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Summary. Inthe paper we give formal descriptions of the two Kuratowski limit opra-
tors: Li Sand LsS, whereSis an arbitrary sequence of subsets of a fixed topological space.
In the two last sections we prove basic properties of these lower and upper topological limits,
which may be found e.g. in.[19]. In the sections 2—4, we present three operators which are
associated in some sense with the above mentioned, that is lim limh supF, and limesF,
whereF is a sequence of subsets of a fixed 1-sorted structure.

MML Identifier: KURATO_2.

WWW: http://mizar.org/JFM/Voll5/kurato_2.html

The articlesl[20],[[38],[12],[32],[[9],[[1],122],[124] [135] [112] [ 34]  [6] . 14] [ 18] /18] [17] [16],[15],
[13], [25], [3Q], [21], [10], [23], [14], [15], [20], [17], [27], [28], [26], [11],[[3], and [31] provide
the notation and terminology for this paper.

1. PRELIMINARIES
One can prove the following propositions:

(1) For all set, x and for every subset of X such that ¢ A andx € X holdsx € A°.
(2) For every functiorF and for every setsuch that € domF holdsN\F C F(i).

(3) LetT be a non empty 1-sorted structure &dS, be sequences of subsets of the carrier
of T. ThenS; = S if and only if for every natural numberholdsS; (n) = S(n).

(4) For all set&, B, C, D such thatA meetsB andC meetsD holds[: A, C] meets} B, D].

Let X be a 1-sorted structure. Observe that every sequence of subsets of the cafrignoh
empty.
Let T be a non empty 1-sorted structure. Note that there exists a sequence of subsets of the
carrier of T which is non-empty.
Let T be a non empty 1-sorted structure. A sequence of subs&tssad sequence of subsets of
the carrier ofT .
In this article we present several logical schemes. The schenmmdbdaSSedeals with a non
empty 1-sorted structur@ and a unary functof yielding a subset off, and states that:
There exists a sequendef subsets 0f2 such that for every natural numbeholds
f(n) = #(n)
for all values of the parameters.
The schemdxTopStrSegleals with a non empty topological spageand a unary functofF
yielding a subset off, and states that:

1This work has been partially supported by the CALCULEMUS grant HPRN-CT-2000-00102.
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There exists a sequen&of subsets of the carrier o such that for every natural
numbem holdsS(n) = 7 (n)
for all values of the parameters.
Next we state the proposition

(5) LetX be anonempty 1-sorted structure able a sequence of subsets of the carrieX of
Then rnd- is a family of subsets oX.

Let X be a non empty 1-sorted structure andHdbe a sequence of subsets of the carriexX of
ThenJF is a subset oK. ThenNF is a subset oK.

2. LOWER AND UPPERLIMIT OF SEQUENCES OFSUBSETS

Let X be a non empty set, I& be a function fromN into X, and letk be a natural number. The
functor ST k yields a function fronN into X and is defined as follows:

(Def. 2| For every natural numberholds(STk)(n) = S(n+k).

Let X be a non empty 1-sorted structure andHdbe a sequence of subsets of the carriexX of
The functor liminfF yields a subset ok and is defined as follows:

(Def. 3) There exists a sequentef subsets o such that liminfF = |J f and for every natural
numbem holds f (n) = N(F Tn).

The functor limsufr yields a subset ok and is defined as follows:

(Def. 4) There exists a sequentef subsets oKX such that limsup = f and for every natural
numbem holds f(n) = J(F Tn).

We now state a number of propositions:

(6) LetX be anonempty 1-sorted structuFebe a sequence of subsets of the carrieX odind
x be a set. Ther € NF if and only if for every natural numberholdsx € F (2).

(7) LetX be anonempty 1-sorted structuFebe a sequence of subsets of the carrieX odind
x be a set. Ther € liminf F if and only if there exists a natural numbesuch that for every
natural numbek holdsx € F(n+Kk).

(8) LetX be anonempty 1-sorted structuFebe a sequence of subsets of the carrieX odind
x be a set. Thew € limsupF if and only if for every natural numbaerthere exists a natural
numberk such thai € F(n+Kk).

(9) Forevery non empty 1-sorted structd¢@nd for every sequenéeof subsets of the carrier
of X holds liminfF C limsupF.

(10) For every non empty 1-sorted structdrand for every sequendeof subsets of the carrier
of X holdsNF C liminfF.

(11) For every non empty 1-sorted structirand for every sequenéeof subsets of the carrier
of X holds limsug- C JF.

(12) For every non empty 1-sorted structifrand for every sequenéeof subsets of the carrier
of X holds liminfF = (limsup Complemeri ).

(13) LetX be a non empty 1-sorted structure ad, C be sequences of subsets of the carrier
of X. If for every natural numben holdsC(n) = A(n) N B(n), then liminfC = liminf AN
liminf B.

(14) LetX be a non empty 1-sorted structure ad, C be sequences of subsets of the carrier
of X. If for every natural numben holdsC(n) = A(n) UB(n), then limsugC = limsupAU
lim supB.

1 The definition (Def. 1) has been removed.
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(15) LetX be a non empty 1-sorted structure i, C be sequences of subsets of the carrier

of X. If for every natural numben holdsC(n) = A(n) U B(n), then liminfAUliminf B C
liminf C.

(16) LetX be a non empty 1-sorted structure akd, C be sequences of subsets of the carrier

of X. If for every natural numben holdsC(n) = A(n) N B(n), then limsugC C limsupAnN
limsupB.

(17) LetX be a non empty 1-sorted structubehe a sequence of subsets of the carriex gnd
B be a subset o. If for every natural numbem holdsA(n) = B, then limsupA = B.

(18) LetX be a non empty 1-sorted structubehe a sequence of subsets of the carriex gdnd
B be a subset oX. If for every natural numbem holdsA(n) = B, then liminfA = B.

(19) LetX be a non empty 1-sorted structumk, B be sequences of subsets of the carrier

of X, andC be a subset oK. If for every natural numben holds B(n) = C=A(n), then
C=liminf A C limsupB.

(20) LetX be a non empty 1-sorted structums, B be sequences of subsets of the carrier

of X, andC be a subset oK. If for every natural numben holds B(n) = C=A(n), then
C—=limsupA C limsupB.

3. ASCENDING AND DESCENDINGFAMILIES OF SUBSETS

Let T be a non empty 1-sorted structure andSédte a sequence of subsetsiof We say thaSis
descending if and only if:

(Def. 5) For every natural numbéholdsS(i + 1) C S(i).
We say thaSis ascending if and only if:
(Def. 6) For every natural numbéholdsS(i) C S(i +1).

We now state several propositions:

(21) Letf be afunction. Suppose that for every natural nunitieids f (i +1) C f(i). Leti, j
be natural numbers. If< j, thenf(j) C f(i).

(22) LetT be a non empty 1-sorted structure &be a sequence of subsetslofSuppose€ is
descending. Lat mbe natural numbers. if> m, thenC(i) C C(m).

(23) LetT be a non empty 1-sorted structure &be a sequence of subsetslofSuppose€ is
ascending. Let, m be natural numbers. 1f> m, thenC(m) C C(i).

(24) LetT be a non empty 1-sorted structufe,be a sequence of subsetsTof andx be a
set. Suppos€ is descending and there exists a natural nuritserch that for every natural
numbem such than > k holdsx € F(n). Thenx € NF.

(25) LetT be a non empty 1-sorted structure ande a sequence of subsetsTof If F is
descending, then limikf = NF.

(26) LetT be a non empty 1-sorted structure ande a sequence of subsetsTof If F is
ascending, then limsup= JF.

4. CONSTANT AND CONVERGENTSEQUENCES

Let T be a non empty 1-sorted structure andSéte a sequence of subsetsiof We say thaSis
convergent if and only if:

(Def. 7) limsupS=IliminfS
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Next we state the proposition

(27) LetT be a non empty 1-sorted structure a®dbe a sequence of subsetsTof If Sis
constant, then the value 8fis a subset oT .

Let T be a non empty 1-sorted structure and3éle a sequence of subsetslofLet us observe
thatSis constant if and only if:

(Def. 8) There exists a subskf T such that for every natural numbeholdsS(n) = A.

Let T be a non empty 1-sorted structure. Note that every sequence of sub3etghich is
constant is also convergent, ascending, and descending.

Let T be a non empty 1-sorted structure. Note that there exists a sequence of subsetsaif
is constant and non empty.

Let T be a non empty 1-sorted structure and3ee a convergent sequence of subsefb.dcfhe
functor limesSyields a subset of and is defined by:

(Def. 9) limesS=limsupSand limesS= liminf S
One can prove the following proposition

(28) LetX be a non empty 1-sorted structuFepe a convergent sequence of subsetX,cind
x be a set. Thew € limesF if and only if there exists a natural numhbesuch that for every
natural numbek holdsx € F(n+Kk).

5. TOPOLOGICALLEMMAS

In the sequeh is a natural number. N
Let f be a finite sequence of elements of the carrieE®f Note that.(f) is closed.
One can prove the following propositions:

(29) Letr be a real numbei be a non empty Reflexive metric structure, artae an element
of M. If 0 < r, thenx € Ball(x,r).

(30) For every poink of £" and for every real numberholds Ballx,r) is an open subset of
7.

(31) For all pointsp, g of £ and for all pointsp/, g of £" such thatp = p’ andq = ¢ holds
p(P.d) =Ip—d

(32) Letp be a point ofE", x, p' be points of £}, andr be a real number. 1p = p’ and
x € Ball(p,r), then|x—p'| <.

(33) Letp be a point ofE", x, p' be points of £}, andr be a real number. 1p = p’ and
[x—p'| <r, thenx € Ball(p,r).

(34) Letn be a natural number,be a point of£{, andX be a subset of£f. Suppose < X.
Then there exists a sequersgén Z£7 such that rng; C X ands; is convergent and lirs, =r.

Let M be a non empty metric space. Note tNagp, is first-countable.
Let n be a natural number. Observe tiEdt is first-countable.
One can prove the following propositions:

(35) Letpbe a point ofE", g be a point of£7, andr be a real number. Ip = g andr > 0, then
Ball(p,r) is a neighbourhood df.

(36) LetAbe asubsetoff, p be a point of£], andp’ be a point ofE". Suppose = p'. Then
p € Aif and only if for every real numbaer such that > 0 holds Bal(p/,r) meetsA.

(87) Letx, y be points ofEf andx’ be a point ofE". If X' = x andx # y, then there exists a real
numben such thay ¢ Ball(xX,r).
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(38) LetSbe a subset off. ThenSis non Bounded if and only if for every real numbesuch
thatr > 0 there exist pointg, y of £" such thai € Sandy € Sandp(x,y) >r.

(39) For all real numbera, b and for all pointsx, y of £" such that Ballx,a) meets Bally, b)
holdsp(x,y) < a+b.

(40) Leta, b, c be real numbers and vy, z be points of£". If Ball(x,a) meets Ballz,c) and
Ball(z c) meets Bally,b), thenp(x,y) <a+b+2-c.

(41) LetX, Y be non empty topological spacesbe a point ofX, y be a point ofY, and
V be a subset of X,Y]. ThenV is a neighbourhood of {x}, {y}] if and only ifV is a
neighbourhood ofx, y).

Now we present two schemes. The scheh$bsetExdeals with a non empty topological
structure4 and a unary predicatg, and states that:
There exists a subsitof 4 such that for every point of 4 holdsx € X iff P[X]
for all values of the parameters.
The schemd& SubsetUnigleals with a topological structur@ and a unary predicat®, and
states that:
Let A1, Az be subsets ofi. Suppose for every pointof 4 holdsx € A iff P[x] and
for every pointx of 4 holdsx € A iff P[X]. ThenA; = A,
for all values of the parameters.
Let T be a non empty topological structure, #be a sequence of subsets of the carrief pf
and leti be a natural number. Thesfi) is a subset oT .
We now state two propositions:

(42) LetT be anon empty 1-sorted structuBhe a sequence of subsets of the carri€F cdnd
R be a sequence of naturals. THerR is a sequence of subsetsTof

(43) idy is an increasing sequence of naturals.

Let us observe that jdis real-yielding.

6. SUBSEQUENCES

Let T be a non empty 1-sorted structure andSdte a sequence of subsets of the carrief ofA
sequence of subsets Bfis said to be a subsequenceSaf:

(Def. 10) There exists an increasing sequeNgef naturals such that i S- Nj.

We now state several propositions:

(44) For every non empty 1-sorted structirdiolds every sequenc®of subsets of the carrier
of T is a subsequence &f

(45) LetT be a non empty 1-sorted structuf@pe a sequence of subsetsTofandS; be a
subsequence & Then rnds; C rngS.

(46) LetT be a non empty 1-sorted structuf,be a sequence of subsets of the carrief pf
and$; be a subsequence 8f. Then every subsequence®fis a subsequence &f.

(47) LetT be a non empty 1-sorted structufe,G be sequences of subsets of the carrief of
andA be a subset of . Supposés is a subsequence Bfand for every natural numbeholds
F(i)=A ThenG=F.

(48) LetT be a non empty 1-sorted structufebe a constant sequence of subset$ aindB
be a subsequence Af ThenA = B.

(49) LetT be a non empty 1-sorted structutehe a sequence of subsets of the carrief pR
be a subsequence §fandn be a natural number. Then there exists a natural numiserch
thatm > nandR(n) = S(m).
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Let T be a non empty 1-sorted structure andXebe a constant sequence of subsetd of
Observe that every subsequenceXad$ constant.
The schem&ubSeqChoicgeals with a non empty topological spa@ea sequence of subsets
of the carrier of4, and a unary predicatg, and states that:
There exists a subsequengg of B such that for every natural numbarholds
P[Sy(n)]
provided the parameters meet the following condition:
e For every natural numbar there exists a natural numbar such thatn < m and
P[B(m)].

7. THE LOWERTOPOLOGICALLIMIT

Let T be a non empty topological space and3dte a sequence of subsets of the carrief offhe
functor Li Syielding a subset of is defined by the condition (Def. 11).

(Def. 11) Letp be a point ofT. Thenp € Li Sif and only if for every neighbourhoo@ of p there
exists a natural numbérsuch that for every natural numbersuch thatm > k holds S(m)
meetsG.

One can prove the following propositions:

(50) LetSbe a sequence of subsets of the carrieEpf p be a point ofE], andp’ be a point
of £". Supposep = p'. Thenp € Li Sif and only if for every real number such thatr > 0
there exists a natural numbleisuch that for every natural numbersuch thatm > k holds
S(m) meets Ballp/,r).

(51) For every non empty topological spacend for every sequen&of subsets of the carrier
of T holdsLi S=Li S

(52) For every non empty topological spacand for every sequencof subsets of the carrier
of T holds LiSis closed.

(53) LetT be a non empty topological space &RdS be sequences of subsets of the carrier of
T. If Ris a subsequence &f then LISC Li R

(54) LetT be a non empty topological space aldB be sequences of subsets of the carrier of
T. If for every natural numberholdsA(i) C B(i), then LiA C Li B.

(55) LetT be a non empty topological space aadB, C be sequences of subsets of the carrier
of T. If for every natural numbeirholdsC(i) = A(i) UB(i), then LIAULi BC Li C.

(56) LetT be a non empty topological space aadB, C be sequences of subsets of the carrier
of T. If for every natural numbeirholdsC(i) = A(i) N B(i), then LiC C Li AnLi B.

(57) LetT be a non empty topological space @dG be sequences of subsets of the carrier of
T. If for every natural numberholdsG(i) = F(i), then LIiG = Li F.

(58) LetSbe a sequence of subsets of the carrietE§fand p be a point of£]. Given a
sequence in Z{ such thasis convergent and for every natural numbéroldss(x) € §(x)
andp=lims. ThenpelLi S

(59) LetT be a non empty topological spa¢tbe a subset of, ands be a sequence of subsets
of the carrier ofT. If for every natural numberholdss(i) C P, then LisC P.

(60) LetT be a non empty topological spa¢ebe a sequence of subsets of the carri€er cdnd
Abe a subset of . If for every natural numberholdsF (i) = A, then LiF = A.

(61) LetT be a non empty topological spa¢ebe a sequence of subsets of the carri€er cdnd
Abe a closed subset @f. If for every natural numberholdsF (i) = A, then LiF = A.
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(62) LetSbe a sequence of subsets of the carrieEpfandP be a subset of}. Supposé is
Bounded and for every natural numbéroldsS(i) C P. Then LiSis Bounded.

(63) LetSbe a sequence of subsets of the Carri%éfandP be a subset GE% SupposeP is
Bounded and for every natural numbéroldsS(i) C P and for every natural numbeholds
S(i) is compact. Then L8is compact.

(64) LetA, B be sequences of subsets of the carrieEBfandC be a sequence of subsets of
the carrier off £{, 7 ]. If for every natural numberholdsC(i) = [ A(i), B(i) ], then[.Li A,
Li B]=LiC.

(65) For every sequencof subsets of£2 holds liminfSC Li S

(66) For every simple closed cur@and for every natural numbgholds F{(UBD Z(Cagqc, i) =
L(CagdC,i)).

8. THE UPPERTOPOLOGICALLIMIT

Let T be a non empty topological space and3dte a sequence of subsets of the carrief offhe
functor LsSyields a subset of and is defined as follows:

(Def. 12) For every set holdsx € Ls Siff there exists a subsequengef Ssuch thai € Li A.

We now state a number of propositions:

(67) LetN be a natural numbeF, be a sequence cﬁ}\‘ x be a point of’E{\‘, andx’ be a point of
ZN. Supposex = X'. Thenx is a cluster point of if and only if for every real numbar and
for every natural numben such that > 0 there exists a natural numbersuch thaih <m
andF (m) € Ball(x,r).

(68) For every non empty topological spacand for every sequendeof subsets of the carrier
of T holds LIAC LsA.

(69) LetA, B, C be sequences of subsets of the carrieE%nfSuppose for every natural number
i holdsA(i) C B(i) andC is a subsequence #f Then there exists a subsequeixef B such
that for every natural numbéholdsC(i) C D(i).

(70) LetA, B, C be sequences of subsets of the carrief%fouppose for every natural number
i holdsA(i) C B(i) andC is a subsequence Bf Then there exists a subsequebcef A such
that for every natural numbeéholdsD(i) C C(i).

(71) LetA, B be sequences of subsets of the carrief,é.f If for every natural numbeirholds
A(i) CB(i), then LsAC LsB.

(72) LetA, B, C be sequences of subsets of the carrie};éf If for every natural numberholds
C(i) = A(i)UB(i), then LsAULsB C LsC.

(73) LetA, B, C be sequences of subsets of the carrieE%nf If for every natural numbdrholds
C(i) =A(i)nB(i), then LsC C LsANLsB.

(74) LetA, B be sequences of subsets of the carrieE%)ﬁandC, C; be sequences of subsets of
the carrier off £2, £27. Suppose for every natural numhemoldsC(i) = [ A(i), B(i) ] and
C is a subsequence Gt Then there exist sequencas, B; of subsets of the carrier o2
such that#\; is a subsequence #fandB; is a subsequence 8fand for every natural number
i holdsC (i) = [ Ax(i), Ba(i) ]

(75) LetA, B be sequences of subsets of the carrierféfandc be a sequence of subsets
of the carrier off £2, £2]. If for every natural number holdsC(i) = [ A(i), B(i) ], then
LsCC [LsA LsB].
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(76) LetT be a non empty topological spa¢ebe a sequence of subsets of the carri€er cdnd
Abe a subset of . If for every natural numberholdsF (i) = A, then LiF = LsF.

(77) LetF be a sequence of subsets of the carrie'EéfandA be a subset oE% If for every
natural number holdsF (i) = A, then LsF = A.
(78) LetF, G be sequences of subsets of the carrieE%f If for every natural numberholds

G(i) =F(i), then LsG = LsF.
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