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Summary. It is known that a standard special circular sequenc;é%rproperly de-
fines a special polygon. We are interested in a part of such a sequence. It is shown that if the
first point and the last point of the subsequence are different, it becomes a special polygonal
sequence. The concept of “a part of” is introduced, and the subsequence having this prop-
erty can be characterized by using “mid” function. For such subsequences, the concepts of
“Upper” and “Lower” parts are introduced.
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The articles([15],[[8], [[1],[[18],[118],[I2],[[3], [[1¥],[[4], [[6], [[¥], [[10], [12],[[14],[[5], [[16],[[B], and
[11] provide the notation and terminology for this paper.

1. PRELIMINARIES

In this papeit, i1, i2, i3, j, k, nare natural numbers.
The following propositions are true:
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Ifn—'i=0,thenn<i.

Ifi <j,then(j+k)—"i=(j+k) —i.

Ifi <j,then(j+k) —"i=(j—"i)+k

Ifi1 #0andip =i3-i1, theniz <is.

If i1 <o, thenip +~i, =0.

IfO< jandj <iandi < j+ j,thenimodj # 0.

IfO< jandj <iandi< j+j,thenimodj=i—jandimodj=i-'j.
(j+]J)modj=0.

If 0 < kandk < j andkmodj = 0, thenk = j.
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2. SOME FACTS ABOUT CUTTING OF FINITE SEQUENCES

In the sequeD denotes a hon empty set afiddenotes a finite sequence of element®of
Next we state a number of propositions:

(14@ For everyf; such thatf; is circular and X lenf; holds f1(1) = f1(lenfy).
(15) Forallfy, iy, iz suchthai; <ip holdsfi]iylip = f1lip and fyfigfip = f1li1.
(16) epli=¢p.

(17) Re\ep) = ¢p.

(18) For all fi, k such that k < lenfy holds (f1)k(len((f1)x)) = fi(lenf;) and
(1) iren((f1) 0 = (f1)ienty.-

(19) Letg be a finite sequence of eIements@% and giveni. If gis a special sequence and
i+1 < leng, theng; is a special sequence.

(20) For all fy, i1, i2 such that 1< iz andiz < i1 andiy < lenf; holds lenmidfy,iz,i1) =
(il—/iz) + 1.

(21) For all fy, i1, i2 such that 1< i; andiz < i; andip < lenf; holds lenmidfy,iq,i2) =
(il—/iz) +1.

(22) For all fy, i3, iz, j such that 1< i; and i; < i, and i < lenf; holds
(mid( fl,il,iz))(len mi(:(fl,il,iz)) = fl(iz).

(23) For all fy, i1, i2, j such that 1< i; andi; < lenf; and 1< iy andi, < lenf; holds
(mid( fl,il,iz))(|eﬂ miC(fl,il,iz)) = fl(iz).

(24) Forallfy, iy, iz, j suchthat K i, andip <ij andi; <lenf;and 1< jandj < (i1 —"iz) +1
holds(mid( f1,i1,i2))(j) = f1((i1—"j) +1).

(25) Letgivenfy, iy, ip. Suppose K iy andi, <ij andi; <lenf; and 1< jandj < (i3 —'iz)+1.
Then(mid(f1,i1,i2))(j) = (mid(f1,iz,i1))((((I1—i2)+1)—j)+1)and(((i1—i2)+1)—j)+
1=(((i~"i2)+1) ") +1

(26) Letgivenfy,is,ip. Suppose Kij andi; <izandiz <lenf;and 1< jandj < (io—'i1)+1.
Then(mid(f1,i1,i2))(j) = (mid(f1,i2,i1))((((i2—i1)+1) =)+ 1) and(((iz2—i1)+1)— )+
1= (((iz~"i)+1) )+ 1

(27) For all f;, k such that 1< k and k < lenf; holds mid fi,k;k) = ((f1)x) and
lenmid( 1,k k) = 1.

(28) mid(f1,0,0) = f1]1.
(29) For allfy, k such that lerf; < k holds mid f1,k, k) = €p.
(30) For allfq, i1, i2 holds mid fl,il,iz) = Rev(mid( fl, iz,il)).

(31) Letf be a finite sequence of elementsﬁﬁ and giveniy, ip, i. If 1 <i; andi; < iy and
i2 <lenf and 1<iandi < (i —"i1) +1, thenL(mid(f,i1,i2),i) = L(f,(i+i1) —'1).

(832) Letf be a finite sequence of eIementsEﬁ and giveniy, i, i. If 1 <iq andii < i and
iz <lenf and 1<i andi < (i —"i1) + 1, then£(mid(f,iz,i1),i) = L(f,i2 —i).

1 The propositions (10)—(13) have been removed.



SUBSEQUENCES OF STANDARD SPECIAL CIRCULAR. . 3

3. DIVIDING OF SPECIAL CIRCULAR SEQUENCES INTO PARTS

Let n be a natural number and létbe a finite sequence. The functaBop(n, f) yields a natural
number and is defined as follows:

nmod(lenf —'1), if nmod(lenf —"1) £ 0,

(Def. 1) SDrop(n, f) = { lenf —' 1, otherwise.

We now state three propositions:

(33) For every finite sequendeholds SDrop(lenf —' 1, f) =lenf - 1.

(34) For every natural numbarand for every finite sequendesuch that K nandn<lenf —'1
holds SDrop(n, f) =n.

(35) For every natural numbem and for every finite sequencé holds SDrop(n, f) =
S Drop(n+ (lenf —' 1), f) and SDrop(n, f) = S Drop((lenf —'1) +n, f).

Let f be a non constant standard special circular sequenaghéea finite sequence of elements
of E% and leti1, i» be natural numbers. We say thgis a right part off fromis tois if and only if
the conditions (Def. 2) are satisfied.

(Def.2) 1<ijandi;+1<lenfand 1<i, andip+1 <lenf andg(leng) = f(i2) and 1< leng
and lerg < lenf and for every natural numbérsuch that I< i andi < leng holdsg(i) =
f(S.Drop((i1+i)—'1,f)).

Let f be a non constant standard special circular sequenaghéea finite sequence of elements
of E% and letiq, i be natural numbers. We say tlggis a left part off fromij toi, if and only if
the conditions (Def. 3) are satisfied.

(Def.3) 1<ijandi;+1<lenf and 1<i, andip+1 <lenf andg(leng) = f(i») and 1< leng
and lerg < lenf and for every natural numbeérsuch that 1< i andi < leng holdsg(i) =
f(S.Drop((lenf +i1) —'i, f)).

Let f be a non constant standard special circular sequengehéea finite sequence of elements
of Z% and leti,, i» be natural numbers. We say thigis a part off fromiy toi, if and only if:

(Def. 4) gis aright part off fromiq toi, and a left part off fromi; toio.

We now state a number of propositions:

(36) Letf be a non constant standard special circular sequende, a finite sequence of
elements ofE%, andiq, i be natural numbers. Suppoges a part of f from iy to i».
Then 1<i; andii+1 <lenf and 1<iy andiz +1 < lenf andg(leng) = f(i2) and
1<lengand lerg < lenf and for every natural numbésuch that 1< i andi < leng holds
g(i) = f(SDrop((i1+i)—'1, f)) or for every natural numbersuch that I< i andi < leng
holdsg(i) = f(S_.Drop((lenf +i1) —'i, f)).

(37) Letf be a non constant standard special circular sequenioe,a finite sequence of ele-
ments of@%, andiy, i2 be natural numbers. Suppogés a right part off fromij to i, and
i1 <ip. Thenlerg= (i, —'i1) +1 andg = mid(f,is,i).

(838) Letf be a non constant standard special circular sequenie,a finite sequence of el-
ements ofE% andiq, i be natural numbers. Suppogés a right part off from iy to
iz andiy > ip. Then lerg = (lenf +i2) —"i1 andg = (mid(f,iy,lenf —"1)) ~ (fli2) and
g= (mid(f,is,lenf —"1)) " mid(f,1,iz).

(39) Letf be a non constant standard special circular sequenioe,a finite sequence of ele-
ments on%, andiq, io be natural numbers. Suppogés a left part off from i, to i, and
i1 >i2. Thenlemg = (i1 —'i2) +1 andg = mid(f,iy,i2).
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(40) Letf be a non constant standard special circular sequenioe,a finite sequence of ele-
ments ofETZ-, andiq, io be natural numbers. Suppogés a left part off from i, to i, and
i1 <i2. Thenlerg= (lenf +i1) —"i andg = (mid(f,i1,1)) ~ mid(f,lenf —'1,i5).

(41) Letf be a non constant standard special circular sequenioe,a finite sequence of ele-
ments off;%, andiy, i be natural numbers. Suppagés a right part off fromiy toiz. Then
ReV(g) is a left part off fromiytois.

(42) Letf be a non constant standard special circular sequenioe,a finite sequence of ele-
ments of£2, andiy, i, be natural numbers. Suppaogés a left part off from iy toip. Then
Rev(g) is a right part off fromi, toij.

(43) Letf be a non constant standard special circular sequencie aptbe natural numbers. If
1<ijandi; <ip andiy < lenf, then mid f,iq,iy) is a right part off fromij tois.

(44) Letf be a non constant standard special circular sequencie dapde natural numbers. If
1<ijandip <ip andiz < lenf, then mid f,ip,i1) is a left part off fromi, tois.

(45) Letf be a non constant standard special circular sequencg ande natural numbers.
Suppose K iz andiy > iz andi; < lenf. Then(mid(f,is,lenf —'1)) " mid(f,1,i,) is aright
part of f fromiy toi,.

(46) Letf be a non constant standard special circular sequencg aine natural numbers.
Suppose K i; andii < iz andiz < lenf. Then(mid(f,i1,1)) ~ mid(f,lenf —'1i,) is a left
part of f fromiq toi,.

(47) Leth be a finite sequence of elementsiéﬁ and giveniy, ip. If 1 <i; andi; < lenh and
1 <ipyandiz < lenh, thenL(mid(h,i1,i2)) C L(h).

(48) Letg be a finite sequence of elementsaf Theng is one-to-one if and only if for aliy,
i2 such that < i1 andi; <lengand 1< i, andi»> <leng andg(i1) = g(i2) or gi, = gi, holds
i1 =lo.

(49) Letf be a non constant standard special circular sequence andigivéhl < i, and
io+1<lenf,thenflis is a special sequence.

(50) Letf be a non constant standard special circular sequence andigivéil < i, and
io+1<lenf, thenf;, is a special sequence.

(51) Letf be a non constant standard special circular sequence andigiven!f 1 <i; and
i1 <iz2andiz+1 <lenf, then midf,i1,i2) is a special sequence.

(52) Letf be a non constant standard special circular sequence andigivenIf 1 < i; and
i1 <lizandip <lenf, then midf,is,i2) is a special sequence.

(53) For all pointspg, p, q1, gz of ETZ- such thatpy € L(p,q1) andpp € L(p,qz) and p # po
holdsqy € L(p,d2) or gz € L(p,0a).

(54) For every non constant standard special circular sequiehotds £(f,1) N £(f,lenf -/
D ={f@)}

(55) Letf be a non constant standard special circular sequénde,be natural numbers, and
01, 92 be finite sequences of elements@f. Suppose K i1 andi; < iy andip < lenf
andg; = mid(f,iq,i2) andg, = (mid(f,i;, 1))~ mid(f,lenf —'1,i). ThenL£(g1)NL(Q) =

{f(i1). f(i2)} andL(g1) UL(g2) = L(f).

(56) Letf be a non constant standard special circular sequenioe,a finite sequence of ele-
ments on%, andiy, iz be natural numbers. Suppogés a right part off fromi to i, and

i1 <lig. ThenZ(g) is a special polygonal arc joininfy, and f;,.
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(57) Letf be a non constant standard special circular sequenioe,a finite sequence of ele-
ments ofETZ-, andiq, io be natural numbers. Suppogés a left part off from i, to i, and

i1 > 9. ThenZ(g) is a special polygonal arc joininfy, and f;,.

(58) Letf be a non constant standard special circular sequenioe,a finite sequence of ele-
ments on%, andiy, i» be natural numbers. Suppogés a right part off fromi toi; and

i1 # 2. Thenz(g) is a special polygonal arc joininfy, and f;,.

(59) Letf be a non constant standard special circular sequenioe,a finite sequence of ele-
ments on%, andiq, io be natural numbers. Suppogés a left part off from i, to i, and

i1 # 2. ThenZ(g) is a special polygonal arc joininfy, and fi,.

(60) Letf be a non constant standard special circular sequenioe,a finite sequence of ele-
ments off;%, andiy, i»> be natural numbers. Suppogés a part off fromiy toiz andiy # i».

ThenZ(g) is a special polygonal arc joininfy, and fi,.

(61) Letf be a non constant standard special circular sequenbe,a finite sequence of el-
ements ofE2, andis, i» be natural numbers. Suppogés a part of f from i; to i, and
0(1) # g(leng). ThenL(g) is a special polygonal arc joininfy, andfi,.

(62) Letf be a non constant standard special circular sequencg ainde natural numbers.
Suppose K i; andi; + 1 <lenf and 1<i; andip+ 1 <lenf andij # i>. Then there exist
finite sequencegs, g of elements ofE% such that

g1 is a part of f from iy to iz and gy is a part of f from i to iz and L) N L(g2) =
{f(i1), f(i2)} and L(g1) U L(g2) = L(f) and L(g1) is a special polygonal arc joining,

and fi, and L(g) is a special polygonal arc joininfy, and f;, and for every finite sequence
g of elements ofE% such thag is a part off fromiy toi, holdsg=g; org= g.

In the sequed;, g» are finite sequences of elementsﬁ‘.
The following propositions are true:

(63) Letf be anon constant standard special circular sequenc bad non empty subset of
2. 1f P= L(f), thenPis a simple closed curve.

(64) Letf be a non constant standard special circular sequence andggivegn Supposey; is
a right part off fromis toi, andg is a right part off fromij toi,. Theng; = go.

(65) Letf be a non constant standard special circular sequence andggivggn Supposea); is
a left part off fromiq to i andgy is a left part off fromi; toi,. Theng; = g».

(66) Letf be a non constant standard special circular sequence and @jivep. Suppose
i1 # i andgy is a right part off from iy to i, andgy is a left part off fromi; toi,. Then

91(2) # 92(2).

(67) Letf be anon constant standard special circular sequence andygivgn Suppose; # i
andgs is a part off fromiy toip andgy is a part off fromiy toi, andgi(2) = g2(2). Then
01 = 02.

Let f be a non constant standard special circular sequence aind ilgte natural numbers.
Let us assume that< i; andi; +1 < lenf and 1< i, andi» +1 < lenf andi; # i». The functor
Lower(f,iy,i2) yields a finite sequence of elementsﬂ’;ﬁ and is defined by the conditions (Def. 5).

(Def.5)()) Lower(f,iq,iz) is a part off fromij toip,
(i) if (fip+1)1 < (fiy)1 or (fi,+1)2 < (fi,)2, then(Lower(f,i1,i2))(2) = f(i1+1), and
@iy if (fip+1)1 > (fiy)1 and (fi;+1)2 > (fi;)2, then (Lower(f,i1,i2))(2) = f(S.Drop(iy —'
1, f)).

The functor Uppef,i1,iz) yielding a finite sequence of elementSKAﬁ is defined by the conditions
(Def. 6).
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(Def. 6)(i) Uppe(f,i1,ip) is a part off fromij toiy,
(i) if (fip42)2> (fip)1or (fiz41)2 > (fiy)2, then(Upper(f,is,iz))(2) = f(i1+1), and

(i) if (fiira)1 < (fip)1 and (fi11)2 < (fiy)2, then (Upper(f,i1,iz))(2) = f(S.Drop(is -/
1,1)).
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