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Summary. It is known that a standard special circular sequence inE2
T properly de-

fines a special polygon. We are interested in a part of such a sequence. It is shown that if the
first point and the last point of the subsequence are different, it becomes a special polygonal
sequence. The concept of “a part of” is introduced, and the subsequence having this prop-
erty can be characterized by using “mid” function. For such subsequences, the concepts of
“Upper” and “Lower” parts are introduced.
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The articles [15], [8], [1], [13], [18], [2], [3], [17], [4], [6], [7], [10], [12], [14], [5], [16], [9], and
[11] provide the notation and terminology for this paper.

1. PRELIMINARIES

In this paperi, i1, i2, i3, j, k, n are natural numbers.
The following propositions are true:

(1) If n−′ i = 0, thenn≤ i.

(2) If i ≤ j, then( j +k)−′ i = ( j +k)− i.

(3) If i ≤ j, then( j +k)−′ i = ( j−′ i)+k.

(4) If i1 6= 0 andi2 = i3 · i1, theni3 ≤ i2.

(5) If i1 < i2, theni1÷ i2 = 0.

(6) If 0 < j and j < i andi < j + j, theni mod j 6= 0.

(7) If 0 < j and j ≤ i andi < j + j, theni mod j = i− j andi mod j = i−′ j.

(8) ( j + j)mod j = 0.

(9) If 0 < k andk≤ j andkmod j = 0, thenk = j.
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2. SOME FACTS ABOUT CUTTING OF FINITE SEQUENCES

In the sequelD denotes a non empty set andf1 denotes a finite sequence of elements ofD.
Next we state a number of propositions:

(14)1 For everyf1 such thatf1 is circular and 1≤ len f1 holds f1(1) = f1(len f1).

(15) For all f1, i1, i2 such thati1 ≤ i2 holds f1�i1�i2 = f1�i1 and f1�i2�i1 = f1�i1.

(16) εD�i = εD.

(17) Rev(εD) = εD.

(18) For all f1, k such that k < len f1 holds ( f1)�k(len(( f1)�k)) = f1(len f1) and
(( f1)�k)len(( f1)�k) = ( f1)len f1.

(19) Let g be a finite sequence of elements ofE2
T and giveni. If g is a special sequence and

i +1 < leng, theng�i is a special sequence.

(20) For all f1, i1, i2 such that 1≤ i2 and i2 ≤ i1 and i1 ≤ len f1 holds lenmid( f1, i2, i1) =
(i1−′ i2)+1.

(21) For all f1, i1, i2 such that 1≤ i2 and i2 ≤ i1 and i1 ≤ len f1 holds lenmid( f1, i1, i2) =
(i1−′ i2)+1.

(22) For all f1, i1, i2, j such that 1≤ i1 and i1 ≤ i2 and i2 ≤ len f1 holds
(mid( f1, i1, i2))(lenmid( f1, i1, i2)) = f1(i2).

(23) For all f1, i1, i2, j such that 1≤ i1 and i1 ≤ len f1 and 1≤ i2 and i2 ≤ len f1 holds
(mid( f1, i1, i2))(lenmid( f1, i1, i2)) = f1(i2).

(24) For all f1, i1, i2, j such that 1≤ i2 andi2≤ i1 andi1≤ len f1 and 1≤ j and j ≤ (i1−′ i2)+1
holds(mid( f1, i1, i2))( j) = f1((i1−′ j)+1).

(25) Let givenf1, i1, i2. Suppose 1≤ i2 andi2≤ i1 andi1≤ len f1 and 1≤ j and j ≤ (i1−′ i2)+1.
Then(mid( f1, i1, i2))( j) = (mid( f1, i2, i1))((((i1− i2)+1)− j)+1) and(((i1− i2)+1)− j)+
1 = (((i1−′ i2)+1)−′ j)+1.

(26) Let givenf1, i1, i2. Suppose 1≤ i1 andi1≤ i2 andi2≤ len f1 and 1≤ j and j ≤ (i2−′ i1)+1.
Then(mid( f1, i1, i2))( j) = (mid( f1, i2, i1))((((i2− i1)+1)− j)+1) and(((i2− i1)+1)− j)+
1 = (((i2−′ i1)+1)−′ j)+1.

(27) For all f1, k such that 1≤ k and k ≤ len f1 holds mid( f1,k,k) = 〈( f1)k〉 and
lenmid( f1,k,k) = 1.

(28) mid( f1,0,0) = f1�1.

(29) For all f1, k such that lenf1 < k holds mid( f1,k,k) = εD.

(30) For all f1, i1, i2 holds mid( f1, i1, i2) = Rev(mid( f1, i2, i1)).

(31) Let f be a finite sequence of elements ofE2
T and giveni1, i2, i. If 1 ≤ i1 and i1 < i2 and

i2 ≤ len f and 1≤ i andi < (i2−′ i1)+1, thenL(mid( f , i1, i2), i) = L( f ,(i + i1)−′ 1).

(32) Let f be a finite sequence of elements ofE2
T and giveni1, i2, i. If 1 ≤ i1 and i1 < i2 and

i2 ≤ len f and 1≤ i andi < (i2−′ i1)+1, thenL(mid( f , i2, i1), i) = L( f , i2−′ i).

1 The propositions (10)–(13) have been removed.
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3. DIVIDING OF SPECIAL CIRCULAR SEQUENCES INTO PARTS

Let n be a natural number and letf be a finite sequence. The functor SDrop(n, f ) yields a natural
number and is defined as follows:

(Def. 1) SDrop(n, f ) =
{

nmod(len f −′ 1), if nmod(len f −′ 1) 6= 0,
len f −′ 1, otherwise.

We now state three propositions:

(33) For every finite sequencef holds SDrop(len f −′ 1, f ) = len f −′ 1.

(34) For every natural numbern and for every finite sequencef such that 1≤ n andn≤ len f −′1
holds SDrop(n, f ) = n.

(35) For every natural numbern and for every finite sequencef holds SDrop(n, f ) =
S Drop(n+(len f −′ 1), f ) and SDrop(n, f ) = S Drop((len f −′ 1)+n, f ).

Let f be a non constant standard special circular sequence, letg be a finite sequence of elements
of E2

T, and leti1, i2 be natural numbers. We say thatg is a right part off from i1 to i2 if and only if
the conditions (Def. 2) are satisfied.

(Def. 2) 1≤ i1 and i1 + 1≤ len f and 1≤ i2 and i2 + 1≤ len f andg(leng) = f (i2) and 1≤ leng
and leng < len f and for every natural numberi such that 1≤ i and i ≤ leng holdsg(i) =
f (S Drop((i1 + i)−′ 1, f )).

Let f be a non constant standard special circular sequence, letg be a finite sequence of elements
of E2

T, and leti1, i2 be natural numbers. We say thatg is a left part of f from i1 to i2 if and only if
the conditions (Def. 3) are satisfied.

(Def. 3) 1≤ i1 and i1 + 1≤ len f and 1≤ i2 and i2 + 1≤ len f andg(leng) = f (i2) and 1≤ leng
and leng < len f and for every natural numberi such that 1≤ i and i ≤ leng holdsg(i) =
f (S Drop((len f + i1)−′ i, f )).

Let f be a non constant standard special circular sequence, letg be a finite sequence of elements
of E2

T, and leti1, i2 be natural numbers. We say thatg is a part off from i1 to i2 if and only if:

(Def. 4) g is a right part off from i1 to i2 and a left part off from i1 to i2.

We now state a number of propositions:

(36) Let f be a non constant standard special circular sequence,g be a finite sequence of
elements ofE2

T, and i1, i2 be natural numbers. Supposeg is a part of f from i1 to i2.
Then 1≤ i1 and i1 + 1 ≤ len f and 1≤ i2 and i2 + 1 ≤ len f and g(leng) = f (i2) and
1≤ leng and leng < len f and for every natural numberi such that 1≤ i andi ≤ leng holds
g(i) = f (S Drop((i1 + i)−′ 1, f )) or for every natural numberi such that 1≤ i andi ≤ leng
holdsg(i) = f (S Drop((len f + i1)−′ i, f )).

(37) Let f be a non constant standard special circular sequence,g be a finite sequence of ele-
ments ofE2

T, andi1, i2 be natural numbers. Supposeg is a right part off from i1 to i2 and
i1 ≤ i2. Then leng = (i2−′ i1)+1 andg = mid( f , i1, i2).

(38) Let f be a non constant standard special circular sequence,g be a finite sequence of el-
ements ofE2

T, and i1, i2 be natural numbers. Supposeg is a right part of f from i1 to
i2 and i1 > i2. Then leng = (len f + i2)−′ i1 and g = (mid( f , i1, len f −′ 1)) a ( f �i2) and
g = (mid( f , i1, len f −′ 1))a mid( f ,1, i2).

(39) Let f be a non constant standard special circular sequence,g be a finite sequence of ele-
ments ofE2

T, and i1, i2 be natural numbers. Supposeg is a left part of f from i1 to i2 and
i1 ≥ i2. Then leng = (i1−′ i2)+1 andg = mid( f , i1, i2).
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(40) Let f be a non constant standard special circular sequence,g be a finite sequence of ele-
ments ofE2

T, and i1, i2 be natural numbers. Supposeg is a left part of f from i1 to i2 and
i1 < i2. Then leng = (len f + i1)−′ i2 andg = (mid( f , i1,1))a mid( f , len f −′ 1, i2).

(41) Let f be a non constant standard special circular sequence,g be a finite sequence of ele-
ments ofE2

T, andi1, i2 be natural numbers. Supposeg is a right part off from i1 to i2. Then
Rev(g) is a left part off from i2 to i1.

(42) Let f be a non constant standard special circular sequence,g be a finite sequence of ele-
ments ofE2

T, andi1, i2 be natural numbers. Supposeg is a left part of f from i1 to i2. Then
Rev(g) is a right part off from i2 to i1.

(43) Let f be a non constant standard special circular sequence andi1, i2 be natural numbers. If
1≤ i1 andi1 ≤ i2 andi2 < len f , then mid( f , i1, i2) is a right part off from i1 to i2.

(44) Let f be a non constant standard special circular sequence andi1, i2 be natural numbers. If
1≤ i1 andi1 ≤ i2 andi2 < len f , then mid( f , i2, i1) is a left part off from i2 to i1.

(45) Let f be a non constant standard special circular sequence andi1, i2 be natural numbers.
Suppose 1≤ i2 andi1 > i2 andi1 < len f . Then(mid( f , i1, len f −′1))a mid( f ,1, i2) is a right
part of f from i1 to i2.

(46) Let f be a non constant standard special circular sequence andi1, i2 be natural numbers.
Suppose 1≤ i1 andi1 < i2 andi2 < len f . Then(mid( f , i1,1))a mid( f , len f −′ 1, i2) is a left
part of f from i1 to i2.

(47) Leth be a finite sequence of elements ofE2
T and giveni1, i2. If 1 ≤ i1 andi1 ≤ lenh and

1≤ i2 andi2 ≤ lenh, thenL̃(mid(h, i1, i2))⊆ L̃(h).

(48) Letg be a finite sequence of elements ofD. Theng is one-to-one if and only if for alli1,
i2 such that 1≤ i1 andi1 ≤ leng and 1≤ i2 andi2 ≤ leng andg(i1) = g(i2) or gi1 = gi2 holds
i1 = i2.

(49) Let f be a non constant standard special circular sequence and giveni2. If 1 < i2 and
i2 +1≤ len f , then f �i2 is a special sequence.

(50) Let f be a non constant standard special circular sequence and giveni2. If 1 ≤ i2 and
i2 +1 < len f , then f�i2 is a special sequence.

(51) Let f be a non constant standard special circular sequence and giveni1, i2. If 1 ≤ i1 and
i1 < i2 andi2 +1≤ len f , then mid( f , i1, i2) is a special sequence.

(52) Let f be a non constant standard special circular sequence and giveni1, i2. If 1 < i1 and
i1 < i2 andi2 ≤ len f , then mid( f , i1, i2) is a special sequence.

(53) For all pointsp0, p, q1, q2 of E2
T such thatp0 ∈ L(p,q1) and p0 ∈ L(p,q2) and p 6= p0

holdsq1 ∈ L(p,q2) or q2 ∈ L(p,q1).

(54) For every non constant standard special circular sequencef holdsL( f ,1)∩L( f , len f −′

1) = { f (1)}.

(55) Let f be a non constant standard special circular sequence,i1, i2 be natural numbers, and
g1, g2 be finite sequences of elements ofE2

T. Suppose 1≤ i1 and i1 < i2 and i2 < len f
andg1 = mid( f , i1, i2) andg2 = (mid( f , i1,1))a mid( f , len f −′ 1, i2). ThenL̃(g1)∩ L̃(g2) =
{ f (i1), f (i2)} andL̃(g1)∪ L̃(g2) = L̃( f ).

(56) Let f be a non constant standard special circular sequence,g be a finite sequence of ele-
ments ofE2

T, andi1, i2 be natural numbers. Supposeg is a right part off from i1 to i2 and
i1 < i2. ThenL̃(g) is a special polygonal arc joiningfi1 and fi2.
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(57) Let f be a non constant standard special circular sequence,g be a finite sequence of ele-
ments ofE2

T, and i1, i2 be natural numbers. Supposeg is a left part of f from i1 to i2 and
i1 > i2. ThenL̃(g) is a special polygonal arc joiningfi1 and fi2.

(58) Let f be a non constant standard special circular sequence,g be a finite sequence of ele-
ments ofE2

T, andi1, i2 be natural numbers. Supposeg is a right part off from i1 to i2 and
i1 6= i2. ThenL̃(g) is a special polygonal arc joiningfi1 and fi2.

(59) Let f be a non constant standard special circular sequence,g be a finite sequence of ele-
ments ofE2

T, and i1, i2 be natural numbers. Supposeg is a left part of f from i1 to i2 and
i1 6= i2. ThenL̃(g) is a special polygonal arc joiningfi1 and fi2.

(60) Let f be a non constant standard special circular sequence,g be a finite sequence of ele-
ments ofE2

T, andi1, i2 be natural numbers. Supposeg is a part off from i1 to i2 andi1 6= i2.
ThenL̃(g) is a special polygonal arc joiningfi1 and fi2.

(61) Let f be a non constant standard special circular sequence,g be a finite sequence of el-
ements ofE2

T, and i1, i2 be natural numbers. Supposeg is a part of f from i1 to i2 and
g(1) 6= g(leng). ThenL̃(g) is a special polygonal arc joiningfi1 and fi2.

(62) Let f be a non constant standard special circular sequence andi1, i2 be natural numbers.
Suppose 1≤ i1 andi1 +1≤ len f and 1≤ i2 andi2 +1≤ len f andi1 6= i2. Then there exist
finite sequencesg1, g2 of elements ofE2

T such that

g1 is a part of f from i1 to i2 and g2 is a part of f from i1 to i2 and L̃(g1)∩ L̃(g2) =
{ f (i1), f (i2)} and L̃(g1)∪ L̃(g2) = L̃( f ) and L̃(g1) is a special polygonal arc joiningfi1
and fi2 andL̃(g2) is a special polygonal arc joiningfi1 and fi2 and for every finite sequence
g of elements ofE2

T such thatg is a part off from i1 to i2 holdsg = g1 or g = g2.

In the sequelg1, g2 are finite sequences of elements ofE2
T.

The following propositions are true:

(63) Let f be a non constant standard special circular sequence andP be a non empty subset of
E2

T. If P = L̃( f ), thenP is a simple closed curve.

(64) Let f be a non constant standard special circular sequence and giveng1, g2. Supposeg1 is
a right part off from i1 to i2 andg2 is a right part off from i1 to i2. Theng1 = g2.

(65) Let f be a non constant standard special circular sequence and giveng1, g2. Supposeg1 is
a left part of f from i1 to i2 andg2 is a left part off from i1 to i2. Theng1 = g2.

(66) Let f be a non constant standard special circular sequence and giveng1, g2. Suppose
i1 6= i2 andg1 is a right part off from i1 to i2 andg2 is a left part of f from i1 to i2. Then
g1(2) 6= g2(2).

(67) Let f be a non constant standard special circular sequence and giveng1, g2. Supposei1 6= i2
andg1 is a part of f from i1 to i2 andg2 is a part of f from i1 to i2 andg1(2) = g2(2). Then
g1 = g2.

Let f be a non constant standard special circular sequence and leti1, i2 be natural numbers.
Let us assume that 1≤ i1 andi1 +1≤ len f and 1≤ i2 andi2 +1≤ len f andi1 6= i2. The functor
Lower( f , i1, i2) yields a finite sequence of elements ofE2

T and is defined by the conditions (Def. 5).

(Def. 5)(i) Lower( f , i1, i2) is a part off from i1 to i2,

(ii) if ( fi1+1)1 < ( fi1)1 or ( fi1+1)2 < ( fi1)2, then(Lower( f , i1, i2))(2) = f (i1 +1), and

(iii) if ( fi1+1)1 ≥ ( fi1)1 and ( fi1+1)2 ≥ ( fi1)2, then (Lower( f , i1, i2))(2) = f (S Drop(i1 −′

1, f )).

The functor Upper( f , i1, i2) yielding a finite sequence of elements ofE2
T is defined by the conditions

(Def. 6).
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(Def. 6)(i) Upper( f , i1, i2) is a part off from i1 to i2,

(ii) if ( fi1+1)1 > ( fi1)1 or ( fi1+1)2 > ( fi1)2, then(Upper( f , i1, i2))(2) = f (i1 +1), and

(iii) if ( fi1+1)1 ≤ ( fi1)1 and ( fi1+1)2 ≤ ( fi1)2, then (Upper( f , i1, i2))(2) = f (S Drop(i1 −′

1, f )).
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