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Summary. In this article we formalize the Kuratowski closure-complement result:
there is at most 14 distinct sets that one can produce from a given fub$et topological
spaceT by applying closure and complement operators and that all 14 can be obtained from a
suitable subset dk, namely KuratExSet {1} UQ(2,3) U (3,4) U (4, ).

The second part of the article deals with the maximal number of distinct sets which may
be obtained from a given subgebf T by applying closure and interior operators. The subset
KuratExSet ofR is also enough to show that 7 can be achieved.

MML ldentifier: KURATO_1.

WWW: http://mizar.org/JFM/Voll5/kurato_1.html

The articles|[1B],[[15],[[14],[[10], [16]/ [12] [1]/[3], [11]/17],[6],[8].[2],[4],[[9], and I5] provide
the notation and terminology for this paper.

1. FOURTEENKURATOWSKI SETS

In this papefT is a non empty topological space afids a subset oT .
We now state the proposition

(1) Accc—Ac,
Let us considell, A. The functor Kurat14Pad) is defined as follows:
(Def. 1) Kuratl4Pafih) — {A, A AC, AC, ACC, ACC, ACC)

Let us considel, A. Observe that Kurat14P&#) is finite.

Let us considel, A. The functor Kurat14Sé) yields a family of subsets df and is defined
by:

(Def. 2) Kuratl4Sei) = {A A AC, A, Act, Acc ACCCl (J {AC, AC, A, ACe, ASCE, ATce ATCCE)
Next we state three propositions:

(2) Kuratl4SetA) = Kuratl4PartA) U Kuratl4PartAS).

(3) A c Kuratl4SetA) and A € Kuratl4SefA) and A° € Kuratl4SetA) and A €
Kurat14SetA) andAc® € Kurat14SetA) andAcc € Kurat14SetA) andAct € Kurat14SetA).

(4) A° € Kuratl4SefA) and A° € Kuratl4SetA) and A% € Kuratl4SetA) and A ¢

Kuratl4SetA) and AS®® e Kuratl4SetA) and Accc € KuratldSetA) and ASC® ¢
Kurat14SefA).
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Let us consideT, A. The functor Kurat14ClosedP&#) yields a family of subsets of and is
defined by:

(Def. 3) Kuratl4ClosedPdn) — {A, A, Acc, AF, AS, Accc).
The functor Kurat14OpenP##) yields a family of subsets df and is defined by:

(Def. 4)  Kurat140penPa) = {AC, ACC, Acce, ACC ATCe ACCeC)
Next we state the proposition
(5) Kuratl4SetA) = {A A%} UKuratl4ClosedPaf®) U Kuratl4OpenPafA).

Let us considell, A. Observe that Kurat14SgY) is finite.
Next we state two propositions:

(6) For every subse® of T such thaQ € Kurat14SetA) holdsQ° € Kurat14SetA) andQ €
Kuratl4SefA).

(7) cardKuratl4Sén) < 14.

2. SEVEN KURATOWSKI SETS
Let us considell’, A. The functor Kurat7S¢A) yields a family of subsets &f and is defined by:
(Def.5)  Kurat7Setd) = {A, IntA, A, IntA, IntA, IntA, IntintA}.
The following propositions are true:

(8) AcKurat7SetA) and IntA € Kurat7SetA) andA € Kurat7SetA) and IntA € Kurat7SetA)
andIntA € Kurat7SetA) andIntA € Kurat7SetA) and InfintA € Kurat7SetA).

(9) Kurat7SetA) = {A} U{IntA, IntA,IntintA} U{A, IntA, IntA}.

Let us considel, A. One can check that Kurat7$8j is finite.
We now state two propositions:

(10) For every subsed of T such thafQ € Kurat7SetA) holds IntQ € Kurat7SetA) andQ €
Kurat7SetA).

(11) cardKurat7SéA) <7.

3. THE SET GENERATING EXACTLY FOURTEEN KURATOWSKI SETS
The subset KuratExSet &' is defined as follows:
(Def. 6) KuratExSet= {1}U]2,3[g U]3,4[U]4, +oo].
We now state a number of propositions:

(12) KuratExSet= {1} U[2,+ool.

(13) KuratExSet =] — 0, 1[U]1,2].

(14) KuratExSet =] — «,2).

(15) KuratExSet =]2, +oo.

(16) KuratExSete = [2, +-oo].

(17) KuratExSetes =] — o0, 2.



(18)
(19)
(20)
(21)
(22)
(23)

(24)
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KuratExSét=| — 0, 1[U]1,2|U]2, 3[1g U {3} U {4}.

KuratExSet =] — 00, 3] U {4}.
KuratExSet¢ = |3, 4[U]4, +oo].
KuratExSete = [3, +oo].
KuratExSete® =] — o, 3.
KuratExSetec =] — 0, 3.

KuratExSetc® =3, +oo].

4., THE SET GENERATING EXACTLY SEVEN KURATOWSKI SETS

One can prove the following propositions:

(25)
(26)
(27)
(28)
(29)

IntKuratExSet= |3, 4[U]4, 4.

IntKuratExSet= [3,+oo|.

IntintKuratExSet=|3, +|.
IntKuratExSet=]2, +-oo|.

IntKuratExSet= [2, 4-oo].

5. THE DIFFERENCEBETWEEN CHOSENKURATOWSKI SETS

We now state a number of propositions:

(30)
(31)
(32)
(33)
(34)
(39)
(36)
(37)
(38)
(39)
(40)
(41)
(42)
(43)
(44)
(45)
(46)

IntKuratExSet# IntKuratExSet

IntKuratExSet£ KuratExSet

IntKuratExSet# Intint KuratExSet

IntKuratExSet£ IntKuratExSet

IntKuratExSet£ IntKuratExSet

IntKuratExSet£ KuratExSet

IntKuratExSet£ IntIntKuratExSet

IntKuratExSet£ IntKuratExSet
IntKuratExSet# IntKuratExSet

IntintKuratExSet£ KuratExSet

IntKuratExSet£ KuratExSet
IntKuratExSet£ KuratExSet

KuratExSet£ KuratExSet

KuratExSet# IntKuratExSet

IntKurateExSet# IntIintKuratExSet
IntintKuratExSet£ IntKuratExSet

IntKuratExSet# IntKuratExSet
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6. FINAL PROOFSFOR SEVEN SETS

The following propositions are true:

(47) IntintKuratExSet£ IntKuratExSet

(48) IntKuratExSetintKuratExSet IntIintKuratExSet are mutually different.

(49) KuratExSetntKuratExSetIntKuratExSet are mutually different.

(50) For every seX such thaiX e {IntKuratExSetIntKuratExSetIntIntKuratExSe} holdsX
is an open non empty subset®f.

(51) For every seK such thatX € {KuratExSetIntKuratExSetIntKuratExSe} holdsX is a
closed subset dk?.

(52) For every seK such thatX € {IntKuratExSetIntKuratExSetIntIntKuratExSe} holds
X £R.

(53) For every seX such thaX € {KuratExSefIntKuratExSetIntKuratExSe} holdsX # R.

(54) {IntKuratExSetIntKuratExSetIntIntKuratExSe} misses{ KuratExSetint KuratExSetInt KuratExSet.

(55) IntKuratexSetintKurateExSetIntInt KuratExSetKuratExSet)ntKuratExSetnt KuratExSet
are mutually different.

Let us note that KuratExSet is non closed and non open.
One can prove the following propositions:

(56) {IntKuratExSetIntKuratExSetIntIntKuratExSetKuratExSetInt KuratExSetint KuratExSe}
misses{ KuratExSet.

(57) KuratExSet, IntKuratExSdint KuratExSetIntIntKuratExSetKuratExSet]nt KuratExSet,
IntKuratExSet are mutually different.

(58) cardKurat7Sé€KuratExSef = 7.

7. HNAL PROOFSFOR FOURTEENSETS

One can check that Kurat14ClosedPéuratExSe} has proper subsets and Kurat14Open(RarmatExSef
has proper subsets.

Let us observe that Kuratl4$KuratExSe} has proper subsets.

One can verify that Kurat1l4S&uratExSet has non empty elements.

One can prove the following proposition

(59) For every se with non empty elements and for every 8such thaB C A holdsB has
non empty elements.

One can verify that Kurat14ClosedR#tiratExSe} has non empty elements and Kurat14Oper(RaratExSet}
has non empty elements.

Let us observe that there exists a family of subset®bfvhich has proper subsets and non
empty elements.

Next we state the proposition

(60) LetF, G be families of subsets @ with proper subsets and non empty elements. i
open ands is closed, thefr missesG.

Let us observe that Kurat14ClosedRHKrtratExSe} is closed and Kurat14OpenP@¢turatExSe}
is open.
Next we state the proposition



ON THE KURATOWSKI CLOSURECOMPLEMENT. .. 5

(61) Kuratl4ClosedP4guratExSel misses Kuratl4OpenP&ruratExSe}.

Let us consideT, A. One can check that Kurat14ClosedPaAyts finite and Kurat14OpenPa#)
is finite.
The following three propositions are true:
(62) cardKuratl4ClosedPéikuratExSe} = 6.
(63) cardKuratl4OpenPaKuratExSe} = 6.

(64) {KuratExSetKuratExSet} misses Kurat14ClosedP@furatExSe}.

Let us observe that KuratExSet is non empty.
Next we state three propositions:

(65) KuratExSett KuratExSet.
(66) {KuratExSetKuratExSet} misses Kuratl4OpenPékuratExSe}.
(67) cardKuratl4SéKuratExSet = 14.

8. PROPERTIES OFKURATOWSKI SETS

Let T be a topological structure and latbe a family of subsets of. We say that is closed for
closure operator if and only if:

(Def. 7) For every subsé of T such thaP € A holdsP € A.
We say thaf is closed for interior operator if and only if:
(Def. 8) For every subsé& of T such thaP € A holds IntP € A.

Let T be a 1-sorted structure and be a family of subsets of. We say thaf is closed for
complement operator if and only if:

(Def. 9) For every subs& of T such thaP € A holdsP® € A.

Let us considell, A. One can check the following observations:
x  Kuratl4SetA) is non empty,
x  Kuratl4SetA) is closed for closure operator, and
x  Kuratl4SetA) is closed for complement operator.

Let us considel, A. One can verify the following observations:
x  Kurat7SefA) is non empty,
x  Kurat7SetA) is closed for interior operator, and
x  Kurat7SetA) is closed for closure operator.

Let us considell. Note that there exists a family of subsetsTofvhich is closed for interior
operator, closed for closure operator, and non empty and there exists a family of sulisetsici
is closed for complement operator, closed for closure operator, and non empty.
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