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Summary. The proof of the Jordan Curve Theorem according to [11] is continued.
The notions of the first and last point of a oriented arc are introduced as well as ordering of
points on a curve irg2.
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The articles[[1R],[[14],11],[115],12],13],14],07],013],19],8],10],[[5], and [6] provide the notation
and terminology for this paper.

1. FRST AND LAST POINT OF A CURVE
One can prove the following proposition

(1) LetP, Q be subsets of2, p1, p2, th be points of £, f be a map froni into (£2)[P,
ands; be a real number. Suppose tirais an arc fromp; to p, andq € P andg; € Q and
f(s1) = g1 and f is @ homeomorphism anf{0) = p; and f(1) = p2 and 0< s; ands; <1
and for every real numbersuch that 0< t andt < s; holds f (t) ¢ Q. Let g be a map from
I into (£2)[P ands, be a real number. Suppogds a homeomorphism arg(0) = p; and
0(1) = pp andg(s2) = g1 and 0< s, andsy < 1. Lett be a real number. If & t andt < s,

theng(t) ¢ Q.

Let P, Q be subsets o‘E% and letps, p2 be points of‘E%. Let us assume th& meetsQ and
PNQis closed andP is an arc fromp; to p,. The functor FPoinP, p1, p2, Q) yields a point on%
and is defined by the conditions (Def. 1).

(Def. 1)(i) FPointP, p1,p2,Q) € PNQ, and

(i) for every mapg from I into (Z%) [P and for every real numbep such thag is a homeo-
morphism ang)(0) = p; andg(1) = p2 andg(s;) = FPoin{P, p1, p2,Q) and 0< s, ands; < 1
and for every real numbérsuch that 6< t andt < s, holdsg(t) ¢ Q.

The following propositions are true:

(2) LetP, Qbe subsets orE% andp, p1, p2 be points of‘Z%. If pe PandPis an arc fromp;
to p; andQ = {p}, then FPointP, p1, p2,Q) = p.

(3) LetP be a subset of2, Q be a subset of2, andp;, p, be points of£2. If p; € Q and
PNQis closed andP is an arc fromp; to pz, then FPointP, p1, p2, Q) = p1.
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(4) LetP, Q be subsets of2, p1, pz, g1 be points of£2, f be a map frond into (£2)[P,
ands; be a real number. Suppose tiais an arc fromp; to p; andq; € P andqg; € Q and
f(s1) = qi and f is a homeomorphism anf{0) = p; and f(1) = p; and 0< s ands; <1
and for every real numbersuch that > t andt > s; holds f (t) ¢ Q. Let g be a map from
[ into (Z2)[P ands, be a real number. Suppogds a homeomorphism arg(0) = p; and
0(1) = pz andg(sz) = g1 and 0< 5, ands; < 1. Lett be a real number. If 2t andt > s,

theng(t) ¢ Q.

Let P, Q be subsets of2 and letp;, p; be points of£2. Let us assume th& meetsQ and
PN Qs closed and is an arc fromp; to p,. The functor LPointP, p1, p2, Q) yielding a point of
Z% is defined by the conditions (Def. 2).

(Def. 2)(i) LPointP, p1, p2,Q) € PNQ, and
(i)  for every mapg from I into (Z£2) [P and for every real numbes such thay is a home-
omorphism andy(0) = p; andg(1) = p2 andg(sz) = LPoint(P, p1, p2,Q) and 0< s, and
s, < 1 and for every real numbeisuch that > t andt > s, holdsg(t) ¢ Q.

One can prove the following three propositions:

(5) LetP, Q be subsets of£2 andp, p1, p, be points of£2. If p € P andP is an arc frompy
to pz andQ = {p}, then LPointP, p1, p2, Q) = p.

(6) LetP, Qbe subsets o£2 andps, p be points ofE2. If p, € QandPN Qs closed andP
is an arc fromp; to py, then LPointP, p1, p2, Q) = p2.

(7) LetP be a subset of2, Q be a subset oft2, and p;, p, be points of £2. Suppose
P C Q andP is closed and an arc frorp; to p,. Then FPoindP, p1, p2,Q) = p1 and

LPoint(P, p1, p2,Q) = p2.
2. THE ORDERING OF POINTS ON A CURVE

Let P be a subset OE% and letps, p2, q1, g2 be points ofE%. We say that LEq1, g, P, p1, p2 if
and only if the conditions (Def. 3) are satisfied.

(Def. 3)(i)) aqreP,
(i) ogxePand
(iiiy  for every mapg from I into (‘£2)[P and for all real numbers;, s, such thag is a homeo-
morphism andy(0) = p; andg(1) = py andg(s;) = q1 and 0< s; ands; < 1 andg(s;) = g
and 0< s; ands; < 1 holdss; < s;.

Next we state several propositions:

(8) LetP be asubset of2, p1, pz, 01, G2 be points ofE2, g be a map frond into (£2) [P, and
s1, 2 be real numbers. Suppose tRas an arc fromp; to p2 andg is a homeomorphism and
9(0) = p1 andg(1) = pz andg(s;) = qu and 0< s; ands; < 1 andg(sz) = gz and 0< s, and
S <1ands; <s. Then LEQs, gz, P, p1, p2.

(9) LetP be a subset orE% andps, p2, g1 be points off%. If Pis an arc frompy to p2 and
a1 € P, then LEq, qu, P, p1, p2.

(10) LetP be a subset orf% andps, p2, g1 be points ofE%. SupposeP is an arc fromp; to py
andd, € P Then LEp, o1, P, p1, p2 and LEd, p2, P, p1, p2.

(11) For every subsé? of E% and for all pointspy, p2 of E% such thaP is an arc fromp; to py
holds LEpa, pz, P, p1, P2

(12) LetP be asubset o£2 andpy, pz, g1, g2 be points ofE2. Suppose® is an arc fromp; to
p2 and LEqs, gz, P, p1, p2 and LEQy, g1, P, p1, p2. Thengr = go.
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(13) LetP be a subset ofZ andpy, pz, th, G, gz be points of£2. Suppose is an arc fromp;
to pz and LEqy, gz, P, p1, p2 and LEdp, g, P, p1, p2. Then LEay, ds, P, p1, p2.

(14) LetP be a subset OE% andps, p2, 01, g2 be points ofE%. SupposéP is an arc fromp; to
p2 andq; € P andqgp € P andq; # gz2. Then LEqu, Oz, P, p1, p2 and not LEqgp, g1, P, p1, p2
or LE gz, qi, P, p1, p2 and not LEqy, gz, P, p1, P2

3. SOME PROPERTIES OF THE ORDERING OF POINTS ON A CURVE
We now state a number of propositions:

(15) Letf be a finite sequence of elementsZf, Q be a subset oE2, andq be a point of £2.
Suppos~ef is a special sequence aridf)NQis closed andj € L(f) andg € Q. Then LE
FPOIn(L(f)v fl; flenva)y QI L(f)u fl! flenf-

(16) Letf be a finite sequence of elementsZf, Q be a subset oE2, andq be a point of £2.
Suppos~ef is a special sequence andf)NQis closed and) € £(f) andg € Q. Then LEq,
LPoint(L(f), f1, fient, Q), L(), f1, fient.

(17) For all pointsy, Gz, pa, p2 of 2 such thatp; # p; holds if LE gy, d2, £(p1, P2), P, P2,
thenagy <p,.p, G-

(18) LetP, Q be subsets 0@% and p;, p2 be points on%. SupposeP is an arc fromp; to
p2 andP meetsQ andPN Q is closed. Then FPoif®, p1, p2, Q) = LPoint(P, p2, p1,Q) and
LPoint(P, p1, p2,Q) = FPoin(P, pz, p1,Q).

(19) Letf be a finite sequence of elements®#, Q be a subset of2, andi be a natural
number. Suppos&(f) meetsQ and Q is closed andf is a special sequence and<li

andi +1 < lenf and FPointZ(f), f1, fient,Q) € L(f,i). Then FPointZ(f), f1, fient, Q) =
FPoin( L(f,i), fi, fi 1,Q).

(20) Let f be a finite sequence of elementsﬁf, Q be a subset ofE%, andi be a natural
number. Supposé&(f) meetsQ and Q is closed andf is a special sequence and<li

andi+1 < lenf and LPointZ(f), f1, fient,Q) € L(f,i). Then LPointL(f), f1, fient, Q) =
LPoint( £(f,i), fi, fi;1,Q).

(21) Letf be a finite sequence of eIementsEﬁ andi be a natural number. Suppose 1 and
i+1<lenf andf is a special sequence and FPQIntf), f1, fiens, L(f,i)) € L(f,i). Then
FPoin{ L(f), f1, fiens, L(f,i)) = f;.

(22) Letf be a finite sequence of elements‘lﬁ andi be a natural number. Suppose&1 and
i+1<lenf andf is a special sequence and LPifO(f), f1, fiens, L(f,i)) € L(f,i). Then
LPoint(L(f), f1, fien, L(f,i)) = fij1.

(23) Letf be a finite sequence of elements®# andi be a natural number. Supposés a
special sequence andli andi + 1 <lenf. Then LEf;, fi11, L(f), f1, fient-

(24) Letf be a finite sequence of elements%t andi, j be natural numbers. Supposés a
special sequence andkli andi < j andj <lenf. Then LEf;, fj, L(f), f1, fient-

(25) Letf be afinite sequence of elementsﬂﬁ, g be a point ofE%, andi be a natural number.
Supposef is a special sequence and<li andi +1 <lenf andq e £(f,i). Then LEf;, q,

L(f)l fll flenf-

(26) Letf be afinite sequence of elementsﬂﬁ, g be a point on%, andi be a natural number.
Supposé is a special sequence andl andi+1 <lenf andqe L(f,i). Then LEq, fi;1,

L(f), f1, flenf-
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(27) Letf be afinite sequence of elements&f, Q be a subset of2, q be a point of£2, andi,

j be natural numbers. Suppose tﬁaﬁtf) meetsQ andf is a special sequence a@ds closed
and FPointZ(f), f1, fienf, Q) € L(f,i) and 1< i andi+ 1< lenf andg e £(f, j) and 1< j
andj+1<lenf andge Qand FPoin(tZ(f), f1, fient, Q) # 9. Theni < j and ifi = j, then
FPOIN(L(), f1, fient, Q) <f,1,, &

(28) Letf be afinite sequence of elementsﬂﬁ, Q be a subset OE% q be a point of£2, andi,

j be naturaLnumbers. Suppose tﬁatf) meetsQ andf is a special sequence a@ds closed
and LPointL(f), f1, fient, Q) € L(f,i)and 1<iandi+1<lenf andqe L(f,])and 1< j
andj+1<lenf andg e Q and LPoin(Z(f), f1, flent, Q) # @. Theni > jand ifi = j, then

a <t 5., LPOIN(L(f), f1, fiens, Q).

(29) Letf be a finite sequence of elementsf)%, 01, 02 be points on%, andi be a natural

number. Suppose: € L(f,i) andgz € L(f,i) and f is a special sequence and<li and
i+1<lenf.IfLE qi, g2, L(T), f1, fient, then LEqs, ap, L(f,1), fi, fit1.

(30) Letf be afinite sequence of elements@andql, 02 be points ofE%. Suppose); € Z(f)

(1

(2

(3]

(4

5]

(6]
[

(8]

[10]

[11]

[12]

[13]

[14]

andqe € L(f) andf is a special sequence agd+# gy. Then LEqy, a2, £(f), f1, fiens if
and only if for all natural numberis j such thaig; € £(f,i) andgz € £(f,]) and 1< i and
i+1<lenfand 1< jandj+1<lenf holdsi < jandifi = j, thenqy <¢ 1, Q2.
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