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In this papem is a natural number.

We now state two propositions:

(1) LetGbeaGo-boardand, iz, j1, j2 be natural numbers. Suppose&j; andj; < widthG
and 1< jp and j, < widthG and 1< i; andii < iz andi < lenG. Then (Go (i1, ]1))1 <
(Go(iz, j2))1-

(2) LetG be a Go-board and, iy, j1, j2 be natural numbers. Supposecd; andi; < lenG
and 1< iy andiz <lenG and 1< j; and j; < j and jo < widthG. Then (Go (i1, j1))2 <
(Go(iz, j2))2-

Let f be a non empty finite sequence andgdte a finite sequence. Observe tiat~ g is non

empty.

We now state a number of propositions:

(3) Let C be a compact connected non vertical non horizontal subseﬁfofand n
be a natural number. Ther(Cag€C,n) —: Emax(L(Cag€C,n)))) N L(CageC,n) :—
Emax(L(CagéC,n)))) = {Nmin(L(CageC,n))),Emax(L(CagdC,n)))}.

(4) For every compact connected non vertical non horizontal suBseif Z% holds
UpperSe(C,n) = (CageC,n) © Emax(L(CagéC,n)))) :— Wnin(L(CagéC,n))).

(5) Forevery compact non vertical non horizontal sutiset £2 holds Wmn(Z(Cage{C, n)))e
rng UpperSe(C, n) and Wyin(L(CagdC,n))) € L(UpperSe(C,n)).

(6) For every compact connected non vertical non horizontal suBseif Z% holds
Wmax(L(CagéC,n))) € rngUpperSe(C,n) and Wnax(L(CagdC,n))) € L(UpperSe(C,n)).

(7) For every compact connected non vertical non horizontal suBsetf E% holds
Nmin(£(CagéC,n))) € rngUpperSef, n) and Nnin(L(CageéC,n))) € L(UpperSedC,n)).

(8) For every compact connected non vertical non horizontal suBseif Z% holds
Nmax(L(CagdC,n))) € rngUpperSe(C,n) and Nnax(L(CageC,n))) € L(UpperSe(C,n)).
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(9) For every compact non vertical non horizontal suisett £2 holds Enax(L£(CagéC,n))) €
rng UpperSe(C, n) and Enax(L(Cag€éC,n))) € L(UpperSe(C,n)).
(10) For every compact non vertical non horizontal suBseft£2 holds Enax(Z(CagegC, n))) e
rng LowerSe(C,n) and Enax(L(Cag€C,n))) € L(LowerSedC,n)).
(11) For every compact non vertical non horizontal subsett£2 holds Enin(L(CagéC,n))) €
rng LowerSe¢C,n) and Enin(L(CagdC,n))) € L(LowerSedC,n)).
(12) For every compact non vertical non horizontal suBsetZ2 holds Snax(L£(CagéC,n)))
rngLowerSe¢C,n) and S$nhax(L(CagdC,n))) € L(LowerSedC,n)).
(13) For every compact non vertical non horizontal subseft £2 holds Snin(Z(CagéC,n))) €
rngLowerSe(C,n) and Snin(L(CagéC,n))) € L(LowerSedC,n)).
(14) Forevery compact non vertical non horizontal suBseitZ2 holds Whin(Z(CagéC,n)))
rng LowerSe¢C, n) and Whin(L(Cag€C,n))) € L(LowerSedC,n)).

(15) For all non empty compact subsétsY of £2 such thatX C Y and Nyin(Y) € X holds
Nmin(x) = Nmin(Y)~

(16) For all non empty compact subs&tsY of 'E% such thatX CY and Nnax(Y) € X holds

(17) For all non empty compact subs&sY of Z% such thatX CY and Enin(Y) € X holds
Emin(x) = Emin(Y)~

(18) For all non empty compact substsY of £2 such thatX C Y and Enax(Y) € X holds

(19) For all non empty compact subsétsY of £2 such thatX C Y and Snin(Y) € X holds
Smin(x) = Smin(Y)~

(20) For all non empty compact substsY of £2 such thatX C Y and Snax(Y) € X holds
S’nax(x) = Smax(Y)~

(21) For all non empty compact subsétsY of Z£2 such thatX C Y and Whin(Y) € X holds
Wmin(x) = Wmin(Y)~

(22) For all non empty compact subsetsY of E% such thatX CY and Whax(Y) € X holds
Wmax(x) = Wmax(Y)-

(23) For all non empty compact subs#tsy of E% such that N-bounX) < N-boundY) holds
N-bound X UY) = N-boundY).

(24) For all non empty compact subs&tsy of Z% such that E-boun&) < E-boundY) holds
E-boundXUY) = E-boundY).

(25) For all non empty compact subsatsyY of Z;% such that S-bour&) < S-boundY) holds
S-boundX UY) = S-boundX).

(26) For all non empty compact subsitsy of z% such that W-bounX) < W-boundY)) holds
W-bound X UY) = W-boundX).

(27) For all non empty compact subs¥tsY of £2 such that N-bounX) < N-boundY) holds

(28) For all non empty compact subs¥tsY of £2 such that N-bounX) < N-boundY) holds

(29) For all non empty compact substsY of £2 such that E-boungX) < E-boundY) holds
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(30) For all non empty compact substsy of £2 such that E-boun) < E-boundY) holds
Emax(x UY) - Emax(Y).

(31) For all non empty compact subsatsY of £2 such that S-bour(&) < S-boundY) holds
S’nin(XUY) = Smin(x)~

(32) For all non empty compact subsatsyY of Z;% such that S-bour&) < S-boundY) holds
Smax(x UY) = Smax(x)-

(33) For all non empty compact subsitsy of E% such that W-bounX) < W-boundY) holds

(34) For all non empty compact subsitsy of £2 such that W-bounX) < W-boundY) holds
Wmax(x UY) - Wmax(x) .

(35) Letf be a non empty finite sequence of element&gfand p be a point ofE2. If f is a
special sequence amok L(f), then(| p, f)ien| p,f = fient-

(36) Letf be anon constant standard special circular sequencghe points of‘E%, andg be
a connected subset (Zi% If p € RightComgf) andq € LeftComp(f) andp € g andq € g,
theng meetsZ(f).

Let us note that there exists special sequence finite sequence of eleméﬁtsvbfch is hon
constant, standard, and s.c.c..
One can prove the following propositions:

(37) For every S-sequendein R? and for every poinp of Z% such thap e rngf holds| p, f =
mid(f, p <, f,lenf).

(38) LetM be a Go-board anfibe a S-sequence R?. Suppose is a sequence which elements
belong toM. Let p be a point of£2. If p € rngf, then| f, p is a sequence which elements
belong toM.

(39) LetM be a Go-board antibe a S-sequence R?. Supposéd is a sequence which elements
belong toM. Let p be a point of'Z%. If perngf, then|p, f is a sequence which elements
belong toM.

(40) LetG be a Go-board anfl be a finite sequence of eIementﬂﬁ Supposd is a sequence
which elements belong 8. Leti, j be natural numbers. If £ i andi <lenG and 1< j and
j <widthG, then ifGo (i, ) € L(f), thenGo (i, j) € rngf.
(41) Letf be a S-sequence R? andg be a finite sequence of elementsZf. Suppose that
() gisunfolded, s.n.c., and one-to-one,
(i) L(f)NnL(g) ={f1},
(i) f1 = Qieng:

(iv) for every natural numbersuch that i i andi+2 <lenf holdsZ(f,i)NL(fient,01) =0,
and

(v) for every natural numbersuch that Z i andi+ 1 <leng holds£(g,i) N L( fient,g1) = 0.
Thenf ~giss.c.c..
(42) LetC be a compact non vertical non horizontal non empty subsetZf Then there

exists a natural number such that 1< i andi+ 1 < lenGaug€C,n) and Whin(C) €
cell(GaugéC,n),1,i) and Whin(C) # GaugéC,n) o (2,i).

(43) For every S-sequendén R2 and for every poinp of £2 such thap € L(f)andf(lenf) e
L(| f,p) holdsf(lenf) = p.

(44) For every non empty finite sequenicef elements 0f£$ and for every poinp of Z% holds
| f,p#0.
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(45) For every S-sequenckein R? and for every pointp of £2 such thatp € £(f) holds
(Lf,Plentt,p=p-

(46) LetC be a compact connected non vertical non horizontal subsm%oand p be a
point of £2. If p € L(UpperSe(C,n)) and p; = E-bound £L(CagéC,n))), then p =
Emax(£(CageC,n))).

(47) LetC be a compact connected non vertical non horizontal subs@%o&nd p be a
point of 2. If p € L(LowerSeqC,n)) and p; = W-bound £(Cag€C,n))), then p =
Wmin(L(CagédC,n))).

(48) LetG be a Go-boardf, g be finite sequences of elementskf, andk be a natural number.
Suppose K k andk < lenf and f ~ g is a sequence which elements belongao Then
left_cell(f ~ g,k,G) = left_cell(f,k,G) and rightcell(f ~ g,k,G) = right_cell( f ,k,G).

(49) LetD be a set,f, g be finite sequences of elementsfandi be a natural number. If
i <lenf, then(f ~~qg)i= f]i.

(50) For every seb and for all finite sequencefs g of elements oD holds(f ~~g)[lenf = f.

(51) LetGbe a Go-boardf, g be finite sequences of eIementsEﬁ andk be a natural number.
Suppose K k andk < lenf and f ~~ g is a sequence which elements belondgtoThen
left_cell(f ~ g,k,G) = left_cell(f,k,G) and rightcell(f ~~ g,k,G) =right_cell(f,k,G).

(52) LetGbe a Go-boardf be a S-sequence R?, pbe a point ofB?, andk be a natural number.
Suppose K kandk < p«p f andf is a sequence which elements belon@tandp € rngf.
Then leftcell(| f, p,k,G) = left_cell(f,k,G) and rightcell(| f, p,k,G) =right_cell( f ,k,G).

(53) LetG be a Go-boardf be a finite sequence of elementsﬁﬁ, p be a point ofE%, and
k be a natural number. Supposeck andk < p < f andf is a sequence which elements
belong toG. Then leftcell(f —: p,k,G) = left_cell(f,k,G) and rightcell(f —: p,k,G) =
right_cell(f,k,G).

(54) Letf, gbe finite sequences of eIements'Iq%. Suppose that
(i) fisunfolded, s.n.c., and one-to-one,
(i) gisunfolded, s.n.c., and one-to-one,
(iii) flent = O1, and
v)  L(f)nL(g) = {o}.
Thenf ~~giss.n.c..

(55) Letf, gbe finite sequences of elementskf. Supposd is one-to-one ang is one-to-one
and rngf Nrngg C {g1}. Thenf ~~ gis one-to-one.

(56) Let f be a finite sequence of elements®# and p be a point of £2. If f is a special
sequence and € rngf andp # f(1), then Indexp, f) +1=p«r f.

(57) LetC be a compact connected non vertical non horizontal sub@% ahdi, j, k be natural
numbers. Suppose< i andi < lenGaugéC,n) and 1< j andk < widthGaugéC,n) and
GaugéC,n)o (i, k) € L(UpperSe(C,n)) and GaugéC,n)o (i, ) € L(LowerSedC,n)). Then
j#k

(58) Let C be a simple closed curve angd |, k be natural numbers. Suppose
l1<iandi < lenGaugéC,n) and 1< j and j < k and k < widthGaugéC,n) and
£L(GaugéC,n)o (i, ), GaugéC,n)o (i,k)) N L(UpperSe¢C,n)) = {GaugeC, n)o (i,k)} and
L(GaugéC,n) o (i, ), GaugéC,n) o (i,k)) N L(LowerSedC,n)) = {GaugéC,n) o (i, j)}.
ThenLZ(GaugéC,n)o (i, j),GaugéC,n) o (i,k)) meets LowerAr¢C).
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(59) Let C be a simple closed curve ang j, k be natural numbers.  Suppose

l<iandi < lenGaugéC,n) and 1< j and j < k and k < widthGaugéC,n) and
L(GaugéC,n)o (i, j),GaugéC,n) o (i,k)) N L(UpperSe(C,n)) = {GaugéC,n)o (i,k)} and
L(GaugéC,n) o (i, ),GaugéC,n) o (i,k)) N L(LowerSedC,n)) = {GaugéC,n) o (i, j)}.
Then£(GaugéC,n)o (i, j),Gaugé€C,n) o (i,k)) meets UpperArc).

(60) LetC be a simple closed curve and j, k be natural numbers. Suppose thak1
i andi < lenGaugéC,n) and 1< j and j < k and k < widthGaugéC,n) and n > 0
andL(GaugéC,n)o (i, ), GaugéC,n)o (i,k)) "UpperArq £(CagéC,n))) = {GaugéC, n)o
(i,k)} and £(GaugéC,n) o (i,j),GaugéC,n) o (i,k)) N LowerArc(L(CagéC,n))) =
{GaugéC,n)o (i, j)}. ThenL(GaugéC,n)o (i, ]), GaugéC,n)o (i,k)) meets LowerAr¢C).

(61) LetC be a simple closed curve and j, k be natural numbers. Suppose thak1
i andi < lenGaugéC,n) and 1< j and j < k and k < widthGaugéC,n) and n > 0
andL(GaugéC,n)o(i, ), GaugéC,n)o (i,k)) "UpperArq L(CagéC,n))) = {GaugéC, n)o
(i,k)} and L£(Gaug&C,n) o (i,]),GaugéC,n) o (i,k)) N LowerArc(L(CagéC,n))) =
{GaugéC,n)o (i, j)}. ThenL(Gaugé€C,n)o (i, ]), GaugéC,n)o (i,k)) meets UpperAr).

(62) Let C be a compact connected non vertical non horizontal subsetZ8f
and j be a natural number. Suppose Ga@e + 1) o (CenterGaug€,n +
1),j) € UpperArqZ(CagéC,n+ 1))) and 1< j and j < widthGaugéC,n + 1).
ThenL(GaugéC,1) o (CenterGaugi, 1), 1), GaugéC,n+ 1) o (Center Gaugi€,n+ 1), j))
meets LowerAr¢L(CageéC,n+1))).

(63) LetC be a simple closed curve angk be natural numbers. Suppose that
H 1<j,
(i) j<k
(i) k< widthGaugéC,n+1),
(iv) L(GaugéC,n—+1)o (CenterGaug€,n+1),j),GaugéC,n+ 1) o (Center Gauge€, n+

1),k)) N UpperArq £(CagdC,n+ 1))) = {GaugeC,n + 1) o (Center Gaug, n + 1),k)},
and

(v) L(GaugeC,n+1)o(CenterGaug€,n+1), j), GauggC,n+ 1) o (Center Gauge, n+
1),k)) NLowerArc(L(CagéC,n+1))) = {GaugéC,n+ 1) o (CenterGaug&,n+ 1), j)}.
ThenL(GaugéC,n+1)o(CenterGauge, n+ 1), j), GaugéC,n+1) o (Center Gauge, n+
1),k)) meets LowerAr(C).

(64) LetC be a simple closed curve anjgk be natural numbers. Suppose that
M 1<j,
(i) j<k
(i) k< widthGaugéC,n+1),
(iv) L(GaugéC,n+1)o (CenterGaug,n+1), j),GauggC,n+ 1) o (Center GaugeC,n+

1),k)) N UpperArq £(CagéC,n+ 1))) = {GaugeC,n+ 1) o (Center Gauge€,n+ 1),k)},
and

(v) L(GaugeC,n+1)o(CenterGauge€,n+1), j), GauggC,n+ 1) o (Center Gaugee, n+
1),k)) NLowerArc(L(CagéC,n+1))) = {GaugéC,n+ 1) o (CenterGaug&,n+ 1), j)}.

ThenZ(GauggC,n+1)o(Center Gaugé&,n+1), j), GauggC,n+1) o (Center GaugeC, n+
1),k)) meets UpperAr(C).
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