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The articles [11], [14], [1], [12], [2], [9], [5], [3], [4], [8], [15], [13], [6], [10], and [7] provide the
notation and terminology for this paper.

For simplicity, we follow the rules:r1, r2, g1, g2 denote real numbers,n, m, k denote natural
numbers,s1, s2, s3 denote sequences of real numbers, andf , f1, f2 denote partial functions fromR
to R.

Let us considern, m. Then max(n,m) is a natural number.
We now state the proposition

(1) If 0≤ r1 andr1 < r2 and 0< g1 andg1 ≤ g2, thenr1 ·g1 < r2 ·g2.

Let r be a real number. We introduce]−∞, r[ as a synonym of HL(r).
In the sequelr, r1, r2, g, g1 denote real numbers.
Let r be a real number. The functor]−∞, r] yielding a subset ofR is defined as follows:

(Def. 1) ]−∞, r] = {g : g≤ r}.

The functor[r,+∞[ yields a subset ofR and is defined as follows:

(Def. 2) [r,+∞[ = {g : r ≤ g}.

The functor]r,+∞[ yields a subset ofR and is defined as follows:

(Def. 3) ]r,+∞[ = {g : r < g}.

One can prove the following propositions:

(8)1 If r1 ≤ r2, then]r2,+∞[⊆ ]r1,+∞[.

(9) If r1 ≤ r2, then[r2,+∞[⊆ [r1,+∞[.

(10) ]r,+∞[⊆ [r,+∞[.

(11) ]r,g[⊆ ]r,+∞[.

1 The propositions (2)–(7) have been removed.
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(12) [r,g]⊆ [r,+∞[.

(13) If r1 ≤ r2, then]−∞, r1[⊆ ]−∞, r2[.

(14) If r1 ≤ r2, then]−∞, r1]⊆ ]−∞, r2].

(15) ]−∞, r[⊆ ]−∞, r].

(16) ]g, r[⊆ ]−∞, r[.

(17) [g, r]⊆ ]−∞, r].

(18) ]−∞, r[∩ ]g,+∞[ = ]g, r[.

(19) ]−∞, r]∩ [g,+∞[ = [g, r].

(20) If r ≤ r1, then]r1, r2[⊆ ]r,+∞[ and[r1, r2]⊆ [r,+∞[.

(21) If r < r1, then[r1, r2]⊆ ]r,+∞[.

(22) If r2 ≤ r, then]r1, r2[⊆ ]−∞, r[ and[r1, r2]⊆ ]−∞, r].

(23) If r2 < r, then[r1, r2]⊆ ]−∞, r[.

(24) R\ ]r,+∞[ = ]−∞, r] andR\ [r,+∞[ = ]−∞, r[ andR\ ]−∞, r[ = [r,+∞[ andR\ ]−∞, r] =
]r,+∞[.

(25) R\ ]r1, r2[ = ]−∞, r1]∪ [r2,+∞[ andR\ [r1, r2] = ]−∞, r1[∪ ]r2,+∞[.

(26) If s1 is non-decreasing, thens1 is lower bounded and ifs1 is non-increasing, thens1 is
upper bounded.

(27) If s1 is non-zero and convergent and lims1 = 0 ands1 is non-decreasing, then for everyn
holdss1(n) < 0.

(28) If s1 is non-zero and convergent and lims1 = 0 ands1 is non-increasing, then for everyn
holds 0< s1(n).

(29) If s1 is convergent and 0< lim s1, then there existsn such that for everymsuch thatn≤m
holds 0< s1(m).

(30) If s1 is convergent and 0< lim s1, then there existsn such that for everymsuch thatn≤m
holds lim s1

2 < s1(m).

Let us considers1. We say thats1 is divergent to+∞ if and only if:

(Def. 4) For everyr there existsn such that for everym such thatn≤m holdsr < s1(m).

We say thats1 is divergent to−∞ if and only if:

(Def. 5) For everyr there existsn such that for everym such thatn≤m holdss1(m) < r.

The following propositions are true:

(33)2 Supposes1 is divergent to+∞ and divergent to−∞. Then there existsn such that for every
msuch thatn≤mholdss1↑m is non-zero.

(34)(i) If s1↑k is divergent to+∞, thens1 is divergent to+∞, and

(ii) if s1↑k is divergent to−∞, thens1 is divergent to−∞.

(35) If s2 is divergent to+∞ ands3 is divergent to+∞, thens2 +s3 is divergent to+∞.

(36) If s2 is divergent to+∞ ands3 is lower bounded, thens2 +s3 is divergent to+∞.

2 The propositions (31) and (32) have been removed.
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(37) If s2 is divergent to+∞ ands3 is divergent to+∞, thens2 s3 is divergent to+∞.

(38) If s2 is divergent to−∞ ands3 is divergent to−∞, thens2 +s3 is divergent to−∞.

(39) If s2 is divergent to−∞ ands3 is upper bounded, thens2 +s3 is divergent to−∞.

(40)(i) If s1 is divergent to+∞ andr > 0, thenr s1 is divergent to+∞,

(ii) if s1 is divergent to+∞ andr < 0, thenr s1 is divergent to−∞, and

(iii) if s1 is divergent to+∞ andr = 0, then rng(r s1) = {0} andr s1 is constant.

(41)(i) If s1 is divergent to−∞ andr > 0, thenr s1 is divergent to−∞,

(ii) if s1 is divergent to−∞ andr < 0, thenr s1 is divergent to+∞, and

(iii) if s1 is divergent to−∞ andr = 0, then rng(r s1) = {0} andr s1 is constant.

(42)(i) If s1 is divergent to+∞, then−s1 is divergent to−∞, and

(ii) if s1 is divergent to−∞, then−s1 is divergent to+∞.

(43) If s1 is lower bounded ands2 is divergent to−∞, thens1−s2 is divergent to+∞.

(44) If s1 is upper bounded ands2 is divergent to+∞, thens1−s2 is divergent to−∞.

(45) If s1 is divergent to+∞ ands2 is convergent, thens1 +s2 is divergent to+∞.

(46) If s1 is divergent to−∞ ands2 is convergent, thens1 +s2 is divergent to−∞.

(47) If for everyn holdss1(n) = n, thens1 is divergent to+∞.

(48) If for everyn holdss1(n) =−n, thens1 is divergent to−∞.

(49) If s2 is divergent to+∞ and there existsr such thatr > 0 and for everyn holdss3(n) ≥ r,
thens2 s3 is divergent to+∞.

(50) If s2 is divergent to−∞ and there existsr such that 0< r and for everyn holdss3(n) ≥ r,
thens2 s3 is divergent to−∞.

(51) If s2 is divergent to−∞ ands3 is divergent to−∞, thens2 s3 is divergent to+∞.

(52) If s1 is divergent to+∞ and divergent to−∞, then|s1| is divergent to+∞.

(53) If s1 is divergent to+∞ ands2 is a subsequence ofs1, thens2 is divergent to+∞.

(54) If s1 is divergent to−∞ ands2 is a subsequence ofs1, thens2 is divergent to−∞.

(55) If s2 is divergent to+∞ ands3 is convergent and 0< lim s3, thens2 s3 is divergent to+∞.

(56) If s1 is non-decreasing ands1 is not upper bounded, thens1 is divergent to+∞.

(57) If s1 is non-increasing ands1 is not lower bounded, thens1 is divergent to−∞.

(58) If s1 is increasing ands1 is not upper bounded, thens1 is divergent to+∞.

(59) If s1 is decreasing ands1 is not lower bounded, thens1 is divergent to−∞.

(60) If s1 is monotone, thens1 is convergent, divergent to+∞, and divergent to−∞.

(61) If s1 is divergent to+∞ and divergent to−∞, thens1
−1 is convergent and lim(s1

−1) = 0.

(62) Supposes1 is non-zero and convergent and lims1 = 0 and there existsk such that for every
n such thatk≤ n holds 0< s1(n). Thens1

−1 is divergent to+∞.

(63) Supposes1 is non-zero and convergent and lims1 = 0 and there existsk such that for every
n such thatk≤ n holdss1(n) < 0. Thens1

−1 is divergent to−∞.
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(64) If s1 is non-zero and convergent and lims1 = 0 ands1 is non-decreasing, thens1
−1 is

divergent to−∞.

(65) If s1 is non-zero and convergent and lims1 = 0 ands1 is non-increasing, thens1
−1 is diver-

gent to+∞.

(66) If s1 is non-zero and convergent and lims1 = 0 ands1 is increasing, thens1
−1 is divergent

to−∞.

(67) If s1 is non-zero and convergent and lims1 = 0 ands1 is decreasing, thens1
−1 is divergent

to +∞.

(68) Supposes2 is bounded ands3 is divergent to+∞, divergent to−∞, and non-zero. Then
s2/s3 is convergent and lim(s2/s3) = 0.

(69) If s1 is divergent to+∞ and for everyn holdss1(n)≤ s2(n), thens2 is divergent to+∞.

(70) If s1 is divergent to−∞ and for everyn holdss2(n)≤ s1(n), thens2 is divergent to−∞.

Let us considerf . We say thatf is convergent in+∞ if and only if the conditions (Def. 6) are
satisfied.

(Def. 6)(i) For everyr there existsg such thatr < g andg∈ dom f , and

(ii) there existsg such that for everys1 such thats1 is divergent to+∞ and rngs1 ⊆ dom f
holds f ·s1 is convergent and lim( f ·s1) = g.

We say thatf is divergent in+∞ to +∞ if and only if the conditions (Def. 7) are satisfied.

(Def. 7)(i) For everyr there existsg such thatr < g andg∈ dom f , and

(ii) for every s1 such thats1 is divergent to+∞ and rngs1 ⊆ dom f holds f ·s1 is divergent to
+∞.

We say thatf is divergent in+∞ to−∞ if and only if the conditions (Def. 8) are satisfied.

(Def. 8)(i) For everyr there existsg such thatr < g andg∈ dom f , and

(ii) for every s1 such thats1 is divergent to+∞ and rngs1 ⊆ dom f holds f ·s1 is divergent to
−∞.

We say thatf is convergent in−∞ if and only if the conditions (Def. 9) are satisfied.

(Def. 9)(i) For everyr there existsg such thatg < r andg∈ dom f , and

(ii) there existsg such that for everys1 such thats1 is divergent to−∞ and rngs1 ⊆ dom f
holds f ·s1 is convergent and lim( f ·s1) = g.

We say thatf is divergent in−∞ to +∞ if and only if the conditions (Def. 10) are satisfied.

(Def. 10)(i) For everyr there existsg such thatg < r andg∈ dom f , and

(ii) for every s1 such thats1 is divergent to−∞ and rngs1 ⊆ dom f holds f ·s1 is divergent to
+∞.

We say thatf is divergent in−∞ to−∞ if and only if the conditions (Def. 11) are satisfied.

(Def. 11)(i) For everyr there existsg such thatg < r andg∈ dom f , and

(ii) for every s1 such thats1 is divergent to−∞ and rngs1 ⊆ dom f holds f ·s1 is divergent to
−∞.

Next we state a number of propositions:
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(77)3 f is convergent in+∞ if and only if the following conditions are satisfied:

(i) for everyr there existsg such thatr < g andg∈ dom f , and

(ii) there existsg such that for everyg1 such that 0< g1 there existsr such that for everyr1

such thatr < r1 andr1 ∈ dom f holds| f (r1)−g|< g1.

(78) f is convergent in−∞ if and only if the following conditions are satisfied:

(i) for everyr there existsg such thatg < r andg∈ dom f , and

(ii) there existsg such that for everyg1 such that 0< g1 there existsr such that for everyr1

such thatr1 < r andr1 ∈ dom f holds| f (r1)−g|< g1.

(79) f is divergent in+∞ to +∞ if and only if for everyr there existsg such thatr < g and
g∈ dom f and for everyg there existsr such that for everyr1 such thatr < r1 andr1 ∈ dom f
holdsg < f (r1).

(80) f is divergent in+∞ to −∞ if and only if for everyr there existsg such thatr < g and
g∈ dom f and for everyg there existsr such that for everyr1 such thatr < r1 andr1 ∈ dom f
holds f (r1) < g.

(81) f is divergent in−∞ to +∞ if and only if for everyr there existsg such thatg < r and
g∈ dom f and for everyg there existsr such that for everyr1 such thatr1 < r andr1 ∈ dom f
holdsg < f (r1).

(82) f is divergent in−∞ to −∞ if and only if for everyr there existsg such thatg < r and
g∈ dom f and for everyg there existsr such that for everyr1 such thatr1 < r andr1 ∈ dom f
holds f (r1) < g.

(83) Suppose that

(i) f1 is divergent in+∞ to +∞,

(ii) f2 is divergent in+∞ to +∞, and

(iii) for every r there existsg such thatr < g andg∈ dom f1∩dom f2.

Then f1 + f2 is divergent in+∞ to +∞ and f1 f2 is divergent in+∞ to +∞.

(84) Suppose that

(i) f1 is divergent in+∞ to−∞,

(ii) f2 is divergent in+∞ to−∞, and

(iii) for every r there existsg such thatr < g andg∈ dom f1∩dom f2.

Then f1 + f2 is divergent in+∞ to−∞ and f1 f2 is divergent in+∞ to +∞.

(85) Suppose that

(i) f1 is divergent in−∞ to +∞,

(ii) f2 is divergent in−∞ to +∞, and

(iii) for every r there existsg such thatg < r andg∈ dom f1∩dom f2.

Then f1 + f2 is divergent in−∞ to +∞ and f1 f2 is divergent in−∞ to +∞.

(86) Suppose that

(i) f1 is divergent in−∞ to−∞,

(ii) f2 is divergent in−∞ to−∞, and

(iii) for every r there existsg such thatg < r andg∈ dom f1∩dom f2.

Then f1 + f2 is divergent in−∞ to−∞ and f1 f2 is divergent in−∞ to +∞.

3 The propositions (71)–(76) have been removed.
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(87) Suppose that

(i) f1 is divergent in+∞ to +∞,

(ii) for every r there existsg such thatr < g andg∈ dom( f1 + f2), and

(iii) there existsr such thatf2 is lower bounded on]r,+∞[.

Then f1 + f2 is divergent in+∞ to +∞.

(88) Suppose that

(i) f1 is divergent in+∞ to +∞,

(ii) for every r there existsg such thatr < g andg∈ dom( f1 f2), and

(iii) there existr, r1 such that 0< r and for everyg such thatg ∈ dom f2∩ ]r1,+∞[ holds
r ≤ f2(g).

Then f1 f2 is divergent in+∞ to +∞.

(89) Suppose that

(i) f1 is divergent in−∞ to +∞,

(ii) for every r there existsg such thatg < r andg∈ dom( f1 + f2), and

(iii) there existsr such thatf2 is lower bounded on]−∞, r[.

Then f1 + f2 is divergent in−∞ to +∞.

(90) Suppose that

(i) f1 is divergent in−∞ to +∞,

(ii) for every r there existsg such thatg < r andg∈ dom( f1 f2), and

(iii) there existr, r1 such that 0< r and for everyg such thatg ∈ dom f2∩ ]−∞, r1[ holds
r ≤ f2(g).

Then f1 f2 is divergent in−∞ to +∞.

(91)(i) If f is divergent in+∞ to +∞ andr > 0, thenr f is divergent in+∞ to +∞,

(ii) if f is divergent in+∞ to +∞ andr < 0, thenr f is divergent in+∞ to−∞,

(iii) if f is divergent in+∞ to−∞ andr > 0, thenr f is divergent in+∞ to−∞, and

(iv) if f is divergent in+∞ to−∞ andr < 0, thenr f is divergent in+∞ to +∞.

(92)(i) If f is divergent in−∞ to +∞ andr > 0, thenr f is divergent in−∞ to +∞,

(ii) if f is divergent in−∞ to +∞ andr < 0, thenr f is divergent in−∞ to−∞,

(iii) if f is divergent in−∞ to−∞ andr > 0, thenr f is divergent in−∞ to−∞, and

(iv) if f is divergent in−∞ to−∞ andr < 0, thenr f is divergent in−∞ to +∞.

(93) Supposef is divergent in+∞ to +∞ and divergent in+∞ to−∞. Then| f | is divergent in
+∞ to +∞.

(94) Supposef is divergent in−∞ to +∞ and divergent in−∞ to−∞. Then| f | is divergent in
−∞ to +∞.

(95) Suppose there existsr such thatf is non-decreasing on]r,+∞[ and f is not upper bounded
on ]r,+∞[ and for everyr there existsg such thatr < g andg∈ dom f . Then f is divergent in
+∞ to +∞.

(96) Suppose there existsr such thatf is increasing on]r,+∞[ and f is not upper bounded on
]r,+∞[ and for everyr there existsg such thatr < g andg∈ dom f . Then f is divergent in
+∞ to +∞.

(97) Suppose there existsr such thatf is non increasing on]r,+∞[ and f is not lower bounded
on ]r,+∞[ and for everyr there existsg such thatr < g andg∈ dom f . Then f is divergent in
+∞ to−∞.
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(98) Suppose there existsr such thatf is decreasing on]r,+∞[ and f is not lower bounded on
]r,+∞[ and for everyr there existsg such thatr < g andg∈ dom f . Then f is divergent in
+∞ to−∞.

(99) Suppose there existsr such thatf is non increasing on]−∞, r[ and f is not upper bounded
on ]−∞, r[ and for everyr there existsg such thatg < r andg∈ dom f . Then f is divergent in
−∞ to +∞.

(100) Suppose there existsr such thatf is decreasing on]−∞, r[ and f is not upper bounded on
]−∞, r[ and for everyr there existsg such thatg < r andg∈ dom f . Then f is divergent in
−∞ to +∞.

(101) Suppose there existsr such thatf is non-decreasing on]−∞, r[ and f is not lower bounded
on ]−∞, r[ and for everyr there existsg such thatg < r andg∈ dom f . Then f is divergent in
−∞ to−∞.

(102) Suppose there existsr such thatf is increasing on]−∞, r[ and f is not lower bounded on
]−∞, r[ and for everyr there existsg such thatg < r andg∈ dom f . Then f is divergent in
−∞ to−∞.

(103) Suppose that

(i) f1 is divergent in+∞ to +∞,

(ii) for every r there existsg such thatr < g andg∈ dom f , and

(iii) there existsr such that domf ∩ ]r,+∞[ ⊆ dom f1∩ ]r,+∞[ and for everyg such thatg ∈
dom f ∩ ]r,+∞[ holds f1(g)≤ f (g).

Then f is divergent in+∞ to +∞.

(104) Suppose that

(i) f1 is divergent in+∞ to−∞,

(ii) for every r there existsg such thatr < g andg∈ dom f , and

(iii) there existsr such that domf ∩ ]r,+∞[ ⊆ dom f1∩ ]r,+∞[ and for everyg such thatg ∈
dom f ∩ ]r,+∞[ holds f (g)≤ f1(g).

Then f is divergent in+∞ to−∞.

(105) Suppose that

(i) f1 is divergent in−∞ to +∞,

(ii) for every r there existsg such thatg < r andg∈ dom f , and

(iii) there existsr such that domf ∩ ]−∞, r[ ⊆ dom f1∩ ]−∞, r[ and for everyg such thatg∈
dom f ∩ ]−∞, r[ holds f1(g)≤ f (g).

Then f is divergent in−∞ to +∞.

(106) Suppose that

(i) f1 is divergent in−∞ to−∞,

(ii) for every r there existsg such thatg < r andg∈ dom f , and

(iii) there existsr such that domf ∩ ]−∞, r[ ⊆ dom f1∩ ]−∞, r[ and for everyg such thatg∈
dom f ∩ ]−∞, r[ holds f (g)≤ f1(g).

Then f is divergent in−∞ to−∞.

(107) Supposef1 is divergent in+∞ to +∞ and there existsr such that]r,+∞[⊆ dom f ∩dom f1
and for everyg such thatg∈ ]r,+∞[ holds f1(g)≤ f (g). Then f is divergent in+∞ to +∞.

(108) Supposef1 is divergent in+∞ to−∞ and there existsr such that]r,+∞[⊆ dom f ∩dom f1
and for everyg such thatg∈ ]r,+∞[ holds f (g)≤ f1(g). Then f is divergent in+∞ to−∞.
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(109) Supposef1 is divergent in−∞ to +∞ and there existsr such that]−∞, r[⊆ dom f ∩dom f1
and for everyg such thatg∈ ]−∞, r[ holds f1(g)≤ f (g). Then f is divergent in−∞ to +∞.

(110) Supposef1 is divergent in−∞ to−∞ and there existsr such that]−∞, r[⊆ dom f ∩dom f1
and for everyg such thatg∈ ]−∞, r[ holds f (g)≤ f1(g). Then f is divergent in−∞ to−∞.

Let us considerf . Let us assume thatf is convergent in+∞. The functor lim+∞ f yields a real
number and is defined by:

(Def. 12) For everys1 such thats1 is divergent to+∞ and rngs1 ⊆ dom f holds f · s1 is convergent
and lim( f ·s1) = lim+∞ f .

Let us considerf . Let us assume thatf is convergent in−∞. The functor lim−∞ f yields a real
number and is defined by:

(Def. 13) For everys1 such thats1 is divergent to−∞ and rngs1 ⊆ dom f holds f · s1 is convergent
and lim( f ·s1) = lim−∞ f .

We now state a number of propositions:

(113)4 Supposef is convergent in−∞. Then lim−∞ f = g if and only if for everyg1 such that 0<
g1 there existsr such that for everyr1 such thatr1 < r andr1 ∈ dom f holds| f (r1)−g|< g1.

(114) Supposef is convergent in+∞. Then lim+∞ f = g if and only if for everyg1 such that 0<
g1 there existsr such that for everyr1 such thatr < r1 andr1 ∈ dom f holds| f (r1)−g|< g1.

(115) If f is convergent in+∞, thenr f is convergent in+∞ and lim+∞(r f ) = r · lim+∞ f .

(116) If f is convergent in+∞, then− f is convergent in+∞ and lim+∞(− f ) =−lim+∞ f .

(117) Supposef1 is convergent in+∞ and f2 is convergent in+∞ and for everyr there existsg
such thatr < g andg∈ dom( f1+ f2). Then f1+ f2 is convergent in+∞ and lim+∞( f1+ f2) =
lim+∞ f1 + lim+∞ f2.

(118) Supposef1 is convergent in+∞ and f2 is convergent in+∞ and for everyr there existsg
such thatr < g andg∈ dom( f1− f2). Then f1− f2 is convergent in+∞ and lim+∞( f1− f2) =
lim+∞ f1− lim+∞ f2.

(119) If f is convergent in+∞ and f−1({0}) = /0 and lim+∞ f 6= 0, then 1
f is convergent in+∞

and lim+∞( 1
f ) = (lim+∞ f )−1.

(120) If f is convergent in+∞, then| f | is convergent in+∞ and lim+∞| f |= |lim+∞ f |.

(121) Supposef is convergent in+∞ and lim+∞ f 6= 0 and for everyr there existsg such that
r < g andg∈ dom f and f (g) 6= 0. Then 1

f is convergent in+∞ and lim+∞( 1
f ) = (lim+∞ f )−1.

(122) Supposef1 is convergent in+∞ and f2 is convergent in+∞ and for everyr there exists
g such thatr < g andg ∈ dom( f1 f2). Then f1 f2 is convergent in+∞ and lim+∞( f1 f2) =
lim+∞ f1 · lim+∞ f2.

(123) Suppose that

(i) f1 is convergent in+∞,

(ii) f2 is convergent in+∞,

(iii) lim +∞ f2 6= 0, and

(iv) for everyr there existsg such thatr < g andg∈ dom( f1
f2

).

Then f1
f2

is convergent in+∞ and lim+∞( f1
f2

) = lim+∞ f1
lim+∞ f2

.

(124) If f is convergent in−∞, thenr f is convergent in−∞ and lim−∞(r f ) = r · lim−∞ f .

4 The propositions (111) and (112) have been removed.
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(125) If f is convergent in−∞, then− f is convergent in−∞ and lim−∞(− f ) =−lim−∞ f .

(126) Supposef1 is convergent in−∞ and f2 is convergent in−∞ and for everyr there existsg
such thatg< r andg∈ dom( f1+ f2). Then f1+ f2 is convergent in−∞ and lim−∞( f1+ f2) =
lim−∞ f1 + lim−∞ f2.

(127) Supposef1 is convergent in−∞ and f2 is convergent in−∞ and for everyr there existsg
such thatg< r andg∈ dom( f1− f2). Then f1− f2 is convergent in−∞ and lim−∞( f1− f2) =
lim−∞ f1− lim−∞ f2.

(128) If f is convergent in−∞ and f−1({0}) = /0 and lim−∞ f 6= 0, then 1
f is convergent in−∞

and lim−∞( 1
f ) = (lim−∞ f )−1.

(129) If f is convergent in−∞, then| f | is convergent in−∞ and lim−∞| f |= |lim−∞ f |.

(130) Supposef is convergent in−∞ and lim−∞ f 6= 0 and for everyr there existsg such that
g< r andg∈ dom f and f (g) 6= 0. Then 1

f is convergent in−∞ and lim−∞( 1
f ) = (lim−∞ f )−1.

(131) Supposef1 is convergent in−∞ and f2 is convergent in−∞ and for everyr there exists
g such thatg < r andg ∈ dom( f1 f2). Then f1 f2 is convergent in−∞ and lim−∞( f1 f2) =
lim−∞ f1 · lim−∞ f2.

(132) Suppose that

(i) f1 is convergent in−∞,

(ii) f2 is convergent in−∞,

(iii) lim −∞ f2 6= 0, and

(iv) for everyr there existsg such thatg < r andg∈ dom( f1
f2

).

Then f1
f2

is convergent in−∞ and lim−∞( f1
f2

) = lim−∞ f1
lim−∞ f2

.

(133) Suppose that

(i) f1 is convergent in+∞,

(ii) lim +∞ f1 = 0,

(iii) for every r there existsg such thatr < g andg∈ dom( f1 f2), and

(iv) there existsr such thatf2 is bounded on]r,+∞[.

Then f1 f2 is convergent in+∞ and lim+∞( f1 f2) = 0.

(134) Suppose that

(i) f1 is convergent in−∞,

(ii) lim−∞ f1 = 0,

(iii) for every r there existsg such thatg < r andg∈ dom( f1 f2), and

(iv) there existsr such thatf2 is bounded on]−∞, r[.

Then f1 f2 is convergent in−∞ and lim−∞( f1 f2) = 0.

(135) Suppose that

(i) f1 is convergent in+∞,

(ii) f2 is convergent in+∞,

(iii) lim +∞ f1 = lim+∞ f2,

(iv) for everyr there existsg such thatr < g andg∈ dom f , and

(v) there existsr such that domf1∩ ]r,+∞[⊆ dom f2∩ ]r,+∞[ and domf ∩ ]r,+∞[⊆ dom f1∩
]r,+∞[ or domf2∩ ]r,+∞[ ⊆ dom f1∩ ]r,+∞[ and domf ∩ ]r,+∞[ ⊆ dom f2∩ ]r,+∞[ but for
everyg such thatg∈ dom f ∩ ]r,+∞[ holds f1(g)≤ f (g) and f (g)≤ f2(g).

Then f is convergent in+∞ and lim+∞ f = lim+∞ f1.
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(136) Suppose that

(i) f1 is convergent in+∞,

(ii) f2 is convergent in+∞,

(iii) lim +∞ f1 = lim+∞ f2, and

(iv) there existsr such that]r,+∞[ ⊆ dom f1∩dom f2∩dom f and for everyg such thatg ∈
]r,+∞[ holds f1(g)≤ f (g) and f (g)≤ f2(g).

Then f is convergent in+∞ and lim+∞ f = lim+∞ f1.

(137) Suppose that

(i) f1 is convergent in−∞,

(ii) f2 is convergent in−∞,

(iii) lim −∞ f1 = lim−∞ f2,

(iv) for everyr there existsg such thatg < r andg∈ dom f , and

(v) there existsr such that domf1∩ ]−∞, r[⊆ dom f2∩ ]−∞, r[ and domf ∩ ]−∞, r[⊆ dom f1∩
]−∞, r[ or domf2∩ ]−∞, r[⊆ dom f1∩ ]−∞, r[ and domf ∩ ]−∞, r[⊆ dom f2∩ ]−∞, r[ but for
everyg such thatg∈ dom f ∩ ]−∞, r[ holds f1(g)≤ f (g) and f (g)≤ f2(g).

Then f is convergent in−∞ and lim−∞ f = lim−∞ f1.

(138) Suppose that

(i) f1 is convergent in−∞,

(ii) f2 is convergent in−∞,

(iii) lim −∞ f1 = lim−∞ f2, and

(iv) there existsr such that]−∞, r[ ⊆ dom f1∩dom f2∩dom f and for everyg such thatg∈
]−∞, r[ holds f1(g)≤ f (g) and f (g)≤ f2(g).

Then f is convergent in−∞ and lim−∞ f = lim−∞ f1.

(139) Suppose that

(i) f1 is convergent in+∞,

(ii) f2 is convergent in+∞, and

(iii) there existsr such that domf1∩ ]r,+∞[ ⊆ dom f2∩ ]r,+∞[ and for everyg such thatg∈
dom f1∩ ]r,+∞[ holds f1(g) ≤ f2(g) or domf2∩ ]r,+∞[ ⊆ dom f1∩ ]r,+∞[ and for everyg
such thatg∈ dom f2∩ ]r,+∞[ holds f1(g)≤ f2(g).

Then lim+∞ f1 ≤ lim+∞ f2.

(140) Suppose that

(i) f1 is convergent in−∞,

(ii) f2 is convergent in−∞, and

(iii) there existsr such that domf1 ∩ ]−∞, r[ ⊆ dom f2 ∩ ]−∞, r[ and for everyg such that
g∈ dom f1∩ ]−∞, r[ holds f1(g)≤ f2(g) or domf2∩ ]−∞, r[⊆ dom f1∩ ]−∞, r[ and for every
g such thatg∈ dom f2∩ ]−∞, r[ holds f1(g)≤ f2(g).

Then lim−∞ f1 ≤ lim−∞ f2.

(141) Suppose that

(i) f is divergent in+∞ to +∞ and divergent in+∞ to−∞, and

(ii) for every r there existsg such thatr < g andg∈ dom f and f (g) 6= 0.

Then 1
f is convergent in+∞ and lim+∞( 1

f ) = 0.
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(142) Suppose that

(i) f is divergent in−∞ to +∞ and divergent in−∞ to−∞, and

(ii) for every r there existsg such thatg < r andg∈ dom f and f (g) 6= 0.

Then 1
f is convergent in−∞ and lim−∞( 1

f ) = 0.

(143) Suppose that

(i) f is convergent in+∞,

(ii) lim +∞ f = 0,

(iii) for every r there existsg such thatr < g andg∈ dom f and f (g) 6= 0, and

(iv) there existsr such that for everyg such thatg∈ dom f ∩ ]r,+∞[ holds 0≤ f (g).

Then 1
f is divergent in+∞ to +∞.

(144) Suppose that

(i) f is convergent in+∞,

(ii) lim +∞ f = 0,

(iii) for every r there existsg such thatr < g andg∈ dom f and f (g) 6= 0, and

(iv) there existsr such that for everyg such thatg∈ dom f ∩ ]r,+∞[ holds f (g)≤ 0.

Then 1
f is divergent in+∞ to−∞.

(145) Suppose that

(i) f is convergent in−∞,

(ii) lim−∞ f = 0,

(iii) for every r there existsg such thatg < r andg∈ dom f and f (g) 6= 0, and

(iv) there existsr such that for everyg such thatg∈ dom f ∩ ]−∞, r[ holds 0≤ f (g).

Then 1
f is divergent in−∞ to +∞.

(146) Suppose that

(i) f is convergent in−∞,

(ii) lim−∞ f = 0,

(iii) for every r there existsg such thatg < r andg∈ dom f and f (g) 6= 0, and

(iv) there existsr such that for everyg such thatg∈ dom f ∩ ]−∞, r[ holds f (g)≤ 0.

Then 1
f is divergent in−∞ to−∞.

(147) Supposef is convergent in+∞ and lim+∞ f = 0 and there existsr such that for everyg
such thatg∈ dom f ∩ ]r,+∞[ holds 0< f (g). Then 1

f is divergent in+∞ to +∞.

(148) Supposef is convergent in+∞ and lim+∞ f = 0 and there existsr such that for everyg
such thatg∈ dom f ∩ ]r,+∞[ holds f (g) < 0. Then 1

f is divergent in+∞ to−∞.

(149) Supposef is convergent in−∞ and lim−∞ f = 0 and there existsr such that for everyg
such thatg∈ dom f ∩ ]−∞, r[ holds 0< f (g). Then 1

f is divergent in−∞ to +∞.

(150) Supposef is convergent in−∞ and lim−∞ f = 0 and there existsr such that for everyg
such thatg∈ dom f ∩ ]−∞, r[ holds f (g) < 0. Then 1

f is divergent in−∞ to−∞.
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