proposition

(7) For every matriXM overD such that letM = n holdsM is a matrix oveD of dimensiom
x widthM.
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2. DELETING OF ROWS AND COLUMNS IN A MATRIX

Let us consider and letp be a finite sequence. The functpy yields a finite sequence and is
defined as follows:

(Def.5) pji = p-Sgmdomp)\ {i}).

One can prove the following three propositions:

(8) For every finite sequengeholds ifi € domp, then there existm such that lep = m+1
and lerfp;i) = mand ifi ¢ domp, thenp;; = p.

(9) For every finite sequengeof elements oD holds py; is a finite sequence of elements of
D.

(10) For every matriM overK of dimensionn x mand for everyk such thak € Segn holds
M(k) = Line(M, k).

Let us considet, let us consideK, and letM be a matrix ovelK. Let us assume thate
SegwidthM. The deleting ofi-column inM yielding a matrix oveK is defined by the conditions
(Def. 6).

(Def. 6)()) len(the deleting ai-column inM) = lenM, and
(i)  for everyk such thak € domM holds (the deleting afcolumn inM)(k) = Line(M,K);;.

One can prove the following propositions:

(11) For all matriced1, M overD such thaM; " = M, and lerM; = lenM5 holdsM; = M.

(12) For every matrixM over D such that widttM > 0 holds leiMT) = widthM and
width(MT) = lenM.

(13) For all matricedM;, M, overD such that widti; > 0 and widthVl, > 0 andM;T = M,"
and width{M1") = width(M,") holdsM; = M.

(14) For all matricedM, M2 overD such that widttM; > 0 and widtiM, > 0 holdsM1 = M
iff MlT = M2T and widthM1 = widthMo.

(15) For every matritM overD such that leM > 0 and widtiV > 0 holds(M™)T = M.
(16) For every matris overD and for every such that € domM holds LingM,i) = (MT);.

(17) For every matrisM overD and for everyj such thatj € SegwidttM holds LingMT, j) =
Mo ;.

(18) For every matriM overD and for every such thai € domM holdsM (i) = Line(M, ).

Let us considet, let us consideK, and letM be a matrix oveK. Let us assume that domM
and widthM > 0. The deleting of-row in M yields a matrix oveK and is defined as follows:

(Def. 7)()) The deleting of-row inM =0 if lenM = 1,
(i)  width(the deleting ofi-row in M) = widthM and for everyk such thatk € Segwidtiv
holds (the deleting afrow in M)k = (M k) ji, otherwise.

Let us considet, j, let us considen, let us consideK, and letM be a matrix oveK of
dimensiom. The deleting of-row andj-column inM yields a matrix oveK and is defined by:

H 0 ifn=1,

(Def. 8)  The deleting of-row andj-column inM = { the deleting ofj-column in the deleting ofrow in M, otherwise.
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3. SETS OF PERMUTATIONS

Letl; be a set. We say thét is permutational if and only if:
(Def. 9) There exists such that for every such thai € 1; holdsx is a permutation of Sey

Let us observe that there exists a set which is permutational and non empty.
Let P be a permutational non empty set. The functoHsmelding a natural number is defined
as follows:

(Def. 10) There existssuch thas € P and lerP = lens.

Let P be a permutational non empty set. We see that the eleménti®fa permutation of
SeglerP.
One can prove the following proposition

(19) There exists a permutational non emptystich that le® = n.
Let us considen. The permutations af-element set constitute a set defined by:
(Def. 11) x € the permutations af-element set ifik is a permutation of Sey

Let us considen. One can check that the permutationseflement set is permutational and
non empty.
We now state two propositions:

(20) len(the permutations ofelement set}y= n.
(21) The permutations of 1-element sefidseq1)}.

Let us considen and letp be an element of the permutationgeélement set. The functor lgn
yielding a natural number is defined as follows:

(Def. 12) There exists a finite sequerssuch thas= p and lerp = lens.

We now state the proposition

(22) For every elememnt of the permutations af-element set holds legm= n.

4. GROUP OF PERMUTATIONS

In the sequep, g are elements of the permutationsmeélement set.
Let us considem. The functorA, yielding a strict groupoid is defined by the conditions
(Def. 13).

(Def. 13)() The carrier of\, = the permutations af-element setand
(i) for all elementsq, p of the permutations ofi-element set holds (the multiplication of

An)(g, p) =p-q.

Let us considen. Note thatA, is non empty.
The following propositions are true:

(23) idseqn) is an element of\,.

(24) p-idseqn) = pand idse¢n)-p= p.
(25) p-pl=idseqn)andp ! p=idseqn).
(26) p~lis anelement of,.

Let us considen. A permutation of element set is an element of the permutationsefement
set. Note thah,, is associative and group-like.
The following proposition is true
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(28f] idseqn) = 1a,.
Let us considen and letp be a permutation of Seg We say thap is transposition if and only
if:
(Def. 14) There exist, j such thai € domp andj € domp andi # j andp(i) = j andp(j) =i and
for everyk such thak # i andk # j andk € domp holdsp(k) = k.

We introducep is a transposition as a synonympfs transposition.
Let us considen and letl; be a permutation of Seg We say that; is even if and only if the
condition (Def. 15) is satisfied.

(Def. 15) There exists a finite sequercef elements of the carrier &, such that lehmod 2= 0
andl; = []! and for everyi such that € doml there existsy such that (i) = g andqg is a
transposition.

We introducd is odd as an antonym &f is even.
The following proposition is true

(29) idseq is even.

Let us consideK, n, let x be an element oK, and letp be an element of the permutations of
n-element set. The functgr-1)59"P)x yields an element dk and is defined as follows:

i) X, if piseven

—1)s9n(P)x —
(Def. 16) (—1)%9"P)x { —x, otherwise.

Let X be a set. Let us assume théts finite. The functoQf, yields an element of FiX and is
defined as follows:

(Def. 17) Qf =X.
One can prove the following proposition

(30) The permutations af-element set are finite.
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