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Summary. We define the proper and the improper limit of a real function at a point.
The main properties of the operations on the limit of function are proved. The connection
between the one-side limits and the limit of function at a point are exposed. Equivalent Cauchy
and Heine characterizations of the limit of real function at a point are proved.

MML Identifier: LIMFUNC3.
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The articles([18],[15],[[2],[[14],14],[11],[T16],183],[11],16],15],11R],19],1101,07], and 8] provide
the notation and terminology for this paper.

For simplicity, we adopt the following convention; rq, r2, g, g1, g2, Xo denote real numbers,
n, k denote natural numbers; denotes a sequence of real numbers, gnth, f, denote partial
functions fromR to R.

One can prove the following propositions:

(1) Ifrngs; € domfN]—oo,Xg[ Or rngs; € domf Nxo, +oo, then rngsy € domf \ {xo}.

(2) If for everyn holds 0< |xo —s1(n)| and|xo —s1(n)| < Fll ands;(n) € domf, thens; is
convergent and liry = X and rngs; € domf and rngs; € domf \ {Xo}.

(3) Supposes; is convergent and lirep = xp and rngs; € domf \ {xo}. Let givenr. Suppose
0 < r. Then there exists such that for everk such thatn < k holds 0< |Xp — s1(k)| and
[Xo —s1(K)| < r ands; (k) € domf.

(4) 1F0<r, then]xo—r,xo+r[\ {Xo} = X0 — I, X[ U]X0, X0 +r[.

(5) Suppose & ry and]xg — rz,Xo[U]xo,Xo + r2[ € domf. Let givenry, r. Supposes < Xo
andxg < rp. Then there exisl);, g2 such that; < g; andg; < xp andg; € domf andgz < ra
andxp < g2 andg, € domf.

(6) Ifforeverynholdsxg— F11 < s1(n) andsy(n) < X andsy (n) € domf, thens; is convergent
and lims; = xg and rngs; € domf \ {xo}.

(7) If spis convergent and lirsy, = X and 0< g, then there existk such that for every such
thatk < nholdsxy — g < s1(n) andsy(n) < X0+ @.
(8) The following statements are equivalent

(i) forallry, ro suchthary < xg andxg < r2 there exisgs, gz such thar; < g; andg: < Xg
andg; € domf andgy < rp andxg < g2 andg, € domf,

(i) for everyr such that < xg there existg such that < gandg < xg andg € domf and for
everyr such that < r there existg such thag < r andxy < g andg € domf.
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Let us consideff, xg. We say thaf is convergent irxg if and only if the conditions (Def. 1) are
satisfied.

(Def. 1)(i) Forallry, ro suchthat; < Xp andxg < r, there exisg;, g2 such that, < g; andg; < Xp
andg; € domf andgy < rp andxg < g2 andg, € domf, and
(ii) there existgy such that for everg; such that; is convergent and lirg, = Xp and rngs; C
domf \ {xo} holdsf - s; is convergent and liff - s;) = g.
We say thaff is divergent to+o in Xg if and only if the conditions (Def. 2) are satisfied.
(Def. 2)(i) Forallry, rp suchthat; < Xp andxg < r, there exisg;, gz such that; < g; andg; < Xp
andg; € domf andgy < rp andxg < g2 andg, € domf, and
(i) for everys; such thask; is convergent and lirsy = Xp and rngs; € domf \ {Xp} holdsf -5
is divergent to+co.
We say thaff is divergent to—o in Xg if and only if the conditions (Def. 3) are satisfied.
(Def. 3)(1)) Forallry, rp such that, < X andxg < r» there exisps, g2 such that; < g1 andgy < Xg
andg; € domf andg, < rp andxg < g2 andg, € domf, and
(i) for everys; such thas; is convergent and lirsy, = Xp and rngs; C domf \ {Xp} holdsf -5
is divergent to—co.

Next we state a number of propositions:

(12@ f is convergent in if and only if the following conditions are satisfied:

(i) forallry, ro such thary < xg andxg < r» there exisygi, gz such thar; < g; andg: < Xo
andg; € domf andgy < rp andxg < g2 andg, € domf, and

(i) there existyy such that for everg; such that < g; there existg, such that < g, and
for everyry such that 0< |[xo —r1| and|xp —r1| < g2 andry € domf holds|f(r1) — 9| < g1.
(13) f is divergent tot in g if and only if the following conditions are satisfied:

(i) forallry, ro such thary < xg andxg < r» there exisgsi, gz such thar; < g; andg: < Xg
andg; € domf andgy < rp andxg < g2 andg, € domf, and

(i) for every g; there existg, such that O< g, and for everyr; such that 0< |xp —r1| and
[xo —r1| < g2 andry € domf holdsg; < f(ry).
(14) fis divergent to—o in Xg if and only if the following conditions are satisfied:

(i) forallry, ro such thary < xg andxg < r» there exisygi, gz such thar; < g; andg: < Xo
andg; € domf andgy < rp andxg < g2 andg, € domf, and

(i) for every g; there existg), such that 0< g, and for everyr; such that 0< |[Xo —r1| and
|Xo—r1| < gz andr1 € domf holdsf(r1) < g1.

(15) fis divergent tot+-o in Xg if and only if f is left divergent to+oo in Xp and right divergent
to +o0 in Xp.

(16) f is divergent to—o in Xg if and only if f is left divergent to—o in Xg and right divergent
to —co in Xo.
(17) Suppose that
(i) fqisdivergent toto in X,
(i)  fois divergent to+o in Xg, and

(i) forall rq, ro such thatry < xg andxg < r, there exisg, gz such thar; < g; andgs < Xo
andg; € domf; ndomf, andgy < rp andxp < gz andg, € domf; ndomfs.

Thenfy + f, is divergent tot+-oo in xg and f1 f, is divergent to+oo in Xg.

1 The propositions (9)-(11) have been removed.
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(18) Suppose that
(i) fyisdivergent to—o in xg,
(iiy f,is divergent to—co in xp, and

(iii)  forall rq, rp such thar; < xg andxg < r» there exisgy, g2 such thatr; < g andg; < X
andg; € domf;ndomf, andg, < r, andxp < g2 andg, € domf; ndomfs.

Thenfy + fy is divergent to—oo in xg and f1 f, is divergent to+oco in Xg.

(19) Suppose that
(i) fqisdivergent tot+oo in o,

(i) forall rq, ro such thatry < Xp andxg < r2 there exisys, g2 such thar; < g1 andg: < X
andg; € dom(f;+ f2) andgz < rp andxg < g2 andgp € dom(fy + f2), and

(iiiy  there existsr such that < r and f; is lower bounded oixp — r, X[ U X0, X0 + I [-
Thenfy + f, is divergent totoo in Xg.

(20) Suppose that
(i) fqisdivergent toto in X,

(i) forall rq, rp such thar; < xg andxg < r» there exisgi, g2 such thar; < g; andg; < Xo
andg; € dom(f; f2) andg, < r2 andxp < gz andg, € dom( f; f;), and

(iii)  there existr, r1 such that O< r and 0< rq and for everyg such thaig € domf, N (Jxo —
r,Xo[ U]Xo, X0+ ) holdsry < f2(g).
Thenf; f, is divergent totoo in Xg.
(21)(i) If fis divergenttoto in Xg andr > O, thenr f is divergent to+oo in X,
(i) if fisdivergenttoto inxgandr < 0, thenr f is divergent to—co in X,
(i) if fis divergentto—c in xg andr > 0, thenr f is divergent to—oo in xg, and
(iv) if fisdivergentto—o in xg andr < 0, thenr f is divergent tot+co in Xo.

(22) If f is divergent tot+ in X and divergent ta- in X, then| f| is divergent tot-o in Xg.

(23) Suppose that

(i) there existg such that 6< r and f is non-decreasing oo — r, Xo[ and non increasing on
X0, X0+ r[andf is not upper bounded drg —r, Xo[ @and f is not upper bounded gro, Xo+r],
and

(i) forall rq, ro such thatry < xp andxg < r there exisys, g2 such thar; < g1 andg; < Xg
andg; € domf andgy < rp andxg < g2 andg, € domf.

Thenf is divergent tot- in Xg.

(24) Suppose that

(i) there exists suchthat < r andf is increasing ofxp —r,Xp[ and decreasing do, Xo + |
andf is not upper bounded d®g —r,Xg[ and f is not upper bounded drg, %o+ r[, and

(i) forall rq, ro such thatr < Xp andxg < ro there exisgs, gz such thar; < g; andg: < Xg
andg; € domf andgy < rp andxp < g2 andgp € domf.

Thenf is divergent tot+-o in Xg.

(25) Suppose that

(i) there existg such that G< r and f is non increasing oo —r, X[ and non-decreasing on
X0, X0 +r[ andf is not lower bounded ojxo —r,Xo[ @and f is not lower bounded ofxg, Xo+r],
and

(i) forall rq, ro such thatry < Xp andxg < r2 there exisys, g2 such thar; < g1 andg: < X
andg; € domf andgy < rp andxp < g2 andg, € domf.

Thenf is divergent to— in Xg.
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(26) Suppose that

(i) there exists such that O<r andf is decreasing ofxg — r, X[ @and increasing ofxo, Xo + |
andf is not lower bounded ojxy —r,xg[ and f is not lower bounded o, xo + r[, and

(i) forall rq, ro such thatr < Xp andxg < ro there exisgs, gz such thar; < g; andg: < Xg
andg; € domf andgy < rp andxp < g2 andgp € domf.

Thenf is divergent to—oo in xg.

(27) Suppose that
(i) fyisdivergent tot+oo in g,

(i) forall rq, rp such thary < xg andxg < r» there exisgi, g2 such thar; < g; andgs < xo
andg; € domf andgy < ry andxg < g2 andg, € domf, and

(iii)  there exists such that G< r and domf N (Jxo —r,Xo[U]Xo, X0+ r[) € domfy N (JXo —r,Xo[U
]X0,%0+r[) and for everyg such thag € domf N (Jxo —r,Xo[U]Xo, %o +r[) holds f1(g) < f(g).

Thenf is divergent tot+-o in Xg.
(28) Suppose that
(i) fyisdivergent to—oo in xo,

(i) forall rq, ro such thatr < Xp andxg < r, there exisgs, gz such thar; < g; andg: < Xg
andg; € domf andg; < rp andxg < g2 andgp € domf, and

(iii)  there exists such that G< r and domf N (Jxo —r,Xo[U]Xo, X0 +r[) € domfy N (Jxo —r,Xo[U
%0, X0+ r[) and for everyg such thag € domf N (]xo —r,Xo[U]Xo, X0+ ) holdsf(g) < f1(9).

Thenf is divergent to—oo in Xg.
(29) Suppose that
(i) fqisdivergent toto in xg, and

(i) there existg such that O< r and]xp —r, X[ U]Xo
such thag € |xo —r,Xo[U]Xo, %o + r[ holds f1(g) <

Thenf is divergent tot+-o in Xg.

,Xo+r[ € domf ndomf; and for everyg
f(9).

(30) Suppose that
(i) fyisdivergent to—oo in xg, and

(i) there exists such that O< r and]Xo — r,Xo[U]Xo, X0 + r[ € domf Ndomf; and for everyg
such thap € xo —r,Xo[U]Xo, X0 + r[ holds f(g) < f1(g).

Thenf is divergent to—o in Xo.

Let us consideff, xo. Let us assume thdtis convergent ing. The functor lim, f yielding a
real number is defined as follows:

(Def. 4) For everys; such thas; is convergent and lirsy = xg and rngs; € domf \ {Xo} holdsf -s;
is convergent and lifff - s;) = limy, f.

Next we state a number of propositions:

(32E| Supposd is convergent ing. Then lim, f = g if and only if for everyg; such that 0< g;
there existg), such that 0< gz and for everyr; such that O< |xo —r1| and|xo —r1| < g2 and
ri € domf holds|f(r1) —g| < 0.

(33) Supposd is convergent inKg. Thenf is left convergent irkg and right convergent ing
and lim- f =lim,+ f and lim, f = lim, - f and limg f =lim,+ f.

(34) Supposd is left convergent ing and right convergent irg and lim, - f =lim, + f. Then
f is convergent ing and limy, f = lim, - f and lim, f = lim,+ f.

2 The proposition (31) has been removed.



THE LIMIT OF A REAL FUNCTION AT A POINT 5

(35) If f is convergent i, thenr f is convergent i and limy, (r f) =r-limy, f.
f

(36) If f is convergent ing, then—f is convergent ing and limg, (—f) = —limy, f.

(37) Suppose that
(i) fyis convergenting,
(i)  fois convergent ing, and

(i) forall rq, ro such thatry < xg andxg < r, there exisyg, g2 such thar; < g; andg: < X
andg; € dom(f1 + ) andg, < r» andxgp < gy andg, € dom( f1 + f7).

Thenfy + f2 is convergent inkg and limg, (f1 + f2) = limy, f1 + limy, f2.

(38) Suppose that
(i) fqis convergent iy,
(i)  f,is convergenting, and

(iii)  forall rq, rp such thar; < xg andxg < r» there exisgy, g2 such thatr; < g andg; < Xo
andg; € dom(f; — f2) andgy < rp andxg < g2 andgp € dom(f; — fa).

Thenfy — f2 is convergent ing and limy, (1 — f2) = limy, f1 — limy, fo.

(39) If fis convergent ing and f ~1({0}) = @ and lim, f # 0, then% is convergent irxg and
limy,(3) = (limy, )~

(40) If f is convergent inxo, then|f| is convergent inkg and limg| f| = [limy, f|.

(41) Suppose that
(i) fisconvergenting,
(i) limy,f #0,and
(iii)  forall rq, rp such thar; < xg andxg < r» there exisgs, g2 such thatr; < g1 andg; < Xg
andg; € domf andgy < ry andxg < g2 andgz € domf andf(g;) # 0 andf(gy) # 0.

Then+ is convergent i and limg (}) = (limy, )~
(42) Suppose that
(i) fq1is convergent in,
(i)  fois convergent ing, and

(i)  forall rq, ro such thatr < xg andxg < r, there exisgs, gz such thar; < g; andg: < Xo
andg; € dom(f; fz) andgy < ry andxp < g2 andgy € dom( f; fp).

Thenf; f5 is convergent ing and lim, (f1 f2) = limy, f1 - limy, f2.
(43) Suppose that
(i) fqis convergent ing,
(iiy  fis convergent ino,
(i) limy,f2#0, and

(iv) forallrq, r2 such thatry, < Xg andxg < r» there eX|sg1 g2 such that; < g1 andg; < Xo
andg; € dom( ) andgy < rp andxp < g2 andg; € dom( )

|ImX0 f1
|Imx0 fo -

Then% is convergent inxg and Ilr%(f )=
(44) Suppose that
(i) f1is convergent in,
(i) limy, f1 =0,
(i) forall rq, ro such thatr < xp andxg < r2 there exisg, gz such thar; < g; andg: < Xo
andg; € dom(f; fy) andgy < ry andxp < g2 andgy € dom( f; f), and
(iv) there exists such that O< r and f, is bounded omfxo — r, Xo[ U]Xo, X0 + I .

Thenfy f, is convergent in and limg,(fy f2) =0
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(45) Suppose that
(i) fyis convergenting,
(i)  fois convergent ing,
(iii)  lim , fy = limy, f2,
(iv) forall rq, rp such thar; < xg andxg < r» there exisgy, gz such thatr; < g andg; < X
andg; € domf andgy < rz andxg < gz andgs € domf, and

(v) there exists such that O< r but for everyg such thag € domf N (Jxg —r,Xo[U]x0, X0 +r[)
holdsf1(g) < f(g) andf(g) < f2(g) but domfy N (Jxo —r,Xo[U]Xo, X0+ r[) € domfan(Jxo—
r,Xo[ U]Xo, %o+ [) and domf N (Jxo — r,Xo[ U ]X0, X0+ r[) € domfy N (Jxo—r,Xo[U]X0, X0+ ()
or domfz N (Jxo — I, Xo[U X0, X0 + 1) € domfy N (JXo — I, Xo[ U X0, %o + r[) @nd domf N (Jxo —
r,Xo[U]Xo, X0+ r[) € domfa N (JXo — 1, %o[ U X0, X0+ F[)-

Thenf is convergent i and limy, f = limy, f1.

(46) Suppose that
(i) f1is convergenting,
(i)  fois convergent irxg,
(i) lim x, f1 = limy, f2, and
(iv) there existy such that O< r and]xg — r,Xo[ U ]Xo, %o + r[ € domf; ndomf, ndomf and
for everyg such thap € |xo — r,Xo[ U]xo,Xo + r[ holds f1(g) < f(g) andf(g) < f2(Q).
Thenf is convergent i and limg, f = limy, f1.

(47) Suppose that
(i) fqis convergent iy,
(i)  fis convergenting, and

(iii)  there existg such that G< r but domfy N (Jxo —r, Xo[U]Xo, X0+ r[) € domfaN (JXo —r,Xo[U
|0, %0+ r[) and for eveng such thag € domfy N (Jxg—r, Xo[U]Xo, X+ ) holdsf1(g) < f2(g)
or domfy N (Jxo —r,%o[U]X0, X0+ r[) € domfy N (JXo —r,Xo[ U X0, X0+ ) and for everyg such
thatg € domf, N (Jxo —r,Xo[ U X0, %0+ r[) holds f1(g) < f2(g).

Then limg, f1 < limy, fo.
(48) Suppose that
(i) fisdivergenttot in xg and divergent te- in xg, and

(i) forall rq, ro such thatry < Xp andxg < r there exisys, g2 such thar; < g1 andg; < Xg
andg; € domf andgp < ry andxg < g2 andgp € domf andf(g1) # 0 andf(gz) # 0.

Then+ is convergent i and limg,($) = 0.

(49) Suppose that
(i) fisconvergenting,
(i) limyf=0,
(i) forall rq, ro such thar; < xg andxg < r2 there exisgs, gz such thar; < g; andg: < Xo
andg; € domf andgp < rp andxg < g2 andgz € domf andf(g1) # 0 andf(gz) # 0, and

(iv) there exists such that < r and for everyg such thag € domf N (Jxo —r,Xo[U]Xo, X0+ [)
holds 0< f(g).

Then+ is divergent to+oo in xo.
(50) Suppose that

(i) fisconvergenting,
(i) limy,f=0,
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(i)  forall rq, ro such thar < xg andxg < r2 there exisgs, gz such thar; < g; andg: < X
andg; € domf andgp < rp andxg < g2 andgz € domf andf(g1) # 0 andf(gz) # 0, and

(iv) there exists such that G< r and for evenyg such thag € domf N (Jxo —r, Xo[U]Xo, X0 + )
holdsf(g) <O.

Then+ is divergent to—o in xo.
(51) Supposd is convergent ing and limg, f = 0 and there exists such that 0< r and for

everyg such thag € domf N (Jxo — o[ U]Xo, Xo + r[) holds 0< f(g). Then is divergent
to 4o in Xg.

(52) Supposd is convergent inkg and lim,, f = 0 and there exists such that O< r and for
everyg such thaig € domf N (Jxo — I, Xo[ U X0, X0 + r[) holds f (g) < 0. Then 1 is divergent
to —o0 in Xg.
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