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1. PRELIMINARIES

Let Abe a non empty set and Bt R be binary relations oA. Let us observe th& C Rif and only
if:
(Def. 1) For all elementa, b of A such that{a, b) € P holds(a, b) € R.
LetL be arelational structure. We say thas finitely typed if and only if the condition (Def. 2)
is satisfied.
(Def. 2) There exists a non empty gesuch that
(i) for every sete such thae € the carrier ofL holdseis an equivalence relation &, and

(i) there exists a natural numbersuch that for all equivalence relatioas e of A and for
all setsx, y such thatk; € the carrier ofL ande, € the carrier ofL and(x, y) € e1 Lie there
exists a non empty finite sequerie®f elements oA such that lefr = o0 andx andy are joint

by F, e; andey.
LetL be alower-bounded lattice and febe a natural number. We say thabas a representation
of type < nif and only if the condition (Def. 3) is satisfied.
(Def. 3) There exists a non trivial s&tand there exists a homomorphigrfrom L to EqQRelPoséR)
such that
(i) fisone-to-one,
@iy Im f is finitely typed,
(iii)  there exists an equivalence relatienf A such that € the carrier of Imf ande # ida, and

(iv) the type of Imf <n.
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Let us note that there exists a lattice which is lower-bounded, distributive, and finite.

Let A be a non trivial set. Observe that there exists a non empty sublattice of EQRéNoset
which is non trivial, finitely typed, and full.

Next we state several propositions:

(1) For every non empty se and for every lower-bounded lattideand for every distance
functiond of A, L holds suc® C DistEstid).

(2) Every trivial semilattice is modular.

(3) LetA be anon empty set arldbe a non empty sublattice of EqRelPd#et ThenlL is
trivial or there exists an equivalence relatoaf A such thae € the carrier ofL ande # ida.

(4) LetLy, Ly be lower-bounded lattices arfdbe a map froni; into L,. Supposef is infs-
preserving and sups-preserving. THeis meet-preserving and join-preserving.

(5) For all lower-bounded latticds, L, such that; andL, are isomorphic and; is modular
holdsL, is modular.

(6) LetSbe alower-bounded non empty posethe a non empty poset, aridoe a monotone
map fromSinto T. Then Imf is lower-bounded.

(7) LetL be a lower-bounded lattice, y be elements of, A be a non empty set, anidbe
a homomorphism fronh to EqRelPoséf). If f is one-to-one, then if°(x) < f°(y), then
x<y.

2. THE JONSSONTHEOREM

We now state two propositions:

(8) LetAbe anon trivial set. be a finitely typed full non empty sublattice of EqRelP¢agt
ande be an equivalence relation Af Suppose € the carrier ofL ande # ida. If the type of
L < 2, thenL is modular.

(9) For every lower-bounded lattidesuch that. has a representation of type2 holdsL is
modular.

Let A be a set. The functor neget2A is defined by:
(Def. 4) newset2A=AU{{A},{{A}}}.

Let A be a set. One can verify that neset2A is non empty.

Let A be a non empty set, I&tbe a lower-bounded lattice, ldtbe a bifunction fromA into L,
and letq be an element dfA, A, the carrier ofL, the carrier ofL:]. The functor newbi_fun2(d,q)
yielding a bifunction from neuset2?A into L is defined by the conditions (Def. 5).

(Def. 5)(i) For all elements, v of A holds(new.bi_fun2(d,q))(u, v) = d(u, v),

(i)  (newbi_fun2(d,q))({A}, {A}) = L,

(i) (newbifun2(d,q))({{At}, {{A}}) = L.,

(iv)  (newbifun2(d,q))({A}, {{A}}) = (d(d1, G2) Lig3) Maa,

(v)  (newbifun2(d,q))({{A}}, {A}) = (d(ds, d2) Ligs) M4, and

(viy  for every elementu of A holds (newbi_fun2(d,q))(u, {A}) = d(u,q1) LI g3 and
(new.bi_fun2(d,q))({A}, u) = d(u, q1) L/gz and(new.bi_fun2(d,q)) (u, {{A}}) =d(u, g2) U
gz and(new.bi_fun2(d,q))({{A}}, u) = d(u, gz) Ligs.

The following propositions are true:

(10) LetAbe a non empty set, be a lower-bounded lattice, addoe a bifunction fromA into
L. Supposel is zeroed. Let| be an element dfA, A, the carrier olL, the carrier oL ]. Then
new.bi_fun2(d,q) is zeroed.
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(11) LetAbe anon empty sek, be a lower-bounded lattice, addbe a bifunction fromA into
L. Supposel is symmetric. Let be an element ofA, A, the carrier ofL, the carrier ofL .
Then newbi_fun2(d,q) is symmetric.

(12) LetA be a non empty set aridbe a lower-bounded lattice. Suppdsés modular. Let
d be a bifunction fromA into L. Supposel is symmetric and satisfies triangle inequality.
Let g be an element ofA, A, the carrier ofL, the carrier ofL]. If d(q1, g2) < gz da, then
new bi_fun2(d,q) satisfies triangle inequality.

(13) For every sef holdsA C new set?A.

(14) LetA be a non empty seL, be a lower-bounded latticé, be a bifunction fromA into L,
andq be an element dfA, A, the carrier olL, the carrier oL ]. Thend C new bi_fun2(d,q).

Let A be a non empty set and Ietbe an ordinal number. The functor ConsecutiveS&tQ) is
defined by the condition (Def. 6).
(Def. 6) There exists a transfinite sequehgeuch that
(i) ConsecutiveSet(&, O) = lastlL,
(i) domLg = sucaO,

(i) Lo(0)=A,
(iv) for every ordinal numbe€ such that suc€ € sucdO holdsLg(sucdC) = new.set2 o(C),
and

(v) for every ordinal numbeC such thatC € sucdO andC # 0 andC is a limit ordinal number
holdsLy(C) = Urng(Lo[C).

One can prove the following three propositions:

(15) For every non empty sétholds ConsecutiveSegtg, 0) = A.

(16) Forevery non empty satand for every ordinal numb& holds ConsecutiveSgtR, sucdO) =
new set2 ConsecutiveS€iR, O).

(17) LetAbe anonempty seD be an ordinal number, aridbe a transfinite sequence. Suppose
O # 0 andOis a limit ordinal number and dom= O and for every ordinal numbéd; such
thatO; € O holdsT (O1) = ConsecutiveSefa, O1). Then ConsecutiveSgiR,0) = (JrngT.

Let Abe a non empty set and IBtbe an ordinal number. One can verify that Consecutive3e@®)
is non empty.
We now state the proposition

(18) For every non empty setA and for every ordinal numberO holds A C
ConsecutiveSeta, O).

Let Abe a non empty set, letbe a lower-bounded lattice, ldtbe a bifunction fronAinto L, let
g be a sequence of quadruplesdofand letO be an ordinal number. Let us assume Bat domg.
The functor Quadr@),O) yields an element of ConsecutiveSet2, O), ConsecutiveSeta, O),
the carrier oL, the carrier olL ;] and is defined as follows:

(Def. 7) Quadr2q,0) = q(O).

Let A be a non empty set, ldt be a lower-bounded lattice, let be a bifunction fromA
into L, let g be a sequence of quadruples dfand letO be an ordinal number. The functor
ConsecutiveDeltg2, O) is defined by the condition (Def. 8).
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(Def. 8) There exists a transfinite sequehgesuch that
(i) ConsecutiveDelta@), O) = lastLo,
(i) domLg = sucaO,
(ii))  Lo(0) =d,
(iv) for every ordinal numberC such that suc€ € sucdO holds Lp(sucdC) =
new.bi_fun2(BiFun(Lo(C), ConsecutiveSeta,C), L), QuadrZq,C)), and

(v) for every ordinal numbeC such thaC € sucdO andC # 0 andC is a limit ordinal number
holdsLo(C) = Urng(Lo[C).

We now state several propositions:

(19) LetA be a non empty set, be a lower-bounded latticé, be a bifunction fromA into L,
andq be a sequence of quadruplesdofThen ConsecutiveDelt&g, 0) = d.

(20) Let A be a non empty setlL be a lower-bounded latticed be a bifunction from
A into L, q be a sequence of quadruples @f and O be an ordinal number. Then
ConsecutiveDeltg®), sucdd) = new.bi_fun2(BiFun(ConsecutiveDeltg2], O), ConsecutiveSeta, O),L), QuadrZg, C

(21) LetA be a non empty set, be a lower-bounded lattice, be a bifunction fromA into
L, q be a sequence of quadruplesdfT be a transfinite sequence, afddbe an ordi-
nal number. Suppos® # 0 and O is a limit ordinal number and dofm= O and for ev-
ery ordinal numbelO; such thatO; € O holds T(0;) = ConsecutiveDeltg2,01). Then
ConsecutiveDelta®, O) = JrngT.

(22) For every non empty sétand for all ordinal number®, O;, O, such thatD; C O, holds
ConsecutiveSeta, O;) C ConsecutiveSeta, O,).

(23) LetA be a non empty set, be a lower-bounded lattice,be a bifunction fromAintoL, q
be a sequence of quadruplegipAndO be an ordinal number. Then ConsecutiveD€ltp@)
is a bifunction from ConsecutiveS¢# O) into L.

Let Abe a non empty set, letbe a lower-bounded lattice, ldtbe a bifunction fromAinto L, let
g be a sequence of quadruplesdofind letO be an ordinal number. Then ConsecutiveD€gltp®)
is a bifunction from ConsecutiveS¢ O) into L.

One can prove the following propositions:

(24) Let A be a non empty set,. be a lower-bounded latticed be a bifunction fromA
into L, q be a sequence of quadruples a3f and O be an ordinal number. Thed C
ConsecutiveDelta2), O).

(25) LetA be a non empty set, be a lower-bounded latticel be a bifunction fromA into
L, O1, O be ordinal numbers, anglbe a sequence of quadruplesdf If O; C Oy, then
ConsecutiveDeltg®, 0;) C ConsecutiveDelta®), Oy).

(26) LetA be a non empty selk, be a lower-bounded lattice, anidoe a bifunction fronA into
L. Supposdl is zeroed. Let) be a sequence of quadruplesdoindO be an ordinal number.
Then ConsecutiveDeltég, O) is zeroed.

(27) LetAbe a non empty selt,be a lower-bounded lattice, adde a bifunction fromAinto L.
Supposel is symmetric. Lefj be a sequence of quadruplesdaindO be an ordinal number.
Then ConsecutiveDeltég, O) is symmetric.

(28) LetA be a non empty set aridbe a lower-bounded lattice. Suppdsés modular. Letd
be a bifunction fromA into L. Supposel is symmetric and satisfies triangle inequality. Let
O be an ordinal number amgibe a sequence of quadruplesdf If O C DistEsti(d), then
ConsecutiveDeltg2, O) satisfies triangle inequality.
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(29) LetAbe a non empty sel, be a lower-bounded modular lattiagpe a distance function
of A, L, O be an ordinal number, anglbe a sequence of quadruplesdofif O C DistEsti(d),
then ConsecutiveDeltég, O) is a distance function of ConsecutiveS&20), L.

Let Abe a non empty set, letbe a lower-bounded lattice, and tebe a bifunction fromA into
L. The functor NextSet2 is defined as follows:

(Def. 9) NextSet2l = ConsecutiveSet2, DistEsti(d)).

Let Abe a non empty set, Iétbe a lower-bounded lattice, and tébe a bifunction fromA into
L. Note that NextSet@ is non empty.

Let A be a non empty set, létbe a lower-bounded lattice, Idtbe a bifunction fromA into L,
and letg be a sequence of quadruplesdofThe functor NextDeltag is defined as follows:

(Def. 10) NextDelta? = ConsecutiveDelta@, DistEsti(d)).

Let A be a non empty set, létbe a lower-bounded modular lattice, éebe a distance function
of A, L, and letq be a sequence of quadruplesthf Then NextDeltag is a distance function of
NextSetd, L.

Let A be a non empty set, létbe a lower-bounded lattice, ldtbe a distance function d, L,
let A1 be a non empty set, and k&t be a distance function &, L. We say tha#\;, d; is extension2
of A, d if and only if;

(Def. 11) There exists a sequengeof quadruples ofd such thatA; = NextSetal and d; =
NextDelta?y.

We now state the proposition

(30) LetAbe anonempty sett, be a lower-bounded latticd,be a distance function &, L, Ay
be a non empty set, amtd be a distance function &, L. Supposé\;, d; is extension2 oA,
d. Letx, y be elements oA anda, b be elements of. Supposel(x,y) < alUb. Then there
exist elementg;, z, of A; such thatl (X, z1) = aanddi(z1, z2) = (d(x, y) La) b andd(z,

y=a

Let A be a non empty set, lét be a lower-bounded modular lattice, and debe a distance
function of A, L. A function is called an ExtensionSeq2Afd if it satisfies the conditions (Def. 12).

(Def. 12)()) domit=N,
(i) it(0)=(A, d), and
(i)  for every natural numben there exists a non empty sAt and there exists a distance

functiond’ of A', L and there exists a non empty #gtand there exists a distance functitn
of A1, L such thatd, d; is extension2 of\, d’ and ifn) = (A, d’} and i{n+ 1) = (A1, d1).

Next we state several propositions:

(31) LetAbe anonempty set, be a lower-bounded modular latticebe a distance function of
A, L, Sbe an ExtensionSeqg2 &f d, andk, | be natural numbers. K<, thenS(k); C S(1);.

(32) LetAbe anonempty set, be a lower-bounded modular lattickbe a distance function of
A, L, Sbe an ExtensionSeqg2 #f d, andk, | be natural numbers. K<, thenS(k), C S(1)5.

(33) LetL be alower-bounded modular latticghe an ExtensionSeq2 of the carriefloBg(L),
andF; be a non empty set. SuppoBe= [J{S(i)1 : i ranges over natural numbérsThen
U{S(i)2 : i ranges over natural numbérns a distance function dfy, L.

(34) LetL be alower-bounded modular latticgbe an ExtensionSeq2 of the carrieloBo(L),
F1 be a non empty seE, be a distance function ¢, L, X, y be elements o, anda, b be
elements of.. Supposd-; = [J{S(i)1 : i ranges over natural numbérandF = J{S(i)2 : i
ranges over natural numbérandF;(x, y) < alLlb. Then there exist elemerts, z, of F; such
thatF(x, z1) = aandR(z1, ) = (R(x, y) LUa) b andR(z, y) = a
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(35) LetL be alower-bounded modular latticghe an ExtensionSeq2 of the carrieloBg(L),
F, be a non empty seE, be a distance function d¢¥, L, f be a homomorphism frorh to
EqRelPoséF; ), e;, e be equivalence relations Bf, andx, y be sets. Suppose that

i) f=a(R),

(i) F1=U{S(i)1:iranges over natural numbérs
(i) F=U{S(i)2:iranges over natural numbérs
(iv) e € the carrier of Imf,

(v) e €the carrier of Imf, and

(Vi) (xy)eele.

Then there exists a non empty finite sequelRad elements of; such that lefr =2+ 2 and
x andy are joint byF, e; ande,.

(36) For every lower-bounded modular latticéoldsL has a representation of tyge2.

(37) For every lower-bounded lattiteholdsL has a representation of tyge2 iff L is modular.
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