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Summary. On this article, the basic properties of linear spaces which are defined by
the set of all linear operators from one linear space to another are described. Especially, the
Banach space is introduced. This is defined by the set of all bounded linear operators.
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The articles[24],[[6],[128],[31],[[25],[[33],[[32], [4],L15],[[16],.[22],[121],[3],.11] .12] [ [28],[[27],

[91, 71, [301, [14], [26], [17], [29], [18], [19], [8], [20], [13], [11], [12], [10], and([15] provide the
notation and terminology for this paper.

1. REAL VECTORSPACE OFOPERATORS

Let X be a set, leY be a non empty set, | be a function from:R,Y ] into Y, leta be a real
number, and let be a function fronX intoY. ThenF°(a, f) is an element o *.
One can prove the following two propositions:

(1) LetX be anon empty set anéibe a non empty loop structure. Then there exists a binary
operationA; on (the carrier of )* such that for all elements, g of (the carrier ofY)* holds
Aq(f, g) = (the addition ofy)°(f, g).

(2) LetX be anonempty set antibe a real linear space. Then there exists a funddlgfrom
[ R, (the carrier of¥)X ] into (the carrier oY )X such that for every real numbeand for every
elementf of (the carrier ofY)X and for every elemerstof X holdsMy((r, f))(s) =r - f(s).

Let X be a non empty set and étbe a non empty loop structure. The functor Funcdd)
yielding a binary operation on (the carrier'vfX is defined as follows:

(Def. 1) For all elements, g of (the carrier ofY )* holds(FuncAddX,Y))(f, g) = (the addition of
Y)°(f,9).

Let X be a non empty set and Méthe a real linear space. The functor FuncExtNXiltY) yields

a function from[R, (the carrier ofY)X ] into (the carrier ofY)* and is defined by the condition
(Def. 2).

(Def. 2) Letabe a real numberf be an element of (the carrier ¥)*, andx be an element oX.
Then(FuncExtMul{X,Y))((a, f})(x) =a- f(x).

Let X be a set and leéf be a non empty zero structure. The functor Func2¢ry¥) yields an
element of (the carrier of )X and is defined as follows:

(Def. 3) FuncZer@X,Y) =X — Oy.
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We adopt the following rulesX denotes a hon empty s&t,denotes a real linear space, ahd
g, hdenote elements of (the carrierfX.
Next we state two propositions:

(3) LetY be a non empty loop structure afigg, h be elements of (the carrier 8H)X. Then
h = (FuncAddX,Y))(f, g) if and only if for every element of X holdsh(x) = f(x) -+ g(x).

(4) Forevery elementof X holds(FuncZerdX,Y))(x) = Oy.

In the sequed, b are real numbers.
We now state several propositions:

(5) h= (FuncExtMuUl{X,Y))({a, f}) iff for every elemeni of X holdsh(x) =a- f(x).
(6) (FuncAddX,Y))(f,g) = (FuncAddX,Y))(g, f).

(7) (FuncAddX,Y))(f, (FuncAddX,Y))(g, h)) = (FuncAddX,Y))((FuncAdd X,Y))(f, g),
h)

(8) (FuncAddX,Y))(FuncZerdX,Y), f) = f.
(9) (FuncAddX,Y))(f, (FuncExtMul(X,Y))({—1, f))) = FuncZergX,Y).
(10) (FuncExtMul(X,Y))((1, f)) = f.
(11) (FuncExtMul(X,Y))({a, (FuncExtMul(X,Y))({b, f}))) = (FuncExtMul{X,Y))({a- b,
f)).
(12) (FuncAddX,Y))((FuncExtMul{X,Y))((a, f}), (FuncExtMul{X,Y))({b, f})) = (FuncExtMul{X,Y))({a+
b, f)).
(13) ((the carrier ofY)*,FuncZergX,Y),FuncAddX,Y), FuncExtMul{X,Y)) is a real linear
space.

Let X be a non empty set and P¢tbe a real linear space. The functor RealVectSH4ce)
yielding a real linear space is defined by:

(Def. 4) RealVectSpad¥,Y) = ((the carrier oiY )X, FuncZergX,Y), FuncAdd X, Y), FuncExtMul( X, Y)).

Let X be a non empty set and P¢tbe a real linear space. Note that RealVectSPéce) is
strict.
Next we state three propositions:

(14) Let X be a non empty setY be a real linear spacef, g, h be vectors of
RealVectSpadi,Y), and f/, ¢, i be elements of (the carrier of)X. Supposef’ = f
andg =g andh = h. Thenh = f + g if and only if for every elemenk of X holds

W) =100 +d (%)

(15) LetX be anon empty seY, be a real linear spacé, h be vectors of RealVectSpaegY),
and f/, i be elements of (the carrier dH)X. Supposef’ = f and = h. Let a be a real
number. Therh = a- f if and only if for every elemernt of X holdsh (x) = a- f/(x).

(16) For every non empty se¢ and for every real linear spacé holds Qreavectspad.y) =
X — Oy.
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2. REAL VECTORSPACE OFLINEAR OPERATORS

Let X be a non empty RLS structure, Mtbe a non empty loop structure, and lgbe a function
from X into Y. We say that; is additive if and only if:

(Def. 5) For all vectors;, y of X holdsl1(x+Yy) = l11(X) + 11(y).

Let X, Y be non empty RLS structures and lebe a function fromX into Y. We say that; is
homogeneous if and only if:

(Def. 6) For every vectox of X and for every real numberholdsly(r -x) = r - 11(X).

Let X be a non empty RLS structure and Y¥ebe a real linear space. Note that there exists a
function fromX into Y which is additive and homogeneous.

Let X, Y be real linear spaces. A linear operator frofrinto Y is an additive homogeneous
function fromX into Y.

LetX,Y be real linear spaces. The functor LinearOper#¥rg) yields a subset of RealVectSpétte
carrier ofX, Y) and is defined by:

(Def. 7) For every set holdsx € LinearOperatorX,Y) iff xis a linear operator fronX into Y.

LetX,Y be real linear spaces. One can check that LinearOpefAtdf$is non empty.
We now state two propositions:

(17) For all real linear spaces, Y holds LinearOperato(X,Y) is linearly closed.

(18) LetX,Y bereallinear spaces. ThédnnearOperatonsX,Y), Zero.(LinearOperator,Y), RealVectSpadghe
carrier ofX, Y)), Add_(LinearOperatorX,Y), RealVectSpadghe carrier ofX, Y)), Mult_(LinearOperators,Y), Rea
carrier ofX,Y))) is a subspace of RealVectSpéte carrier ofX, Y).

LetX, Y be real linear spaces. Note ti{ainearOperator,Y), Zero (LinearOperatorX, Y ), RealVectSpadghe
carrier ofX,Y)),Add_(LinearOperatorsX,Y), RealVectSpadgghe carrier ofX, Y)), Mult_(LinearOperatorsX,Y), RealVects
carrier ofX, Y))) is Abelian, add-associative, right zeroed, right complementable, and real linear
space-like.

The following proposition is true

(19) LetX,Y bereallinear spaces. ThédnnearOperatonsX,Y), Zero.(LinearOperator,Y), RealVectSpadghe
carrier ofX,Y)),Add_(LinearOperatorsX,Y), RealVectSpadghe carrier ofX, Y)), Mult_(LinearOperatorsX,Y), Rea
carrier ofX,Y))) is a real linear space.

Let X, Y be real linear spaces. The functor RVectorSpaceOfLinearOpefatdisyields a real
linear space and is defined by:

(Def. 8) RVectorSpaceOfLinearOperatofsY) = (LinearOperatorsX,Y), Zero_(LinearOperator, Y), RealVectSpadghe
carrier ofX,Y)),Add_(LinearOperator,Y), RealVectSpadghe carrier ofX, Y)), Mult_(LinearOperatorsX,Y), Rea
carrier ofX, Y))).

Let X, Y be real linear spaces. Note that RVectorSpaceOfLinearOpe(étdisis strict.
One can prove the following four propositions:

(20) LetX,Y be real linear space$, g, h be vectors of RVectorSpaceOfLinearOperaty ),
andf’, d, i be linear operators frord into Y. Supposef’ = f andg’ = gandh’ = h. Then
h= f +gif and only if for every vectox of X holdsh’(x) = f'(x) + g (x).

(21) LetX,Y be real linear spaces, h be vectors of RVectorSpaceOfLinearOperat¥y),
and f/, b’ be linear operators fronX into Y. Supposef’ = f andh’ = h. Let a be a real
number. Therh = a- f if and only if for every vectok of X holdsh’(x) = a- f/(x).

(22) Forallreal linear space§ Y holds GuvectorspaceofLinearoperatoxsy) = (the carrier ofX) —
Ov.

(23) For all real linear spaces, Y holds (the carrier oK) — Oy is a linear operator fronX
intoY.
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3. REAL NORMED LINEAR SPACE OFBOUNDED LINEAR OPERATORS
We now state the proposition

(24) LetX be a real normed spacs, be a sequence of, andg be a point ofX. If s is
convergent and lirg; = g, then||sy || is convergent and liffs; || = ||g]|-

Let X, Y be real normed spaces andligbe a linear operator frorX into Y. We say that; is
bounded if and only if:

(Def. 9) There exists a real numbi€rsuch that 0< K and for every vectox of X holds|/l1(x)| <
K- [Ix].

We now state the proposition

(25) LetX,Y bereal normed spaces ahtbe a linear operator frodd into Y. If for every vector
x of X holds f (x) = Oy, thenf is bounded.

Let X, Y be real normed spaces. Note that there exists a linear operatoXfiota Y which is
bounded.

Let X, Y be real normed spaces. The functor BoundedLinearOpefAtdfsyields a subset of
RVectorSpaceOfLinearOperat@XsY) and is defined as follows:

(Def. 10) For every set holdsx € BoundedLinearOperatdiX,Y) iff x is a bounded linear operator
from X intoY.

Let X, Y be real normed spaces. Note that BoundedLinearOpeftdfsis non empty.
One can prove the following propositions:

(26) For all real normed spac&sY holds BoundedLinearOperatdks Y) is linearly closed.

(27) Forallreal normed spacisY holds(BoundedLinearOperatqis,Y), Zero (BoundedLinearOperatdiX,Y), RVec
is a subspace of RVectorSpaceOfLinearOperéxais).

LetX,Y be real normed spaces. Note tfBbundedLinearOperatdi¥,Y ), Zero (BoundedLinearOperatdiX, Y ), RVect
is Abelian, add-associative, right zeroed, right complementable, and real linear space-like.
Next we state the proposition

(28) Forallreal normed spac¥sY holds(BoundedLinearOperatais,Y), Zero (BoundedLinearOperatdiX,Y), RVec
is a real linear space.

Let X, Y be real normed spaces. The functor RVectorSpaceOfBoundedLinearOpetators
yielding a real linear space is defined as follows:

(Def. 11) RVectorSpaceOfBoundedLinearOpergtéry¥’) = (BoundedLinearOperatags,Y), Zero.(BoundedLinearOpera

Let X, Y be real normed spaces. Observe that RVectorSpaceOfBoundedLinearOp¥ratprs
is strict.
One can prove the following three propositions:

(29) LetX,Y bereal normed spacek,g, h be vectors of RVectorSpaceOfBoundedLinearOperéxois),
andf’, ¢, h’ be bounded linear operators frofrinto Y. Supposd’ = f andg’ =gandh’ =h.
Thenh = f 4 g if and only if for every vectox of X holdsh’(x) = f/(x) +d/(x).

(30) LetX,Y bereal normed spaceis,h be vectors of RvectorSpaceOfBoundedLinearOper&Xois),
andf’, b’ be bounded linear operators frofninto Y. Suppose’ = f andY = h. Letabe a
real number. Theh = a- f if and only if for every vectox of X holdsh’(x) = a- f/(x).

(31) For all real normed spac&s Y holds GuvectorspaceofBoundedLinearoperatsy) = (the carrier
of X) — Ov.
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LetX,Y be real normed spaces andidie a set. Let us assume tliat BoundedLinearOperatdiX,Y).
The functor modetrari$, X,Y) yields a bounded linear operator frofrinto Y and is defined as fol-
lows:

(Def. 12) modetrand,X,Y) = f.

Let X, Y be real normed spaces and lebe a linear operator fronX into Y. The functor
PreNormsu) yields a non empty subset Bfand is defined by:

(Def. 13) PreNorm@i) = {||u(t)

|;t ranges over vectors of: ||t|| < 1}.

Next we state three propositions:

(32) LetX,Y be real normed spaces agdbe a bounded linear operator frofinto Y. Then
PreNormsg) is non empty and upper bounded.

(833) LetX,Y be real normed spaces agtie a linear operator froxd intoY. Thengis bounded
if and only if PreNorms&g) is upper bounded.

(34) Let X, Y be real normed spaces. Then there exists a functn from
BoundedLinearOperatqs,Y) into R such that for every sdtif f € BoundedLinearOperatiX,Y),
thenN; (f) = supPreNormg@nodetranéf, X,Y)).

Let X, Y be real normed spaces. The functor BoundedLinearOperatorgXoymyields a
function from BoundedLinearOperatd¥§ Y) into R and is defined by:

(Def. 14) For every setsuch thak € BoundedLinearOperatdi¥,Y) holds(BoundedLinearOperatorsNo(,Y))(X) =
sup PreNorm@nodetranéx, X,Y)).

One can prove the following propositions:

(35) For all real normed spacés Y and for every bounded linear operatbfrom X into Y
holds modetran(d,X,Y) = f.

(86) For all real normed spaces Y and for every bounded linear operatbfrom X into Y
holds(BoundedLinearOperatorsNof(,Y))(f) = sup PreNormf).

Let X, Y be real normed spaces. The functor RNormSpaceOfBoundedLinearOpeta¥grs
yielding a non empty normed structure is defined as follows:

(Def. 15) RNormSpaceOfBoundedLinearOperat¥r¥) = (BoundedLinearOperatafs,Y), Zero.(BoundedLinearOperat

We now state several propositions:

(37) Forallreal normed spacksY holds (the carrier oK) — Oy = OrnormSpaceOfBoundedLinearOperatoty) -

(38) LetX,Y bereal normed spacekbe a point of RNormSpaceOfBoundedLinearOper&rg),
andg be a bounded linear operator frofninto Y. If g= f, then for every vectar of X holds

a1 < [1F1]- 1l

(39) Forallreal normed spack¥sY and for every poinf of RNormSpaceOfBoundedLinearOperafofsy)
holds 0< |||

(40) Forallreal normed spacisY and for every poinf of RNormSpaceOfBoundedLinearOperafofsy)
such thatf = ORNormSpaceOfBoundedLinearOpera(N,s{) holds 0= H f ||

(41) LetX,Y bereal normed spacek,g, h be points of RNormSpaceOfBoundedLinearOper&rsg),
andf’, d, h' be bounded linear operators frofrinto Y. Supposd’ = f andg' = gandh’ =h.
Thenh = f 4 gif and only if for every vectox of X holdsh’(x) = f/(x) +d/(x).

(42) LetX,Y bereal normed spacei,h be points of RNormSpaceOfBoundedLinearOperdXr¥),
and f’, h" be bounded linear operators frofninto Y. Supposef’ = f andh = h. Letabe a
real number. Theh = a- f if and only if for every vectox of X holdsh’(x) = a- f'(x).
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(43) Let X be a real normed spacel be a real normed spacef, g be points of
RNormSpaceOfBoundedLinearOperafotsY ), anda be a real number. Thehf|| = O iff

f= ORNormSpaceOfBoundedLinearOperatMS() and”a’ fH = |a‘ ’ Hf” andH f "‘9” < || f ” + Hg”

(44) For all real normed spacés Y holds RNormSpaceOfBoundedLinearOperasry) is
real normed space-like.

(45) For all real normed spac#s Y holds RNormSpaceOfBoundedLinearOperatéry¥) is a
real normed space.

Let X, Y be real normed spaces. Observe that RNormSpaceOfBoundedLinearOg&ratprs
is real normed space-like, real linear space-like, Abelian, add-associative, right zeroed, and right
complementable.

The following proposition is true

(46) LetX,Y bereal normed spacek,g, h be points of RNormSpaceOfBoundedLinearOper&rs),
andf’, d, h' be bounded linear operators frofrinto Y. Supposd’ = f andg' = gandh’ =h.
Thenh = f —gif and only if for every vectox of X holdsh (x) = f'(x) — ¢/ (x).

4. ReEAL BANACH SPACE OFBOUNDED LINEAR OPERATORS

Let X be a real normed space. We say thas complete if and only if:
(Def. 16) For every sequensgof X such thas; is Cauchy sequence by norm hotdss convergent.

One can verify that there exists a real normed space which is complete.
A real Banach space is a complete real normed space.
Next we state three propositions:

(47) LetX be areal normed space asdbe a sequence &f. If s; is convergent, thefis|| is
convergent and liffsy || = ||lim sy]|.

(48) LetX, Y be real normed spaces. Supposds complete. Lets; be a sequence of
RNormSpaceOfBoundedLinearOperafotsy). If s; is Cauchy sequence by norm, thgn
is convergent.

(49) For every real normed spac¥ and for every real Banach spacgé holds
RNormSpaceOfBoundedLinearOperafotsY ) is a real Banach space.

LetX be areal normed space andYdte a real Banach space. Observe that RNormSpaceOfBoundedLinearOp¥ra
is complete.
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