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Summary. This article concerns a connection of fuzzy logic and lattice theory. Namely,
the fuzzy sets form a Heyting lattice with union and intersection of fuzzy sets as meet and join
operations. The lattice of fuzzy sets is defined as the product of interval posets. As the final
result, we have characterized the composition of fuzzy relations in terms of lattice theory and
proved its associativity.
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The articles[[1r7],[[9],1[2B],1[5], [[7], [[15], [[1], [8], [22], [19],[[20],.[15] [[24],[[21] [ [14] . [18], |2],
[31, 41, [22], [10], [5], [13], and [11] provide the notation and terminology for this paper.

1. POSETS OFREAL NUMBERS

LetRbe arelational structure. We say tis real if and only if the conditions (Def. 1) are satisfied.

(Def. 1)()) The carrieroRC R, and

(i) for all real numbers, y such thatx € the carrier ofR andy € the carrier ofR holds {x,
y) € the internal relation oRiff x <.

Let R be a relational structure. We say tifis interval if and only if:
(Def. 2) Risreal and there exist real numberd such that < b and the carrier oR= [a, b).

One can check that every relational structure which is interval is also real and non empty.
Let us note that every relational structure which is empty is also real.
One can prove the following proposition

(1) For every subseX of R there exists a strict relational structUResuch that the carrier of
R= X andRis real.

One can check that there exists a relational structure which is interval and strict.
We now state the proposition

(2) LetRy, Ry be real relational structures. Suppose the carri®;cf the carrier ofR,. Then
the relational structure d®; = the relational structure d®,.

Let Rbe a non empty real relational structure. One can check that every elenteist iifal.
Let X be a subset aR. The functor RealPosH#tyields a real strict relational structure and is
defined by:
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(Def. 3) The carrier of RealPosgt= X.

Let X be a non empty subset Bf. Note that RealPosKtis non empty.

Let R be a relational structure and ety be elements oR. We introducex <y andy > x as
synonyms ok <.

Letx, y be real numbers. We introduge<g y andy > x as synonyms of < y. We introduce
y <g Xandx >g y as antonyms of <.

The following proposition is true

(3) For every non empty real relational structiand for all elementg, y of R holdsx <g y
iff x=<y.

Let us note that every relational structure which is real is also reflexive, antisymmetric, and
transitive.

Let us note that every real non empty relational structure is connected.

Let Rbe a non empty real relational structure andklgtbe elements dR. Then maxx,y) is an
element ofR.

Let Rbe a non empty real relational structure andk/atbe elements oR. Then mir(x,y) is an
element olR

Let us mention that every real non empty relational structure has l.u.b.’s and g.l.b.'s.

We adopt the following rulesx, y denote real numberf denotes a real non empty relational
structure, an@, b denote elements @&.

The following four propositions are true:

(4) auUb=maxa,b).
(5) amnMb=min(a,b).

(6) There existx such thatx € the carrier ofR and for everyy such thaty € the carrier ofR
holdsx <y if and only if Ris lower-bounded.

(7) There existx such thaix € the carrier ofR and for everyy such thaty € the carrier olR
holdsx >y if and only if Ris upper-bounded.

Let us observe that every non empty relational structure which is interval is also bounded.
We now state the proposition

(8) For every interval non empty relational structi®end for every seX holds supX exists
in R

Let us note that every interval non empty relational structure is complete.
One can check that every chain is distributive.

One can verify that every interval non empty relational structure is Heyting.
Let us mention thal0, 1] is non empty.

Let us mention that RealPog&tl] is interval.

2. PrRODUCT OFHEYTING LATTICES
One can prove the following propositions:

(9) Letl be anonempty set ardbe a relational structure yielding nonempty reflexive-yielding
many sorted set indexed Hy Suppose that for every elemenof | holdsJ(i) is a sup-
semilattice. Thefr]J has l.u.b.'s.

(10) Letl be anon empty set arddbe a relational structure yielding nonempty reflexive-yielding
many sorted set indexed bySuppose that for every elemerdf | holdsJ(i) is a semilattice.
Then[]J has g.l.b.’s.
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(11) Letl be anon empty set addbe a relational structure yielding nonempty reflexive-yielding
many sorted set indexed bySuppose that for every elememf | holdsJ(i) is a semilattice.
Let f, g be elements of]J andi be an element df. Then(f mg)(i) = f(i) 1g(i).

(12) Letl be anon empty set arddoe a relational structure yielding nonempty reflexive-yielding
many sorted set indexed Hy Suppose that for every elemenof | holdsJ(i) is a sup-
semilattice. Leff, g be elements off] J andi be an element df. Then(fug)(i) = f(i)Lg(i).

(13) Letl be anon empty set addbe a relational structure yielding nonempty reflexive-yielding
many sorted set indexed by Suppose that for every elemeantf | holdsJ(i) is a Heyting
complete lattice. Thef]J is complete and Heyting.

Let A be a non empty set and IRtbe a complete Heyting lattice. Observe tRAtis Heyting.

3. LATTICE OF Fuzzy SETS

Let A be a non empty set. The functor FuzzylLat#icgields a Heyting complete lattice and is
defined by:

(Def. 4) Fuzzylatticé\ = (RealPosé€0, 1))A.

The following proposition is true
(14) For every non empty sétholds the carrier of FuzzyLattide= [0, 1]A.

Let Abe a non empty set. One can check that FuzzylLaitiseconstituted functions.
We now state the proposition

(15) LetRbe a complete Heyting latticel be a subset oR, andy be an element dR. Then
LIrXMy=Ig{XMy;xranges over elements Bf x € X}.

Let X be a non empty set and labe an element of FuzzyLattide The functor®a yielding a
membership function oX is defined as follows:

(Def. 5) @a=a.

Let X be a non empty set and létbe a membership function &f. The functorf@ yields an
element of FuzzyLattic¥ and is defined as follows:

(Def. 6) f@—f.

Let X be a non empty set, ldtbe a membership function &, and letx be an element oX.
Thenf(x) is an element of RealPos$@tl].

Let X be a non empty set, ldtbe an element of FuzzyLatti®e and letx be an element oX.
Thenf(x) is an element of RealPo$@tl].

For simplicity, we use the following conventio@:is a non empty set is an element o€, f, g
are membership functions @f ands, t are elements of FuzzyL atti€e

Next we state several propositions:

(16) For eveny holds f(c) <g g(c) iff @ <g@.
(17) s=tiff for every c holds(@s)(c) <g (®t)(c).
(18) maxf,g) = f@Lg@.

(19) sUt=max@s,@t).

(20) min(f,g) = f@rg@.

(21) sMt =min(@s @t).
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4. ASSOCIATIVITY OF COMPOSITION OFFUZZY RELATIONS

In this article we present several logical schemes. The sclsmBistributivitydeals with a com-
plete latticed4, non empty set$3, C, a binary functor¥ yielding an element ofd, and two unary
predicategP, Q, and states that:
La{Ua{F (x,y);y ranges over elements ¢f: QJy]};x ranges over elements &:
PIX} = Ua{F (x,y);x ranges over elements &,y ranges over elements af :
?[x A Qlyl}
for all values of the parameters.
The schem&upDistributivity’deals with a complete latticd, non empty set$3, C, a binary
functor ¥ yielding an element ofl, and two unary predicateB, Q, and states that:
La{Ua{F (x,y);x ranges over elements &: P[x|};y ranges over elements ¢f:
Qlyl} = Ua{F (x,y);x ranges over elements @,y ranges over elements @f :
P[x A Qlyl}
for all values of the parameters.
The schemé&raenkelF'R’deals with a non empty sét, a non empty seB, two binary functors
F and @ yielding sets, and a binary predicafe and states that:
{¥ (u1,v1);us ranges over elements df v; ranges over elements &f: P[u1,v1|} =
{G(uz2,v2); uz ranges over elements df, vo ranges over elements @&: P[uy, Vo] }
provided the parameters satisfy the following condition:
e For every element of 4 and for every element of B such that?[u,v] holds
Fuv) = G(U7V>'
The schemé&raenkelF6"Rdeals with a non empty sét, a non empty seB, two binary functors
F andg yielding sets, and two binary predicatesQ, and states that:
{¥F (ug,v1); us ranges over elements df v; ranges over elements &f: Plu,v1|} =
{G(uz,v2); uz ranges over elements &, v, ranges over elements &: Q[uy, V2] }
provided the following requirements are met:
e For every element of 4 and for every elementof B holds®[u,V] iff Q[u,V], and
e For every element of 4 and for every element of B such that?[u,v] holds
F(uv) = g(U,V).
The schem&upCommutativitgeals with a complete lattic&, non empty set$8, C, two binary
functors¥ and G yielding elements ofa, and two unary predicateB, Q, and states that:
La{Ua{F (x,y);y ranges over elements af : Q[y]};x ranges over elements of
B:PX}=Ua{Ua{G(X,Y);X ranges over elements & : P[X]};y ranges over
elements oC: Q[y]}
provided the parameters meet the following requirement:
e For every element of B and for every elementof C such thatP[x] andQ|y] holds
F(xy) = G(va)
Next we state two propositions:

(22) LetX,Y, Z be non empty setf® be a membership function of, Y, Sbe a membership
function of Y, Z, x be an element oK, andz be an element of. Then(RS({x, 2)) =

Lreatposge, ;] {R({X, ¥)) TS({y, 2)) : y ranges over elements .

(23) LetX,Y,Z, W be non empty set® be a membership function of, Y, Sbe a membership
function ofY, Z, andT be a membership function @& W. Then(RS T =R(ST).
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