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Summary. In the first section the lattice of subsets of distinct set is introduced. The
join and meet operations are, respectively, union and intersection of sets, and the ordering re-
lation is inclusion. It is shown that this lattice is Boolean, i.e. distributive and complementary.
The second section introduces the poset generated in a distinct lattice by its ordering relation.
Besides, it is proved that posets which have l.u.b.'s and g.l.b.’s for every two elements generate
lattices with the same ordering relations. In the last section the concept of complete lattice
is introduced and discussed. Finally, the fact that the functifmom subsets of distinct set
yielding elements of this set is a infinite union of some complete lattideyiélds an element
a for singleton{a} and f (f°X) = f(||X) for every subseX, is proved. Some concepts and
proofs are based onl[8] and [9].

MML Identifier: LATTICE3.
WWW: http://mizar.orqg/JFM/Vol4d/lattice3.html

The articles [, [[7], [[14], [[10], (741, (151, [13], [[18], [[1], [[12], [[2], [[15], [[17], [[16], 6], and [13]
provide the notation and terminology for this paper.

1. BOOLEAN LATTICE OF SUBSETS

Let X be a set. The lattice of subsets Xfyields a strict lattice structure and is defined by the
conditions (Def. 1).

(Def. 1)(i) The carrier of the lattice of subsetsXf= 2%, and

(i) for all elementsY, Z of 2X holds (the join operation of the lattice of subsetsXfY,
Z) =Y UZ and (the meet operation of the lattice of subset¥ i, Z) =YNZ.

In the sequeK is a set and, y are elements of the lattice of subsets<of
Let X be a set. One can check that the lattice of subseXsisfhon empty.
One can prove the following two propositions:

(1) xuy=xUyandxmny=xny.
(2) xCyiff xCy.

Let us consideK. Observe that the lattice of subsetsois lattice-like.
The following propositions are true:

(3) The lattice of subsets of is lower-bounded and e attice of subsets ox = O-

(4) The lattice of subsets of is upper-bounded an@ine jattice of subsets ox = X.
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Let us consideK. Observe that the lattice of subsetsXols Boolean and lattice-like.
One can prove the following proposition

(5) For every elementof the lattice of subsets of holdsx® = X\ x.

2. CORRESPONDENCE BETWEEN LATTICES AND POSETS

LetL be alattice. Then LattR@l) is an order in the carrier df.
LetL be a lattice. The functor Pogk} yields a strict poset and is defined by:

(Def. 2) Posdtl) = (the carrier ofL, LattRelL)).

LetL be a lattice. Note that Poge) is non empty.
Next we state the proposition

(6) Forall latticed1, L, such that Posét; ) = PosefL,) holds the lattice structure &f = the
lattice structure of.,.

LetL be a lattice and lep be an element df. The functorp: yields an element of Pogét) and
is defined as follows:

(Def.3) p =p.

Let L be a lattice and lep be an element of Pogét). The functor p yielding an element of
is defined by:

(Def.4) p=p.

In the sequel is a lattice andp, g are elements df.
We now state the proposition

(7) pCqiff p<q.

Let X be a set and léD be an order irK. ThenO™ is an order inX.
Let A be a relational structure. The funct@r yields a strict relational structure and is defined
as follows:

(Def. 5) A~ = (the carrier ofA, (the internal relation of\)™~).

Let A be a poset. Observe that is reflexive, transitive, and antisymmetric.
Let A be a non empty relational structure. Note thatis non empty.

In the sequeA denotes a relational structure amd denote elements .
Next we state the proposition

(8) (A7)~ =the relational structure @k

Let A be a relational structure and kebe an element oA. The functora™ yielding an element
of A~ is defined by:

(Def.6) a~ =a

Let A be a relational structure and kebe an element o&h~. The functor~ayields an element
of Aand is defined as follows:

(Def. 7) ~a=a.
Next we state the proposition
(9) a<biff bv<a-.

Let A be a relational structure, 12t be a set, and let be an element oA. The predicata < X
is defined by:
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(Def. 8) For every elemet of A such thab € X holdsa < b.
We introduceX > a as a synonym o < X. The predicatX < ais defined as follows:
(Def. 9) For every elemert of A such thab € X holdsb < a.

We introducea > X as a synonym oX < a.
Let 1, be a relational structure. We say thabhas l.u.b.'s if and only if the condition (Def. 10) is
satisfied.

(Def. 10) Letx, y be elements af;. Then there exists an elemertf |1 such thak < zandy < zand
for every element’ of |, such thaix < Z andy < Z holdsz< Z.

We say that; has g.l.b.s if and only if the condition (Def. 11) is satisfied.

(Def. 11) Letx, y be elements dfi. Then there exists an elemertf |; such thaz < xandz<yand
for every element of |; such that? < xandZ <yholdsZ <z

Let us note that every relational structure which has l.u.b.’s is also non empty and every relational
structure which has g.l.b.’s is also non empty.
One can prove the following propositions:

(10) Ahas l.u.b’siffA~ has g.l.b.’s.
(11) For every latticd holds Posét.) has l.u.b.’s and g.l.b.’s.

Let 1, be a relational structure. We say thats complete if and only if:

(Def. 12) For every seX there exists an elemeatof I; such thaiX < a and for every elemerti of
I1 such thaiX < b holdsa < b.

Let us note that there exists a poset which is strict, complete, and non empty.
In the sequeR denotes a hon empty relational structure.
The following proposition is true

(12) If Ais complete, the’\ has l.u.b.'s and g.l.b.’s.

Let us note that there exists a poset which is complete, strict, and non empty and has l.u.b.'s and
g.l.b’s.
Let A be a relational structure. Let us assume thi antisymmetric. Leg, b be elements of
A. Let us assume that there exists an elemaftA such that < x andb < x and for every element
c of A such thata < candb < c holdsx < c. The functoraul b yielding an element of is defined
as follows:

(Def. 13) a<allbandb < alb and for every element of A such thata < ¢ andb < ¢ holds
allb<c.

Let A be a relational structure. Let us assume théd antisymmetric. Let, b be elements of
A. Let us assume that there exists an elemeritA such that > x andb > x and for every element
c of Asuch that > candb > c holdsx > c. The functorarib yields an element oA and is defined
as follows:

(Def. 14) amb <aandamnb < b and for every element of A such thatc < a andc < b holds
c<afb.

For simplicity, we use the following conventiox:denotes an antisymmetric relational structure
with l.u.b.’s,us, Uz, uz denote elements &f, N denotes an antisymmetric relational structure with
g.l.b’s, ny, ny, n3 denote elements dfl, K denotes a reflexive antisymmetric relational structure
with l.u.b.s and g.l.b.'s, an#l;, ko denote elements df.

One can prove the following propositions:

(13) uildupx =upUug.



COMPLETE LATTICES 4

(14) IfVis transitive, therfus Liup) U ug = ug L (Up L u3).
(15) nifny =noln;g.
(16) If N is transitive, therfny M ny) Mng = Ny M (N2 N3).

Let L be an antisymmetric relational structure with g.l.b.'s and]gtbe elements off. Let us
observe that the functormy is commutative.

Let L be an antisymmetric relational structure with l.u.b.’s andJstbe elements of. Let us
observe that the functory is commutative.

Next we state three propositions:

(17) (kl M kz) Uko = ko.
(18) kiM (kl [ k2) =k;.

(19) Forevery poséawith l.u.b.s and g.l.b.'s there exists a strict latticeuch that the relational
structure ofA = Pose(L).

Let A be a relational structure. Let us assume thas a poset with l.u.b.’s and g.l.b.’s. The
functorlLy yielding a strict lattice is defined by:

(Def. 15) The relational structure éf= Pose(La).

The following proposition is true

(20) LattRe(L)~ = LattRelL°) and Posét )~ = PosefL°).

3. COMPLETE LATTICES

Let L be a non empty lattice structure, letbe an element df, and letX be a set. The predicate
p C X is defined as follows:

(Def. 16) For every elememtof L such thafy € X holdsp C g.
We introduceX O p as a synonym op C X. The predicateX C pis defined as follows:
(Def. 17) For every elememjof L such thaty € X holdsq C p.

We introducep 3 X as a synonym ok C p.
We now state two propositions:

(21) For every latticd and for all elementp, g, r of L holdsp C {q,r} iff pC grir.
(22) For every latticd and for all elementg, g, r of L holdsp 3 {q,r} iff qur C p.

Letl; be a non empty lattice structure. We say thas complete if and only if:

(Def. 18) For every seX there exists an elemeptof I, such thatX C p and for every element of
I1 such thatX Cr holdspCr.

We say that; is | |-distributive if and only if the condition (Def. 19) is satisfied.

(Def. 19) LetgivenX anda, b, c be elements off;. Suppose that
() XCa,
(ii) for every elemend of I; such thaiX C d holdsaC d,
(i) {bna;a ranges over elements bf & € X} C c, and

(iv) forevery elemend of I; such thatbma’;a ranges over elements bf a € X} C d holds
cCd.

ThenbraC c.
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We say that; is [ |-distributive if and only if the condition (Def. 20) is satisfied.

(Def. 20) Let givenX anda, b, c be elements of;. Suppose that
() Xda
(i) for every elemend of I; such thaiX 1 d holdsd C a,
(i)  {bua’;a ranges over elements bf &’ € X} Jc, and

(iv) for every elemend of I; such thafblia’;a ranges over elements bf & € X} Jd holds
dCc.

ThencC buUa.

We now state several propositions:

(23) LetBbe aBoolean lattice aralbe an element d8. ThenX C aif and only if {b% b ranges
over elements oB: b e X} J aC.

(24) LetBbe aBoolean lattice aralbe an element d8. ThenX J aif and only if {b% b ranges
over elements 0B: be X} C a°.

(25) The lattice of subsets of is complete.
(26) The lattice of subsets of is | |-distributive.
(27) The lattice of subsets &fis [ ]-distributive.

One can verify that there exists a lattice which is completelistributive, [ ]-distributive, and
strict.

In the sequep’ is an element of Posgt).

One can prove the following propositions:

(28) pLCXiff pr <X.
(29) p <Xiff -p C X.
(80) XLC piff X< p.
(31) X<piff XC-p.

Let Abe a complete non empty poset. Observe lhxais complete.
LetL be a non empty lattice structure. Let us assumelthisa complete lattice. LeX be a set.
The functon |, X yields an element df and is defined by:

(Def. 21) X C | X and for every elementof L such thaX C r holds| |, X Cr.

LetL be a non empty lattice structure andXebe a set. The functdr|_X yielding an element
of L is defined as follows:

(Def. 22) [1.X =Ll {p; pranges over elements bf p = X}.

LetL be a non empty lattice structure andXebe a subset df. We introduce | X as a synonym
of | |, X. We introduce] ]X as a synonym of |_X.

We use the following conventiol€ is a complete lattice, b, c are elements dE, andX, Y are
sets.

Next we state a number of propositions:

(32) Llcfamb:be X} Can]|cX.

(33) Cis|J-distributive iff for all X, aholdsar| |cX C | |c{aMb:be X}.
(34) a=[|cXiff aC X and for everyb such thab C X holdsb C a.

(35) aU[]cXC[lc{aub:be X}.
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(36) Cis [ |-distributive iff for all X, aholds[ Jc{alUb:be X} Cal [ |cX.

(B7) UcX=[Tc{a:adX}.

(38) IfaeX,thenaC |JcX and[JcX C a

(40f] 1fac X, thena [cX.

(41) Ifae X andX C a, then| |c X =a.

(42) IfaeXandaC X, then[|cX =a.

(43) |U{a} =aand[]{a} =a.

(44) aUb=|]{a,b} andarib=[{a,b}.

(45) a=|Jc{b:bCa}anda=[|c{c:aCc}.

(46) IfXCY,then |cXC|lcY and[ |cY C [ cX.

47) UcX=c{a:Vp(@EbAbeX)}and[ |cX=[|c{b:Va(@aChb A aeX)}.
(48) If for everya such that € X there existd such thab C bandb €Y, then| |c X C | |cY.
(49) If X C 2the carmier ofC then| |- |UX = | |c{LIY;Y ranges over subsetsGf Y € X}.
(50) Cis alower bound lattice andlc = | |c 0.

(51) Cis an upper bound lattice anic = | | (the carrier oC).

(52) If Cis animplicative lattice, thea= b= |c{c:amcC b}.

(53) IfCisanimplicative lattice, the@ is | |-distributive.

(54) LetD be a completé¢ |-distributive lattice andh be an element ob. Thenarn||pX =
LIp{amnbs;bs ranges over elements Bf by € X} and| |p XMa=||p{bz2Ma; b, ranges over
elements oD: by € X}.

(55) LetD be a completg ]-distributive lattice andh be an element ob. Thenal [ |pX =
[Io{aliby;b; ranges over elements &f b; € X} and[ [pXUa= [|p{b2Ua;b, ranges
over elements ob: by € X}.

In this article we present several logical schemes. The scl@&@nyteFraenketleals with a set
A4, anon empty seB, and a unary predicate, and states that:
{4;aranges over elements &: P[a]} = {4}
provided the following condition is met:
e There exists an elemeatof B such thatP|[a].
The schem&uncFraenkebleals with a non empty set, a non empty seB, a unary functorf
yielding an element oB, a functionC, and a unary predicat®, and states that:
C°{ ¥ (x);x ranges over elements ¢f : P[x]} = {C(F (X));x ranges over elements
of 4: P[x]}
provided the following requirement is met:
e BCdom(.
Next we state the proposition

(56) LetD be a non empty set anidbe a function from 2 into D. Suppose for every element
a of D holds f({a}) = a and for every subset of 2° holds f (f°X) = f(JX). Then there
exists a complete strict lattide such that the carrier df = D and for every subse{ of L
holds| | X = f(X).

1 The proposition (39) has been removed.
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