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Summary. The concept of context-free grammar and of derivability in grammar are
introduced. Moreover, the language (set of finite sequences of symbols) generated by grammar
and some grammars are defined. The notion convenient to prove facts on language generated
by grammar with exchange of symbols on grammar of union and concatenation of languages
is included.

MML Identifier: LANG1.
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The articlesl[8],[[5],19],T1], [10], [11], 3], 2], [7], [4], and.[6] provide the notation and terminol-
ogy for this paper.
We consider tree construction structures as extensions of 1-sorted structure as systems
(acarrier, rules,
where the carrier is a set and the rules constitute a relation between the carrier and tHe carrier
Let us note that there exists a tree construction structure which is non empty and strict.
We consider context-free grammars as extensions of tree construction structure as systems
( a carrier, an initial symbol, rules
where the carrier is a set, the initial symbol is an element of the carrier, and the rules constitute a
relation between the carrier and the cafrier
Let us observe that there exists a context-free grammar which is non empty.
Let G be a tree construction structure. A symbol®fs an element o6G. A string of G is an
element of (the carrier db)*.
Let D be a set and Igp, g be elements db*. Thenp™ qis an element oD*.
Let D be a set. One can check that there exists an elemdit which is empty.
Let D be a set. Thepp is an empty element d*.
Let D be a non empty set and ldtbe an element dD. Then(d) is an element oD*. Letebe
an element oD. Then(d,e) is an element oD*.
In the seques denotes a non empty tree construction structidgnotes a symbol @, andn,
m denote strings ofb.
Let us conside6s, sand letn be a finite sequence. The predicate- n is defined as follows:

(Def. 1) (s, n) € the rules ofG.
Let us conside. The terminals ofs yielding a set is defined by:
(Def. 2)  The terminals 06 = {S: =\/p:finite sequenceS = N}-
The nonterminals o6 yields a set and is defined by:
(Def. 3) The nonterminals & = {S: \/y-finite sequenceS = N}

One can prove the following proposition
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(1) (The terminals of5) U (the nonterminals o6) = the carrier ofG.

Let us considefs, n, m. The predicateé = mis defined as follows:

(Def. 4) There exist stringsy, np, N3 of G and there exists such than=n; ™~ (s) " np andm=
Ny~ n3” np ands=- nz.

In the sequehy, Ny, Nz are strings ofs.
One can prove the following four propositions:

(2) lfs=n,thenn;™(s)"n2=n; " n"ny.

(3) If s=n,then(s)=n.

(4) If(s)=n, thens=-n.

(5) fnp=nythenn"ng=n"nyandn;"n=n,"n.

Let us conside6, n, m. The predicat& =, mis defined by the condition (Def. 5).

(Def. 5) There exists a finite sequengsuch that
() lenp>1,
(i) p(1)=n,
(i) p(lenp) =m, and

(iv) for every natural numbeirsuch that > 1 andi < lenp there exist strings, b of G such
thatp(i) =aandp(i+1) =banda=b.

We now state three propositions:

(6) n=.n.

(7) Ifn=m thenn=,m

(8) If np =, np andnz =, ny, thenng =, n;.

Let G be a non empty context-free grammar. The language generat€dyisiding a set is
defined by the condition (Def. 6).

(Def. 6) The language generated By= {a;a ranges over elements of (the carriei@f: rnga C
the terminals of5 A (the initial symbol ofG) =, a}.

One can prove the following proposition

(9) LetG be a non empty context-free grammar arok a string ofG. Thenn € the language
generated b if and only if rngn C the terminals of5 and(the initial symbol ofG) =, n.

Let D, E be non empty sets and letbe an element dfD, E]. Then{a} is a relation between
D andE. Letb be an element dfD, E]. Then{a,b} is a relation betweeb andE.

Let a be a set. The functofa=-¢} yields a strict context-free grammar and is defined as
follows:

(Def. 7) The carrier ofa=- ¢} = {a} and the rules ofa=-¢} = {(a, 0) }.
Letb be a set. The functdra = b} yielding a strict context-free grammar is defined as follows:
(Def. 8) The carrier ofa=-b} = {a,b} and the initial symbol ofa=- b} = a and the rules of

{a=b} ={(a (0)}.

The functor{ aa:;bsa } yields a strict context-free grammar and is defined by:
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a= ba
a=¢

a= ba

(Def. 9) The carrier o
a=¢

} = {a,b} and the initial symbol o!{ } =aand the

a= ba

wiesof{ 377 b= ((a (b.a). (2 0)).

Let a be a set. One can check th@=- €} is non empty. Leb be a set. One can verify that
a= ba
a=¢

Let D be a non empty set. The total grammar oleyielding a strict context-free grammar is
defined by the conditions (Def. 10).

{a= b} is non empty an is non empty.

(Def. 10)()) The carrier of the total grammar oM@r= D U {D},
(ii) the initial symbol of the total grammar ové& = D, and
(iii)  the rules of the total grammar ov& = {(D, (d,D));d ranges over elements &f d =

d}u{(D, 0)}.

Let D be a non empty set. One can verify that the total grammar@yigmon empty.
In the sequed, b are sets and is a non empty set.
Next we state several propositions:

(10) The terminals ofa= €} = 0.

(11) The language generated fg= €} = {0}.

(12) If a# b, then the terminals ofa=- b} = {b}.

(13) Ifa# b, then the language generated{a=- b} = {(b)}.

(14) Ifa# b, thenthe terminalso{ aaibsa } = {b}.

(15) If as b, then the language generated {)yaaiia } = {b}*.

(16) The terminals of the total grammar oge= D.

(17) The language generated by the total grammar DverD*.

Let I; be a non empty context-free grammar. We say thas effective if and only if the
conditions (Def. 11) are satisfied.

(Def. 11)()) The language generatedll@ys non empty,
(i) the initial symbol ofl; € the nonterminals off;, and

(iii)  for every symbols of |1 such thas € the terminals of; there exists a string of 11 such
thatp € the language generated hyands € rngp.

Let |, be a context-free grammar. We say thait finite if and only if:
(Def. 12) The rules of; are finite.

One can check that there exists a non empty context-free grammar which is effective and finite.
Let G be an effective non empty context-free grammar. Then the nontermin&sé non
empty subset o6.
Let X be a set and let be a non empty set. Note that there exists a relation bet®WesmdY
which is function-like.
Let X, Y be non empty sets, lgtbe a finite sequence of elementsxfand letf be a function
from X intoY. Thenf - pis an element of*.
Let Rbe a binary relation. The funct®* yielding a binary relation is defined by the condition
(Def. 13).
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(Def. 13) Letx, y be sets. Thefx, y) € R* if and only if the following conditions are satisfied:
(i) xefieldR,
(i) yefieldR and
(iii) there exists a finite sequengesuch that lep > 1 andp(1) = x andp(lenp) =y and for
every natural numbersuch that > 1 andi < lenp holds(p(i), p(i+1)) € R

Let X, Y be non empty sets and Iétbe a function fromX into Y. The functorf* yields a
function fromX* into Y* and is defined as follows:

(Def. 14) For every elemengof X* holdsf*(p) = f - p.

In the sequeR denotes a binary relation.
One can prove the following proposition

(18) RCR-.

Let X be a non empty set and IRtbe a binary relation oX. ThenR* is a binary relation oix.

Let G be a non empty context-free grammar, Xebe a non empty set, and Iétbe a function
from the carrier ofG into X. The functorG(f) yielding a strict context-free grammar is defined as
follows:

(Def. 15) G(f) = (X, f(the initial symbol ofG), f~ - the rules ofG- f*).

We now state the proposition

(19) For all set$q, D, such thaD; C D, holdsD;* C Dy*.
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