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Summary. In the paper we give formal descriptions of the two Kuratowski limit opra-
tors: Li Sand LsS, whereS is an arbitrary sequence of subsets of a fixed topological space.
In the two last sections we prove basic properties of these lower and upper topological limits,
which may be found e.g. in [19]. In the sections 2–4, we present three operators which are
associated in some sense with the above mentioned, that is lim infF , lim supF , and limesF ,
whereF is a sequence of subsets of a fixed 1-sorted structure.

MML Identifier: KURATO_2.

WWW: http://mizar.org/JFM/Vol15/kurato_2.html

The articles [29], [33], [2], [32], [9], [1], [22], [24], [35], [12], [34], [6], [4], [18], [8], [7], [16], [5],
[13], [25], [30], [21], [10], [23], [14], [15], [20], [17], [27], [28], [26], [11], [3], and [31] provide
the notation and terminology for this paper.

1. PRELIMINARIES

One can prove the following propositions:

(1) For all setsX, x and for every subsetA of X such thatx /∈ A andx∈ X holdsx∈ Ac.

(2) For every functionF and for every seti such thati ∈ domF holds
⋂

F ⊆ F(i).

(3) Let T be a non empty 1-sorted structure andS1, S2 be sequences of subsets of the carrier
of T. ThenS1 = S2 if and only if for every natural numbern holdsS1(n) = S2(n).

(4) For all setsA, B, C, D such thatA meetsB andC meetsD holds[:A, C:] meets[:B, D :].

Let X be a 1-sorted structure. Observe that every sequence of subsets of the carrier ofX is non
empty.

Let T be a non empty 1-sorted structure. Note that there exists a sequence of subsets of the
carrier ofT which is non-empty.

Let T be a non empty 1-sorted structure. A sequence of subsets ofT is a sequence of subsets of
the carrier ofT.

In this article we present several logical schemes. The schemeLambdaSSeqdeals with a non
empty 1-sorted structureA and a unary functorF yielding a subset ofA , and states that:

There exists a sequencef of subsets ofA such that for every natural numbern holds
f (n) = F (n)

for all values of the parameters.
The schemeExTopStrSeqdeals with a non empty topological spaceA and a unary functorF

yielding a subset ofA , and states that:
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There exists a sequenceS of subsets of the carrier ofA such that for every natural
numbern holdsS(n) = F (n)

for all values of the parameters.
Next we state the proposition

(5) LetX be a non empty 1-sorted structure andF be a sequence of subsets of the carrier ofX.
Then rngF is a family of subsets ofX.

Let X be a non empty 1-sorted structure and letF be a sequence of subsets of the carrier ofX.
Then

⋃
F is a subset ofX. Then

⋂
F is a subset ofX.

2. LOWER AND UPPERL IMIT OF SEQUENCES OFSUBSETS

Let X be a non empty set, letS be a function fromN into X, and letk be a natural number. The
functorS↑k yields a function fromN into X and is defined as follows:

(Def. 2)1 For every natural numbern holds(S↑k)(n) = S(n+k).

Let X be a non empty 1-sorted structure and letF be a sequence of subsets of the carrier ofX.
The functor liminfF yields a subset ofX and is defined as follows:

(Def. 3) There exists a sequencef of subsets ofX such that liminfF =
⋃

f and for every natural
numbern holds f (n) =

⋂
(F ↑n).

The functor limsupF yields a subset ofX and is defined as follows:

(Def. 4) There exists a sequencef of subsets ofX such that limsupF =
⋂

f and for every natural
numbern holds f (n) =

⋃
(F ↑n).

We now state a number of propositions:

(6) LetX be a non empty 1-sorted structure,F be a sequence of subsets of the carrier ofX, and
x be a set. Thenx∈

⋂
F if and only if for every natural numberz holdsx∈ F(z).

(7) LetX be a non empty 1-sorted structure,F be a sequence of subsets of the carrier ofX, and
x be a set. Thenx∈ liminf F if and only if there exists a natural numbern such that for every
natural numberk holdsx∈ F(n+k).

(8) LetX be a non empty 1-sorted structure,F be a sequence of subsets of the carrier ofX, and
x be a set. Thenx∈ limsupF if and only if for every natural numbern there exists a natural
numberk such thatx∈ F(n+k).

(9) For every non empty 1-sorted structureX and for every sequenceF of subsets of the carrier
of X holds liminfF ⊆ limsupF.

(10) For every non empty 1-sorted structureX and for every sequenceF of subsets of the carrier
of X holds

⋂
F ⊆ liminf F.

(11) For every non empty 1-sorted structureX and for every sequenceF of subsets of the carrier
of X holds limsupF ⊆

⋃
F.

(12) For every non empty 1-sorted structureX and for every sequenceF of subsets of the carrier
of X holds liminfF = (limsupComplementF)c.

(13) LetX be a non empty 1-sorted structure andA, B, C be sequences of subsets of the carrier
of X. If for every natural numbern holdsC(n) = A(n)∩B(n), then liminfC = liminf A∩
liminf B.

(14) LetX be a non empty 1-sorted structure andA, B, C be sequences of subsets of the carrier
of X. If for every natural numbern holdsC(n) = A(n)∪B(n), then limsupC = limsupA∪
limsupB.

1 The definition (Def. 1) has been removed.
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(15) LetX be a non empty 1-sorted structure andA, B, C be sequences of subsets of the carrier
of X. If for every natural numbern holdsC(n) = A(n)∪B(n), then liminfA∪ liminf B ⊆
liminf C.

(16) LetX be a non empty 1-sorted structure andA, B, C be sequences of subsets of the carrier
of X. If for every natural numbern holdsC(n) = A(n)∩B(n), then limsupC ⊆ limsupA∩
limsupB.

(17) LetX be a non empty 1-sorted structure,A be a sequence of subsets of the carrier ofX, and
B be a subset ofX. If for every natural numbern holdsA(n) = B, then limsupA = B.

(18) LetX be a non empty 1-sorted structure,A be a sequence of subsets of the carrier ofX, and
B be a subset ofX. If for every natural numbern holdsA(n) = B, then liminfA = B.

(19) Let X be a non empty 1-sorted structure,A, B be sequences of subsets of the carrier
of X, andC be a subset ofX. If for every natural numbern holds B(n) = C−. A(n), then
C−. liminf A⊆ limsupB.

(20) Let X be a non empty 1-sorted structure,A, B be sequences of subsets of the carrier
of X, andC be a subset ofX. If for every natural numbern holds B(n) = C−. A(n), then
C−. limsupA⊆ limsupB.

3. ASCENDING AND DESCENDINGFAMILIES OF SUBSETS

Let T be a non empty 1-sorted structure and letSbe a sequence of subsets ofT. We say thatS is
descending if and only if:

(Def. 5) For every natural numberi holdsS(i +1)⊆ S(i).

We say thatS is ascending if and only if:

(Def. 6) For every natural numberi holdsS(i)⊆ S(i +1).

We now state several propositions:

(21) Let f be a function. Suppose that for every natural numberi holds f (i +1)⊆ f (i). Let i, j
be natural numbers. Ifi ≤ j, then f ( j)⊆ f (i).

(22) LetT be a non empty 1-sorted structure andC be a sequence of subsets ofT. SupposeC is
descending. Leti, m be natural numbers. Ifi ≥ m, thenC(i)⊆C(m).

(23) LetT be a non empty 1-sorted structure andC be a sequence of subsets ofT. SupposeC is
ascending. Leti, mbe natural numbers. Ifi ≥ m, thenC(m)⊆C(i).

(24) Let T be a non empty 1-sorted structure,F be a sequence of subsets ofT, andx be a
set. SupposeF is descending and there exists a natural numberk such that for every natural
numbern such thatn > k holdsx∈ F(n). Thenx∈

⋂
F.

(25) Let T be a non empty 1-sorted structure andF be a sequence of subsets ofT. If F is
descending, then liminfF =

⋂
F.

(26) Let T be a non empty 1-sorted structure andF be a sequence of subsets ofT. If F is
ascending, then limsupF =

⋃
F.

4. CONSTANT AND CONVERGENTSEQUENCES

Let T be a non empty 1-sorted structure and letSbe a sequence of subsets ofT. We say thatS is
convergent if and only if:

(Def. 7) limsupS= liminf S.



ON THE KURATOWSKI LIMIT OPERATORS 4

Next we state the proposition

(27) Let T be a non empty 1-sorted structure andS be a sequence of subsets ofT. If S is
constant, then the value ofS is a subset ofT.

Let T be a non empty 1-sorted structure and letSbe a sequence of subsets ofT. Let us observe
thatS is constant if and only if:

(Def. 8) There exists a subsetA of T such that for every natural numbern holdsS(n) = A.

Let T be a non empty 1-sorted structure. Note that every sequence of subsets ofT which is
constant is also convergent, ascending, and descending.

Let T be a non empty 1-sorted structure. Note that there exists a sequence of subsets ofT which
is constant and non empty.

Let T be a non empty 1-sorted structure and letSbe a convergent sequence of subsets ofT. The
functor limesSyields a subset ofT and is defined by:

(Def. 9) limesS= limsupSand limesS= liminf S.

One can prove the following proposition

(28) LetX be a non empty 1-sorted structure,F be a convergent sequence of subsets ofX, and
x be a set. Thenx∈ limesF if and only if there exists a natural numbern such that for every
natural numberk holdsx∈ F(n+k).

5. TOPOLOGICAL LEMMAS

In the sequeln is a natural number.
Let f be a finite sequence of elements of the carrier ofE2

T. Note thatL̃( f ) is closed.
One can prove the following propositions:

(29) Let r be a real number,M be a non empty Reflexive metric structure, andx be an element
of M. If 0 < r, thenx∈ Ball(x, r).

(30) For every pointx of En and for every real numberr holds Ball(x, r) is an open subset of
En

T.

(31) For all pointsp, q of En
T and for all pointsp′, q′ of En such thatp = p′ andq = q′ holds

ρ(p′,q′) = |p−q|.

(32) Let p be a point ofEn, x, p′ be points ofEn
T, and r be a real number. Ifp = p′ and

x∈ Ball(p, r), then|x− p′|< r.

(33) Let p be a point ofEn, x, p′ be points ofEn
T, and r be a real number. Ifp = p′ and

|x− p′|< r, thenx∈ Ball(p, r).

(34) Let n be a natural number,r be a point ofEn
T, andX be a subset ofEn

T. Supposer ∈ X.
Then there exists a sequences1 in En

T such that rngs1 ⊆ X ands1 is convergent and lims1 = r.

Let M be a non empty metric space. Note thatMtop is first-countable.
Let n be a natural number. Observe thatEn

T is first-countable.
One can prove the following propositions:

(35) Let p be a point ofEn, q be a point ofEn
T, andr be a real number. Ifp = q andr > 0, then

Ball(p, r) is a neighbourhood ofq.

(36) LetA be a subset ofEn
T, p be a point ofEn

T, andp′ be a point ofEn. Supposep = p′. Then
p∈ A if and only if for every real numberr such thatr > 0 holds Ball(p′, r) meetsA.

(37) Letx, y be points ofEn
T andx′ be a point ofEn. If x′ = x andx 6= y, then there exists a real

numberr such thaty /∈ Ball(x′, r).
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(38) LetSbe a subset ofEn
T. ThenS is non Bounded if and only if for every real numberr such

thatr > 0 there exist pointsx, y of En such thatx∈ Sandy∈ Sandρ(x,y) > r.

(39) For all real numbersa, b and for all pointsx, y of En such that Ball(x,a) meets Ball(y,b)
holdsρ(x,y) < a+b.

(40) Let a, b, c be real numbers andx, y, z be points ofEn. If Ball(x,a) meets Ball(z,c) and
Ball(z,c) meets Ball(y,b), thenρ(x,y) < a+b+2·c.

(41) Let X, Y be non empty topological spaces,x be a point ofX, y be a point ofY, and
V be a subset of[:X, Y :]. ThenV is a neighbourhood of[:{x}, {y} :] if and only if V is a
neighbourhood of〈〈x, y〉〉.

Now we present two schemes. The schemeTSubsetExdeals with a non empty topological
structureA and a unary predicateP , and states that:

There exists a subsetX of A such that for every pointx of A holdsx∈ X iff P [x]
for all values of the parameters.

The schemeTSubsetUniqdeals with a topological structureA and a unary predicateP , and
states that:

Let A1, A2 be subsets ofA . Suppose for every pointx of A holdsx∈ A1 iff P [x] and
for every pointx of A holdsx∈ A2 iff P [x]. ThenA1 = A2

for all values of the parameters.
Let T be a non empty topological structure, letS be a sequence of subsets of the carrier ofT,

and leti be a natural number. ThenS(i) is a subset ofT.
We now state two propositions:

(42) LetT be a non empty 1-sorted structure,Sbe a sequence of subsets of the carrier ofT, and
Rbe a sequence of naturals. ThenS·R is a sequence of subsets ofT.

(43) idN is an increasing sequence of naturals.

Let us observe that idN is real-yielding.

6. SUBSEQUENCES

Let T be a non empty 1-sorted structure and letS be a sequence of subsets of the carrier ofT. A
sequence of subsets ofT is said to be a subsequence ofS if:

(Def. 10) There exists an increasing sequenceN1 of naturals such that it= S·N1.

We now state several propositions:

(44) For every non empty 1-sorted structureT holds every sequenceSof subsets of the carrier
of T is a subsequence ofS.

(45) Let T be a non empty 1-sorted structure,S be a sequence of subsets ofT, andS1 be a
subsequence ofS. Then rngS1 ⊆ rngS.

(46) LetT be a non empty 1-sorted structure,S1 be a sequence of subsets of the carrier ofT,
andS2 be a subsequence ofS1. Then every subsequence ofS2 is a subsequence ofS1.

(47) LetT be a non empty 1-sorted structure,F , G be sequences of subsets of the carrier ofT,
andA be a subset ofT. SupposeG is a subsequence ofF and for every natural numberi holds
F(i) = A. ThenG = F.

(48) LetT be a non empty 1-sorted structure,A be a constant sequence of subsets ofT, andB
be a subsequence ofA. ThenA = B.

(49) LetT be a non empty 1-sorted structure,Sbe a sequence of subsets of the carrier ofT, R
be a subsequence ofS, andn be a natural number. Then there exists a natural numbermsuch
thatm≥ n andR(n) = S(m).
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Let T be a non empty 1-sorted structure and letX be a constant sequence of subsets ofT.
Observe that every subsequence ofX is constant.

The schemeSubSeqChoicedeals with a non empty topological spaceA , a sequenceB of subsets
of the carrier ofA , and a unary predicateP , and states that:

There exists a subsequenceS1 of B such that for every natural numbern holds
P [S1(n)]

provided the parameters meet the following condition:
• For every natural numbern there exists a natural numberm such thatn ≤ m and

P [B(m)].

7. THE LOWER TOPOLOGICAL L IMIT

Let T be a non empty topological space and letSbe a sequence of subsets of the carrier ofT. The
functor Li Syielding a subset ofT is defined by the condition (Def. 11).

(Def. 11) Letp be a point ofT. Thenp∈ Li S if and only if for every neighbourhoodG of p there
exists a natural numberk such that for every natural numberm such thatm> k holdsS(m)
meetsG.

One can prove the following propositions:

(50) LetSbe a sequence of subsets of the carrier ofEn
T, p be a point ofEn

T, andp′ be a point
of En. Supposep = p′. Thenp∈ Li S if and only if for every real numberr such thatr > 0
there exists a natural numberk such that for every natural numberm such thatm> k holds
S(m) meets Ball(p′, r).

(51) For every non empty topological spaceT and for every sequenceSof subsets of the carrier
of T holdsLi S= Li S.

(52) For every non empty topological spaceT and for every sequenceSof subsets of the carrier
of T holds LiS is closed.

(53) LetT be a non empty topological space andR, Sbe sequences of subsets of the carrier of
T. If R is a subsequence ofS, then LiS⊆ Li R.

(54) LetT be a non empty topological space andA, B be sequences of subsets of the carrier of
T. If for every natural numberi holdsA(i)⊆ B(i), then LiA⊆ Li B.

(55) LetT be a non empty topological space andA, B, C be sequences of subsets of the carrier
of T. If for every natural numberi holdsC(i) = A(i)∪B(i), then LiA∪Li B⊆ Li C.

(56) LetT be a non empty topological space andA, B, C be sequences of subsets of the carrier
of T. If for every natural numberi holdsC(i) = A(i)∩B(i), then LiC⊆ Li A∩Li B.

(57) LetT be a non empty topological space andF , G be sequences of subsets of the carrier of
T. If for every natural numberi holdsG(i) = F(i), then LiG = Li F.

(58) Let S be a sequence of subsets of the carrier ofEn
T and p be a point ofEn

T. Given a
sequences in En

T such thats is convergent and for every natural numberx holdss(x) ∈ S(x)
andp = lim s. Thenp∈ Li S.

(59) LetT be a non empty topological space,P be a subset ofT, andsbe a sequence of subsets
of the carrier ofT. If for every natural numberi holdss(i)⊆ P, then Lis⊆ P.

(60) LetT be a non empty topological space,F be a sequence of subsets of the carrier ofT, and
A be a subset ofT. If for every natural numberi holdsF(i) = A, then LiF = A.

(61) LetT be a non empty topological space,F be a sequence of subsets of the carrier ofT, and
A be a closed subset ofT. If for every natural numberi holdsF(i) = A, then LiF = A.
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(62) LetSbe a sequence of subsets of the carrier ofEn
T andP be a subset ofEn

T. SupposeP is
Bounded and for every natural numberi holdsS(i)⊆ P. Then LiS is Bounded.

(63) LetSbe a sequence of subsets of the carrier ofE2
T andP be a subset ofE2

T. SupposeP is
Bounded and for every natural numberi holdsS(i) ⊆ P and for every natural numberi holds
S(i) is compact. Then LiS is compact.

(64) Let A, B be sequences of subsets of the carrier ofEn
T andC be a sequence of subsets of

the carrier of[:En
T, En

T :]. If for every natural numberi holdsC(i) = [:A(i), B(i) :], then[:Li A,
Li B:] = Li C.

(65) For every sequenceSof subsets ofE2
T holds liminfS⊆ Li S.

(66) For every simple closed curveC and for every natural numberi holds Fr((UBD L̃(Cage(C, i)))c)=
L̃(Cage(C, i)).

8. THE UPPERTOPOLOGICAL L IMIT

Let T be a non empty topological space and letSbe a sequence of subsets of the carrier ofT. The
functor LsSyields a subset ofT and is defined as follows:

(Def. 12) For every setx holdsx∈ Ls S iff there exists a subsequenceA of Ssuch thatx∈ Li A.

We now state a number of propositions:

(67) LetN be a natural number,F be a sequence ofEN
T , x be a point ofEN

T , andx′ be a point of
EN. Supposex = x′. Thenx is a cluster point ofF if and only if for every real numberr and
for every natural numbern such thatr > 0 there exists a natural numberm such thatn≤ m
andF(m) ∈ Ball(x′, r).

(68) For every non empty topological spaceT and for every sequenceA of subsets of the carrier
of T holds LiA⊆ Ls A.

(69) LetA, B, C be sequences of subsets of the carrier ofE2
T. Suppose for every natural number

i holdsA(i)⊆ B(i) andC is a subsequence ofA. Then there exists a subsequenceD of B such
that for every natural numberi holdsC(i)⊆ D(i).

(70) LetA, B, C be sequences of subsets of the carrier ofE2
T. Suppose for every natural number

i holdsA(i)⊆ B(i) andC is a subsequence ofB. Then there exists a subsequenceD of A such
that for every natural numberi holdsD(i)⊆C(i).

(71) LetA, B be sequences of subsets of the carrier ofE2
T. If for every natural numberi holds

A(i)⊆ B(i), then LsA⊆ Ls B.

(72) LetA, B, C be sequences of subsets of the carrier ofE2
T. If for every natural numberi holds

C(i) = A(i)∪B(i), then LsA∪Ls B⊆ LsC.

(73) LetA, B, C be sequences of subsets of the carrier ofE2
T. If for every natural numberi holds

C(i) = A(i)∩B(i), then LsC⊆ Ls A∩Ls B.

(74) LetA, B be sequences of subsets of the carrier ofE2
T andC, C1 be sequences of subsets of

the carrier of[:E2
T, E2

T :]. Suppose for every natural numberi holdsC(i) = [:A(i), B(i) :] and
C1 is a subsequence ofC. Then there exist sequencesA1, B1 of subsets of the carrier ofE2

T
such thatA1 is a subsequence ofA andB1 is a subsequence ofB and for every natural number
i holdsC1(i) = [:A1(i), B1(i) :].

(75) Let A, B be sequences of subsets of the carrier ofE2
T andC be a sequence of subsets

of the carrier of[:E2
T, E2

T :]. If for every natural numberi holdsC(i) = [:A(i), B(i) :], then
LsC⊆ [:Ls A, Ls B:].
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(76) LetT be a non empty topological space,F be a sequence of subsets of the carrier ofT, and
A be a subset ofT. If for every natural numberi holdsF(i) = A, then LiF = Ls F.

(77) LetF be a sequence of subsets of the carrier ofE2
T andA be a subset ofE2

T. If for every
natural numberi holdsF(i) = A, then LsF = A.

(78) LetF , G be sequences of subsets of the carrier ofE2
T. If for every natural numberi holds

G(i) = F(i), then LsG = Ls F.
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[8] Czesław Bylínski. Partial functions.Journal of Formalized Mathematics, 1, 1989.http://mizar.org/JFM/Vol1/partfun1.html.
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