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Summary. A lattice is defined as an algebra on a nonempty set with binary operations
join and meet which are commutative and associative, and satisfy the absorption identities.
The following kinds of lattices are considered: distributive, modular, bounded (with zero and
unit elements), complemented, and Boolean (with complement). The article includes also
theorems which immediately follow from definitions.

MML Identifier: LATTICES.
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The articles [2], [3], and [1] provide the notation and terminology for this paper.
We introduceu-semi lattice structures which are extensions of 1-sorted structure and are systems
〈 a carrier, a meet operation〉,

where the carrier is a set and the meet operation is a binary operation on the carrier.
We introducet-semi lattice structures which are extensions of 1-sorted structure and are systems
〈 a carrier, a join operation〉,

where the carrier is a set and the join operation is a binary operation on the carrier.
We consider lattice structures as extensions ofu-semi lattice structure andt-semi lattice struc-

ture as systems
〈 a carrier, a join operation, a meet operation〉,

where the carrier is a set and the join operation and the meet operation are binary operations on the
carrier.

One can check the following observations:

∗ there exists at-semi lattice structure which is strict and non empty,

∗ there exists au-semi lattice structure which is strict and non empty, and

∗ there exists a lattice structure which is strict and non empty.

Let G be a non emptyt-semi lattice structure and letp, q be elements ofG. The functorptq
yields an element ofG and is defined as follows:

(Def. 1) ptq = (the join operation ofG)(p, q).

Let G be a non emptyu-semi lattice structure and letp, q be elements ofG. The functorpuq
yielding an element ofG is defined as follows:

(Def. 2) puq = (the meet operation ofG)(p, q).

Let G be a non emptyt-semi lattice structure and letp, q be elements ofG. The predicatepv q
is defined as follows:

(Def. 3) ptq = q.
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Let I1 be a non emptyt-semi lattice structure. We say thatI1 is join-commutative if and only if:

(Def. 4) For all elementsa, b of I1 holdsatb = bta.

We say thatI1 is join-associative if and only if:

(Def. 5) For all elementsa, b, c of I1 holdsat (btc) = (atb)tc.

Let I1 be a non emptyu-semi lattice structure. We say thatI1 is meet-commutative if and only
if:

(Def. 6) For all elementsa, b of I1 holdsaub = bua.

We say thatI1 is meet-associative if and only if:

(Def. 7) For all elementsa, b, c of I1 holdsau (buc) = (aub)uc.

Let I1 be a non empty lattice structure. We say thatI1 is meet-absorbing if and only if:

(Def. 8) For all elementsa, b of I1 holds(aub)tb = b.

We say thatI1 is join-absorbing if and only if:

(Def. 9) For all elementsa, b of I1 holdsau (atb) = a.

Let I1 be a non empty lattice structure. We say thatI1 is lattice-like if and only if the condition
(Def. 10) is satisfied.

(Def. 10) I1 is join-commutative, join-associative, meet-absorbing, meet-commutative, meet-
associative, and join-absorbing.

Let us note that every non empty lattice structure which is lattice-like is also join-commutative,
join-associative, meet-absorbing, meet-commutative, meet-associative, and join-absorbing and ev-
ery non empty lattice structure which is join-commutative, join-associative, meet-absorbing, meet-
commutative, meet-associative, and join-absorbing is also lattice-like.

One can verify the following observations:

∗ there exists a non emptyt-semi lattice structure which is strict, join-commutative, and
join-associative,

∗ there exists a non emptyu-semi lattice structure which is strict, meet-commutative, and
meet-associative, and

∗ there exists a non empty lattice structure which is strict and lattice-like.

A lattice is a lattice-like non empty lattice structure.
Let L be a join-commutative non emptyt-semi lattice structure and leta, b be elements ofL.

Let us note that the functoratb is commutative.
Let L be a meet-commutative non emptyu-semi lattice structure and leta, b be elements ofL.

Let us observe that the functoraub is commutative.
Let I1 be a non empty lattice structure. We say thatI1 is distributive if and only if:

(Def. 11) For all elementsa, b, c of I1 holdsau (btc) = (aub)t (auc).

Let I1 be a non empty lattice structure. We say thatI1 is modular if and only if:

(Def. 12) For all elementsa, b, c of I1 such thatav c holdsat (buc) = (atb)uc.

Let I1 be a non emptyu-semi lattice structure. We say thatI1 is lower-bounded if and only if:

(Def. 13) There exists an elementc of I1 such that for every elementa of I1 holdscu a = c and
auc = c.

Let I1 be a non emptyt-semi lattice structure. We say thatI1 is upper-bounded if and only if:
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(Def. 14) There exists an elementc of I1 such that for every elementa of I1 holdsct a = c and
atc = c.

Let us observe that there exists a lattice which is strict, distributive, lower-bounded, upper-
bounded, and modular.

A distributive lattice is a distributive lattice. A modular lattice is a modular lattice. A lower
bound lattice is a lower-bounded lattice. An upper bound lattice is an upper-bounded lattice.

Let I1 be a non empty lattice structure. We say thatI1 is bounded if and only if:

(Def. 15) I1 is lower-bounded and upper-bounded.

Let us observe that every non empty lattice structure which is lower-bounded and upper-bounded
is also bounded and every non empty lattice structure which is bounded is also lower-bounded and
upper-bounded.

Let us note that there exists a lattice which is bounded and strict.
A bound lattice is a bounded lattice.
Let L be a non emptyu-semi lattice structure. Let us assume thatL is lower-bounded. The

functor⊥L yields an element ofL and is defined by:

(Def. 16) For every elementa of L holds⊥Lua =⊥L andau⊥L =⊥L.

Let L be a non emptyt-semi lattice structure. Let us assume thatL is upper-bounded. The
functor>L yields an element ofL and is defined as follows:

(Def. 17) For every elementa of L holds>Lta =>L andat>L =>L.

LetL be a non empty lattice structure and leta, bbe elements ofL. We say thata is a complement
of b if and only if:

(Def. 18) atb =>L andbta =>L andaub =⊥L andbua =⊥L.

Let I1 be a non empty lattice structure. We say thatI1 is complemented if and only if:

(Def. 19) For every elementb of I1 holds there exists an element ofI1 which is a complement ofb.

Let us note that there exists a lattice which is bounded, complemented, and strict.
A complemented lattice is a complemented bound lattice.
Let I1 be a non empty lattice structure. We say thatI1 is Boolean if and only if:

(Def. 20) I1 is bounded, complemented, and distributive.

Let us mention that every non empty lattice structure which is Boolean is also bounded, com-
plemented, and distributive and every non empty lattice structure which is bounded, complemented,
and distributive is also Boolean.

Let us observe that there exists a lattice which is Boolean and strict.
A Boolean lattice is a Boolean lattice.
In the sequelL denotes a meet-absorbing join-absorbing meet-commutative non empty lattice

structure anda denotes an element ofL.
Next we state two propositions:

(17)1 ata = a.

(18) aua = a.

In the sequelL denotes a lattice anda, b, c denote elements ofL.
One can prove the following propositions:

(19) For alla, b, c holdsau (bt c) = (au b)t (au c) iff for all a, b, c holdsat (bu c) =
(atb)u (atc).

1 The propositions (1)–(16) have been removed.
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(21)2 Let L be a meet-absorbing join-absorbing non empty lattice structure anda, b be elements
of L. Thenav b if and only if aub = a.

(22) Let L be a meet-absorbing join-absorbing join-associative meet-commutative non empty
lattice structure anda, b be elements ofL. Thenav atb.

(23) For every meet-absorbing meet-commutative non empty lattice structureL and for all ele-
mentsa, b of L holdsaubv a.

Let L be a meet-absorbing join-absorbing meet-commutative non empty lattice structure and let
a, b be elements ofL. Let us note that the predicateav b is reflexive.

We now state four propositions:

(25)3 Let L be a join-associative non emptyt-semi lattice structure anda, b, c be elements ofL.
If av b andbv c, thenav c.

(26) LetL be a join-commutative non emptyt-semi lattice structure anda, b be elements ofL.
If av b andbv a, thena = b.

(27) LetL be a meet-absorbing join-absorbing meet-associative non empty lattice structure and
a, b, c be elements ofL. If av b, thenaucv buc.

(29)4 For every latticeL such that for all elementsa, b, c of L holds(aub)t (buc)t (cua) =
(atb)u (btc)u (cta) holdsL is distributive.

In the sequelL is a distributive lattice anda, b, c are elements ofL.
The following propositions are true:

(31)5 at (buc) = (atb)u (atc).

(32) If cua = cub andcta = ctb, thena = b.

(34)6 (atb)u (btc)u (cta) = (aub)t (buc)t (cua).

One can check that every lattice which is distributive is also modular.
In the sequelL denotes a lower bound lattice anda denotes an element ofL.
Next we state three propositions:

(39)7 ⊥Lta = a.

(40) ⊥Lua =⊥L.

(41) ⊥L v a.

In the sequelL denotes an upper bound lattice anda denotes an element ofL.
We now state three propositions:

(43)8 >Lua = a.

(44) >Lta =>L.

(45) av>L.

Let L be a non empty lattice structure and letx be an element ofL. Let us assume thatL is a
complemented distributive lattice. The functorxc yielding an element ofL is defined as follows:

2 The proposition (20) has been removed.
3 The proposition (24) has been removed.
4 The proposition (28) has been removed.
5 The proposition (30) has been removed.
6 The proposition (33) has been removed.
7 The propositions (35)–(38) have been removed.
8 The proposition (42) has been removed.
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(Def. 21) xc is a complement ofx.

In the sequelL is a Boolean lattice anda, b are elements ofL.
One can prove the following propositions:

(47)9 acua =⊥L.

(48) acta =>L.

(49) (ac)c = a.

(50) (aub)c = actbc.

(51) (atb)c = acubc.

(52) bua =⊥L iff bv ac.

(53) If av b, thenbc v ac.
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