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1. PRELIMINARIES

In this papeiX denotes a set ardddenotes a non empty set.
Next we state several propositions:

(1) Letf be afunction fronX intoY. Supposd is onto. Lety be an element of. Then there
exists a sex such tha € X andy = f(x).

(2) Letf beafunction fronX intoY. Suppos¢ is onto. Lety be an element of. Then there
exists an elementof X such thay = f(x).

(3) For every functionf from X into Y and for every subsét of X such thatf is onto holds
(f°A)C C oA

(4) For every functionf from X into Y and for every subsei of X such thatf is one-to-one
holds f°A® C (f°A)C.

(5) For every functionf from X into Y and for every subséek of X such thatf is bijective
holds(f°A)¢ = f°AC.

2. TOPOLOGICAL AND METRIZABLE SPACES
We now state two propositions:

(6) For every topological spadeand for every subsé of T holdsA is a component oy iff
Ais empty.
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(7) LetT be a non empty topological space abdB, C be subsets of . If AC BandAis a
component o€ andB is a component of, thenA = B.

In the sequeh is a natural number.
The following proposition is true

(8) If n> 1, then for every subsé of £" such thaP is bounded hold®° is not bounded.

In the sequet is a real number anbl is a non empty metric space.
Next we state several propositions:

(9) For every non empty subsef Mip and for every poinp of Migp holds(distmin(C)) (p) >
0.

(10) LetC be a non empty subset bfiop and p be a point ofM. If for every pointg of M such
thatq € C holdsp(p,q) > r, then(distmin(C))(p) >r.

(11) For all non empty subsefs B of My holds disfin(A, B) > 0.

(12) For all compact subsefs B of Myop such thath meetsB holds disfin(A, B) = 0.

(13) LetA, Bbe non empty subsets lvftop Suppose that for all points g of M such thap € A
andq € B holdsp(p,q) > r. Then disfi"(A,B) >r.

3. EucLID TOPOLOGICAL SPACES
We now state several propositions:

(14) LetP, Q be subsets of{. Suppose is a component oQ°. ThenP is inside component
of Q or P is outside component @).

(15) Ifn> 1, then BDDOzp = Oz

(16) BDDQgp = Oz

(17) 1fn> 1, then UBDDzp = Qgp.

(18) UBDQgzp = Og.

(19) For every connected subdeof Z7 and for every subse of £] such thatP missesQ
holdsP C UBDQ orP C BDDQ.

4, EucLID PLANE

For simplicity, we follow the rulesC, D denote simple closed curvasdenotes a natural number,
P, g, g1, g2 denote points ofB%, r, s1, S, t1, to denote real numbers, amgdy denote points of£2.
The following propositions are true:

(20) p([0,0],r-q) = r[-p([0,0],q).
(21) p(on+9,02+0d) = p(au, G)-
(22) If p#£q,thenp(p,q) >0
(23) p(L—9,02—a) = p(au, %)

p(
(
p(

o

(25) p(@—01,9—02) = p(01,02).
(26) p(r-p,r-q)=Ir|-p(p,q).



ON THE MINIMAL DISTANCE BETWEEN SETS. .. 3

(27) Ifr <1, thenp(p,r-p+(1—r)-q)=(1-r)-p(p,q).
(28) Ifo<r, thenp(g,r-p+(1—r)-q)=r-p(p,q)-

(29) If pe L(q1,q2), thenp(ds, p) + (P, d2) = P(d1,d2)-
(30) Ifqu € L(g2, p) anday # G2, thenp(ds, p) < p(dz, p).
(31) Ify=]0,0],thenBally,r)={q:|q| <r}.

5. AFFINE MAPS
Next we state several propositions:

(32) (AffineMap(r,s1,r,%))(p) =r- p+[s1,2)-

(33) (AffineMap(r,qs,r,02))(p) =r - p+0.

(34) Ifs;>0ands; > 0, then AffineMagis, t1, %, t2) - AffineMap(&, — &, £, — 2) = idge.
(35) Ify=][0,0] andx= qandr > 0, then(AffineMap(r,qs,r,qz))° Ball(y,1) = Ball(x,r).

(36) For all real numbera, B, C, D such thatA > 0 andC > 0 holds AffineMagA,B,C,D) is
onto.

(37) Ball(x,r)¢is a connected subset a#.

6. MINIMAL DISTANCE BETWEEN SUBSETS

Let us considen and letA, B be subsets of}. The functor dishin(A, B) yields a real number and
is defined as follows:

(Def. 1) There exist subse®s, B’ of (E")iop such thatA = A" and B = B" and disin(A,B) =
disfhin(A',B').

Let M be a non empty metric space and etQ be non empty compact subsetshg,. Let
us note that the functor di#f(P,Q) is commutative. Let us note that the functor §&P,Q) is
commutative.

Let us considen and letA, B be non empty compact subsetszff. Let us note that the functor
distnin(A, B) is commutative.

The following propositions are true:

(38) For all non empty subsefs B of Z{ holds disfin(A,B) > 0.
(39) For all compact subsefs B of £7 such thatA meetsB holds diskin(A, B) = 0.

(40) LetA, B be non empty subsets @&f. Suppose that for all points, g of £7 such thap € A
andq € B holdsp(p,q) > r. Then diskin(A,B) > r.

(41) For every subsé of 7 and for all non empty subse#s C of £ such thaCC C D holds
diStmin(A, D) < distin(A,C).

(42) For all non empty compact subsé&tsB of Z{ there exist pointp, g of Z{ such thatp € A
andq € B and diskin(A,B) = p(p,q).

(43) For all pointsp, g of Z7 holds diskin({p}, {a}) = p(p,q).

Let us considen, let p be a point of£7, and letB be a subset of7. The functorp(p,B) yields
a real number and is defined by:

(Def. 2) p(p,B) = distmin({ P}, B)-
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One can prove the following propositions:
(44) For every non empty subskbf Z7 and for every poinp of £ holdsp(p,A) > 0.

(45) For every compact subsAtof Z7 and for every pointp of £{ such thatp € A holds

p(p’A) =0.

(46) LetA be a non empty compact subset®f and p be a point of£f. Then there exists a

pointq of 7 such thag € Aandp(p,A) = p(p,q).

(47) LetC be a non empty subset @f andD be a subset ofy. If C C D, then for every point

g of Z¢ holdsp(q,D) < p(q,C).

(48) LetAbe a non empty subset @f andp be a point of£]. If for every pointq of 7 such

thatq € A holdsp(p,q) >r, thenp(p,A) >r.

(49) For all pointsp, g of £ holdsp(p,{q}) = p(p.q).

(50) For every non empty subsatof 7 and for all pointsp, g of 7 such thatg € A holds

p(p,A) < p(p,q).

(51) LetAbe a compact non empty subsetZd andB be an open subset @2, If A C B, then

for every pointp of £2 such thaip ¢ B holdsp(p, B) < p(p,A).

7. BDDAND UBD

Next we state two propositions:
(52) UBDC meets UBID.
(53) IfgeUBDCandp e BDDC, thenp(q,C) < p(q, p).

Let us conside€. Note that BDDOC is non empty.
The following three propositions are true:

(54) If p¢ BDDC, thenp(p,C) < p(p,BDDC).
(55) C¢ZBDDDorD ¢ BDDC.
(56) IfCC BDDD,thenD C UBDC.

8. MAIN DEFINITIONS

We now state the proposition
(57) L(CagéC,n)) C UBDC.
Let us conside€. The functor LowerMiddlePoir@ yields a point ofE% and is defined by:
(Def. 3) LowerMiddlePoin€ = FPoIin{LowerArc(C), Wiin(C), Emax(C), VerticalLing( W-2oundc)

-+E-boundC)

The functor UpperMiddlePoif@ yields a point of£2 and is defined by:

2

))-

(Def. 4)  UpperMiddlePoir = FPoin{UpperArdC), Winin(C), Emax(C), VerticalLing( Y-2oundC)rE-boundC) y

Next we state several propositions:

(58) LowerArqC) meets VerticalLin\ﬁ:\’\"b"‘”‘dqz+ E-boundC) ).

(59) UpperAr¢C) meets VerticalLing®/-boundC)E-boundC)

(60) (LowerMiddlePoinC); — YWRoundC)fErboundC)
(61) (UpperMiddlePoin€), — W-boundC)E-boundC),
(62) LowerMiddlePoin€ € LowerArc(C).
(63) UpperMiddlePoint € UpperArdC).
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