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Summary. In this article we define noetherian and co-noetherian lattices and show
how some properties concerning upper and lower neighbours, irreducibility and density can
be improved when restricted to these kinds of lattices. In addition we define atomic lattices.
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The articles[[8],[[4],[12],[[18],[[8],[[141,[[1],[T5],[16],[11],[[101,[[2],[[¥], and [9] provide the notation
and terminology for this paper.

Let us observe that there exists a lattice which is finite.

Let us observe that every lattice which is finite is also complete.

Let L be a lattice and leD be a subset df. The functorD yields a subset of Pogél) and is
defined as follows:

(Def. 1) Dr={d-;d ranges over elements bf d € D}.

Let L be a lattice and leD be a subset of Pogél). The functorD yields a subset df and is
defined as follows:

(Def. 2) D = {"d;d ranges over elements of Podst d € D}.

Let L be a finite lattice. Note that Posgk} is well founded.
LetL be a lattice. We say thatis noetherian if and only if:

(Def. 3) Posdt) is well founded.
We say that. is co-noetherian if and only if:
(Def. 4) Posdtl)~ is well founded.

One can check that there exists a lattice which is noetherian, upper-bounded, lower-bounded,
and complete.

One can verify that there exists a lattice which is co-noetherian, upper-bounded, lower-bounded,
and complete.

One can prove the following proposition

(1) For every lattice holdsL is noetherian ifiL° is co-noetherian.

Let us mention that every lattice which is finite is also noetherian and every lattice which is finite
is also co-noetherian.

LetL be a lattice and led, b be elements df. We say that is upper neighbour df if and only
if:

(Def.5) a#bandbC aand for every elememtof L such thabC candcC aholdsc=aorc=h.
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We introduceb is lower neighbour o& as a synonym adi is upper neighbour d.
One can prove the following propositions:

(2) LetL be a latticea be an element df, andb, c be elements of such thab # c. Then
(i) if bis upper neighbour ad andc is upper neighbour od, thena = crb, and
(i) if bis lower neighbour of andc is lower neighbour o, thena=cub.

(3) LetL be a noetherian lattica,be an element df, andd be an element df. Suppose C d
anda # d. Then there exists an elementof L such that C d andc is upper neighbour dd.

(4) LetL be a co-noetherian lattica,be an element df, andd be an element df. Suppose
d C aanda# d. Then there exists an elemenof L such thatl C ¢ andc is lower neighbour
of a.

(5) For every upper-bounded lattiteét is not true that there exists an elemerdf L such that
b is upper neighbour of | .

(6) LetL be a noetherian upper-bounded lattice armt an element df. Thena= T if and
only if it is not true that there exists an eleméndf L such thab is upper neighbour od.

(7) For every lower-bounded lattideit is not true that there exists an elemérdf L such that
b is lower neighbour ofL, .

(8) LetL be a co-noetherian lower-bounded lattice arftk an element df. Thena= 1, if
and only if it is not true that there exists an elemieof L such thab is lower neighbour oé.

LetL be a complete lattice and latbe an element df. The functora yielding an element of
is defined as follows:

(Def.6) a=[].{d;dranges over elementsbfaCd A d # a}.
The functor‘ayielding an element of is defined by:
(Def. 7) *a=] {d;d ranges over elementsbf d C a A d # a}.

Let L be a complete lattice and latbe an element of. We say that is completely-meet-
irreducible if and only if:

(Def.8) a+#a
We say that is completely-join-irreducible if and only if:
(Def.9) *a#a.
One can prove the following propositions:
(9) For every complete lattide and for every elemergt of L holdsaC @ and*aC a.
(10) For every complete lattideholds T = T and(T_ )" is meet-irreducible.
(11) For every complete lattideholds*(L.) = 1| and(L.)" is join-irreducible.

(12) LetL be a complete lattice anal be an element of. Supposea is completely-meet-
irreducible. Thera is upper neighbour od and for every elementof L such that is upper
neighbour ofa holdsc = a.

(13) LetL be a complete lattice andl be an element ol. Supposea is completely-join-
irreducible. Thenta is lower neighbour ofa and for every element of L such thatc is
lower neighbour of holdsc = *a.

(14) LetL be a noetherian complete lattice amdbe an element of. Thena is completely-
meet-irreducible if and only if there exists an elembrmf L such thab is upper neighbour
of aand for every elemertt of L such that is upper neighbour od holdsc = b.
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(15) LetL be a co-noetherian complete lattice anlde an element df. Thena is completely-
join-irreducible if and only if there exists an elemérodf L such thab is lower neighbour of
a and for every elemerttof L such that is lower neighbour of holdsc = b.

(16) LetL be a complete lattice aralbe an element df. If ais completely-meet-irreducible,
thenar is meet-irreducible.

(17) LetL be a complete noetherian lattice aalle an element df. Suppos& # T.. Thena
is completely-meet-irreducible if and onlyaf is meet-irreducible.

(18) LetL be a complete lattice armlbe an element of. If ais completely-join-irreducible,
thena is join-irreducible.

(19) LetL be a complete co-noetherian lattice anloke an element df. Suppose # L. Then
ais completely-join-irreducible if and only # is join-irreducible.

(20) LetL be afinite lattice and be an element df such thaa# 1| anda## T. Then
(i) ais completely-meet-irreducible iff is meet-irreducible, and
(i) ais completely-join-irreducible ife is join-irreducible.
LetL be a lattice and led be an element df. We say that is atomic if and only if:
(Def. 10) ais upper neighbour of | .
We say that is co-atomic if and only if:
(Def. 11) ais lower neighbour ofT .

One can prove the following two propositions:

(21) LetL be a complete lattice aralbe an element df. If ais atomic, thera is completely-
join-irreducible.

(22) LetL be a complete lattice arabe an element df. If ais co-atomic, themis completely-
meet-irreducible.

LetL be a lattice. We say thatis atomic if and only if the condition (Def. 12) is satisfied.

(Def. 12) Letabe an element df. Then there exists a subs€bf L such that for every elemeriof
L such thai € X holdsx is atomic ancah = | || X.

One can verify that there exists a lattice which is strict, non empty, and trivial.

Let us observe that there exists a lattice which is atomic and complete.

LetL be a complete lattice and IBXbe a subset df. We say thaD is supremum-dense if and
only if:

(Def. 13) For every elemertof L there exists a subsBX of D such thas = | D'.
We say thaD is infimum-dense if and only if:
(Def. 14) For every elementof L there exists a subsBt of D such thaa= [ |.D'.

Next we state three propositions:

(23) LetL be a complete lattice arld be a subset df. ThenD is supremum-dense if and only
if for every element of L holdsa=| || {d;d ranges over elementsbf d € D A d C a}.

(24) LetL be a complete lattice arid be a subset df. ThenD is infimum-dense if and only if
for every elemena of L holdsa = [ ] {d;d ranges over elementsbf d € D A aC d}.

(25) LetL be a complete lattice arid be a subset df. ThenD is infimum-dense if and only if
D- is order-generating.
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LetL be a complete lattice. The functor MIRRSields a subset df and is defined by:

(Def. 15) MIRRSL = {a;aranges over elements bf ais completely-meet-irreducibje

The functor JIRRE yields a subset df and is defined by:

(Def. 16) JIRRS. = {a;aranges over elements bf ais completely-join-irreducible

We now state two propositions:

(26) For every complete lattide and for every subsdd of L such thatD is supremum-dense

holds JIRR& C D.

(27) For every complete lattideand for every subsé& of L such thaD is infimum-dense holds
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MIRRSL C D.

Let L be a co-noetherian complete lattice. Observe that MIRRSnfimum-dense.
Let L be a noetherian complete lattice. Observe that JIRRSupremum-dense.
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