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The articles[[24],[[28],[[13],[141,[12],12[71,(1b], [[14],[183],[125],[1233],[11],[1222],[19],[10], 171, [126],
[16], [11], [20], [18], [19], (€], [12], [21], [€], [15], and[[1F] provide the notation and terminology
for this paper.

In this papem is a natural number.

Let us note that there exists a finite sequence which is trivial.

Next we state the proposition

(1) For every trivial finite sequenceholds f is empty or there exists a sesuch thatf = (x).

Let p be a non trivial finite sequence. Observe that (®&Vs non trivial.
One can prove the following propositions:

(2) LetD be a non empty set, be a finite sequence of elements®f G be a matrix over
D, andp be a set. Supposkis a sequence which elements belongstoThenf —: pis a
sequence which elements belond3o

(3) LetD be a non empty sef, be a finite sequence of elementsyfG be a matrix oveD,
andp be an element dD. Suppose € rngf. Suppose is a sequence which elements belong
to G. Thenf :— pis a sequence which elements belon@to

(4) Let C be a compact connected non vertical non horizontal subseET?of Then
UpperSe(C,n) is a sequence which elements belong to G&0gs.

(5) Let C be a compact connected non vertical non horizontal subseE%f Then
LowerSedC,n) is a sequence which elements belong to G&Dg®.

Let C be a compact connected non vertical non horizontal subs&g@nd letn be a natural
number. One can verify that Upper3€qgn) is standard and LowerSgg, n) is standard.
One can prove the following propositions:

(6) Let G be a columnY-constant lineY-increasing matrix overE% andiq, iz, j1, j2 be
natural numbers. Supposge, j1) € the indices ofG and (i, j2) € the indices ofG. If

(Go(i1, j1))2=(Go(iz, j2))2, thenji = ja.

(7) Let G be a lineX-constant columrX-increasing matrix oveE% andiq, iz, j1, j2 be
natural numbers. Supposé, j1) € the indices ofG and (2, j2) € the indices ofG. If
(Go(i1, j1))1 = (Go(i2, j2))1, theniy = i.
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(16E| Let f be a standard speual unfolded non tr|V|aI finite sequence of elemerﬁé off
(Nmin(L(f)))l < (NmaX(L(f)))l-

(17) Letf be a standard special unfolded non trivial finite sequence of elemer#g.ofif
f1 # N~min(L(f)) andjlenf # Nmin(L(f)) or f1 # Nmax(L(f)) and fient # Nmax(L(f)), then
Nmin(L(f)) # Nmax(L(f)).

(18) Letf be a standard special unfolded non trivial finite sequence of eIemem:%.oﬂf

f1 # S,jin(Z(f)) and fienf # Smin(L(f)) or f1 # Smax(L(f)) and fient # Smax(L(f)), then
(Smin(£(f)))1 < (Smax(L(f)))1.

(19) Letf be a standard special unfolded non trivial finite sequence of eIemerﬁ%.oﬂf
f1# §min(L(f)) ar'|(3flenf # Smin(L(f)) or f1 # Smax(L(f)) and fient 7# Smax(L(f)), then
Sﬂin(L(f)) # Smax(L(f))-

(20) Letf be a standard special unfolded non trivial finite sequence of elemem:%.oﬂf
f1 # Wmin(L(f)) and fient 7# Wmin(L(f)) or f1 # Wimnax(L(f)) and fient # Wmax(L(f)),
then(Wmin(L(f)))2 < (Wmax(L(f)))2.

(21) Letf be a standard special unfolded non trivial finite sequence of elemerifé ofif
fl 7£ Wmln(~ (f)) and fIenf 7é Wmln( (f)) or f1 ?é Wmax( (f)) and fIem‘ 7é Wmax( (f))

(22) Let f be a standard special unfolded non trivial finite sequence of elemer#g.offf
(Emin(£()))2 < (Emax(£(f)))2-

(23) Let f be a standard special unfolded non trivial finite sequence of elemerﬁé.oﬂf
f1# IEmin(L(f)) anqflenf # Emin(L(f)) or f1 # Emax(£L(f)) and fient # Emax(L(f)), then
Emin(L(f)) # Emax(L(1)).

(24) LetD be a non empty sef, be a finite sequence of elementdmfandp, g be elements of
D. If perngf andgerngf andg« f < p<r f,then(f—:p):—q=(f:—q)—:p.

(25) Let C be a compact connected non vertical ‘hon horizontal subset?fand n
be a natural number. Then(Cag€C,n) — Wm.n( (CagéC,n)))) N L(CagdC,n) :—
Wiin(£(Cag€C,n)))) = {Nmin(L(CageC,n))), Wmin(L(CageC,n)))}.

(26) For every compact connected non vertical non horizontal suBsef Z% holds
LowerSedC,n) = (Cag€C,n) O Emax(L(CageC,n)))) — Wnin(L(CagdC,n))).

(27) Forevery compact non vertical non horizontal SuBssftZ2 holds(Wmin(L(CagéC,n))))
UpperSe(C,n) =
(28) Forevery compact non vertical non horizontal SuBssft’Z2 holds(Wmin(L(CagéC,n)))) <
UpperSe(C,n) < (Wnax(L(Cag€C,n)))) <f UpperSe(C,n).

(29) Forevery compact non vertical non horizontal suBssft’Z2 holds(Wmax(L(Cag€C,n)))) <
UpperSe¢C,n) < (Nmin(L(CageC,n)))) - UpperSe(C, n).

(30) Forevery compact non vertical non horizontal SuBssft’Z2 holds(Nmin(L(CagéC,n)))) <
UpperSe¢C,n) < (Nmax(Z(CagdC.n)))) <» UpperSe¢C,n).

(31) For every compact non vertical non horizontal SUBSEtZZ holds(Nmax( £(CagéC,n))))
UpperSedC, n) < (Emax(L(CagéC,n)))) ~p UpperSe¢C,n).

1 The propositions (8)—(15) have been removed.
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(32) For every compact non vertical non horizontal suBseft£2 holds(Emax(Z(CagéC,n)))) <P
UpperSe(C,n) = lenUpperSe(C,n).

(33) For every compact non vertical non horizontal suBseft£2 holds(Emax(Z(CagéC,n)))) <P
LowerSedC,n) = 1.

(34) For every compact connected non vertical non horizontal suBsef %2 holds
(Emax(L(CagéC,n)))) «r LowerSedC,n) < (Emin(L(Cag€&C,n)))) <~ LowerSedC, n).

(35) For every compact connected non vertical non horizontal suBsef Z% holds
(Emin(L(CagéC,n)))) <P LowerSedC,n) < (Smax(L(CagdC,n)))) <P LowerSedC,n).

(36) For every compact connected non vertical non horizontal suBsef E% holds
(Smax(L(CagéC,n)))) <P LowerSedC, n) < (Smin(L(CagdC,n)))) <P LowerSedC,n).

(37) For every compact connected non vertical non horizontal suBsef E% holds
(Smin(L(CagéC,n)))) <P LowerSedC,n) < (Wmin(L(CagdC,n)))) f LowerSedC, n).
(38) For every compact connected non vertical non horizontal suBsef E% holds
(Wmin(L(CagéC,n)))) «r LowerSedC,n) = lenLowerSedC,n).

(39) For every compact connected non vertical non horizontal suBsef Z2 holds
((UpperSe(C,n))2)1 = W-bound Z(CagéC,n))).

(40) For every compact connected non vertical non horizontal suBseff Z% holds
((LowerSedC,n))2)1 = E-bound £L(Cag€dC,n))).

(41) For every compact connected non vertical non horizontal suBsef Z% holds
W-bound L(CagédC,n))) + E-bound L(Cag€C,n))) = W-boundC) + E-boundC).

(42) For every compact connected non vertical non horizontal suBsef E% holds
S-boundL(CagéC,n))) + N-bound L(Cag€C,n))) = S-boundC) + N-boundC).

(43) Let C be a compact connected non vertical non horizontal subsetE%fand
n, i be natural numbers. If K i and i < widthGaugéC,n) and n > 0, then

(GaugeC, n) o (Center GaugiE, n), i)); = w-boundC)tE-boundc),

(44) Let C be a compact connected non vertical non horizontal subsetE%fand
n, i be natural numbers. If Ki andi < lenGaugéC,n) and n > 0, then

(GaugéC, n) o (i, Center GaugiE, n) ) ), = S-2oundC) N-boundC)

(45) Letf be a S-sequence m2~and ki, ko be natural numbers. If £ k; andk; < lenf and
1<kzandk; <lenf andf; € £L(mid(f, ki, ko)), thenk; =1 orky, = 1.

(46) Letf be a S-sequence iR? andkg, kz be natural numbers. If £ k; andk; <lenf and
1 <kzandk; <lenf andfient € L{mid(f,ks,k2)), thenk; =lenf ork; = lenf.

(47) LetC be a compact non vertical non horizontal subseE%fandn be a natural number.
Then rng UpperS€,n) C rng CagéC, n) and rngLowerSe(E,n) C rng CageC, n).

(48) For every compact non vertical non horizontal suliseft E% holds UpperSe@,n) is a
h.c. for CagéC,n).

(49) For every compact non vertical non horizontal suSset £2 holds ReyLowerSedC,n))
is a h.c. for Cagéc, n).

(50) LetC be a compact connected non vertical non horizontal subsgf @indi be a natural
number. If 1< i andi < lenGaugé€C,n), then GaugéC,n)o (i,1) ¢ rngUpperSe(C,n).



UPPER AND LOWER SEQUENCE ON THE CAGEPART ... 4

(51) LetC be a compact connected non vertical non horizontal subsgZaindi be a nat-
ural number. If 1<i andi < lenGaugéC,n), then GaugéC,n) o (i, widthGaugéC,n)) ¢
rng LowerSe¢C, n).

(52) LetC be a compact connected non vertical non horizontal subsE@ eindi be a natural
number. If 1< i andi < lenGaugéC,n), then GaugéC,n)o (i,1) ¢ L(UpperSe¢C,n)).

(53) LetC be a compact connected non vertical non horizontal subs@%cﬁndi be a nat-
ural number. If 1<i andi < lenGaugéC,n), then GauggC,n) o (i, width GaugeC, n)) ¢
L(LowerSedC,n)).

(54) LetC be a compact connected non vertical non horizontal subsE% @indi, j be natural
numbers. Supposed i andi < lenGaugéC,n) and 1< j andj < widthGaugéC,n) and
GaugéC,n)o (i, j) € L(Cag€éC,n)). ThenL(GaugéC,n)o (i,1),GaugéC,n)o (i, j)) meets

L(LowerSedC,n)).

(55) LetC be a compact connected non vertical non horizontal sub§é§ @indn be a natural n
number. Ifn> 0, then FPointZ(UpperSedC, n)), Wimin(L(CagéC,n))), Emax( £(CagdC, n))), VerticalLing WRound:
rng UpperSe(C, n).

(56) LetC be a compact connected non vertical non horizontal subsgf aihdn be a natural |
number. Ifn > 0, then LPoint L (LowerSedC, n)), Emax(L(CagéC, n))), Wmin(L(CagéC, n))),VerticaILine(M
rng LowerSe¢C, n).

(57) For every S-sequenden R? and for every poinp of E% such thatp € rngf holds| f,p=
mid(f,1,p <P f).

(58) Letf be a S-sequence ®? andQ be a closed subset 63% SupposeZ(f) meetsQ and
f1 ¢ Qand FPointL( ), f1, fient, Q) € rngf. ThenL(mid(f, 1, (FPoin{ L(f), f1, fient,Q)) <P
f))NQ = {FPoin(L(f), f1, fient,Q)}-

(59) LetC be a compact connected non vertical non horizontal subsetZoénd n be a
natural number. Suppose> 0. Let k be a natural number. Suppose<lk andk < -
(FPoiIn{ L (UpperSe¢C,n)), Wmin(L(CageéC,n))), Emax( L(CageC, n))),VgrticaILine(W'bOU”dﬁcagQC’”))>2+E'b°””d“
UpperSe(p, I’]). Then((UpperSe(p, n))k)l < W-bouno{L(Cage{C,n)));E-boundL(Cage{C,n))).

(60) LetC be a compact connected non vertical non horizontal subsﬁ%o&nd n be a
natural number. Suppose> 0. Let k be a natural number. Suppose<ik and k <

(FPoint Z(RevLowerSedC,n))), Wiin(L(CagéC,n))), Emax(L(CageéC,n))), VerticalLing( W'boundz(cag¢c’")))2+E'b
Rev(LowerSeqC, n)). Then((Rev(LowerSedC,n)))x); < “-bound £(CageC.n))) fE-bound £(CageC.n)))

(61) Let C be a compact connected non vertical non horizontal subseE%fand n
be a natural number. Suppose> 0. Let g be a point ofz%. Supposeq €

rng mid(UpperSe(C, n), 2, (FPoin{ Z(UpperSe(C, n)), Win(L(CageC,n))), Emax(L(CagéC, n))), VerticalLing( -
UpperSe¢C, n)). Theng, < W-boundZ(Cagf{C,n)));E-boundZ(Cage{C,n))).

(62) LetC be a compact connected non vertical non horizontal subSE§ aihdn be a natural
number. Suppose> 0. Then(FPoin{ L(UpperSe(C,n)), Wmin(L(CageéC,n))), Emax(L(CagéC,n))), VerticalLine
(LPoint( Z(LowerSeqC, n)), Emax(L(CageC, n))), Wmin(Z(CagéC, n))), VerticalLine( W-22und L(CageC.))) LE-bound £

(63) LetC be a compact connected non vertical non horizontal subs?e‘,g @indn be a natural
number. Ifn > O, then L(UpperSe(C,n)) = UpperArq L(Cag€C,n))).

(64) LetC be a compact connected non vertical non horizontal subSE§ aihdn be a natural
number. Ifn > 0, then L(LowerSedC, n)) = LowerArc(L(Cag€C,n))).
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(65) LetC be a compact connected non vertical non horizontal subsgf aihdn be a natural
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number. Suppose > 0. Leti, j be natural numbers. Supposeci an~di <lenGaugéC,n)
and 1< j and j < widthGaugéC,n) and GaugéC,n) o (i,j) € L(Cag€éC,n)). Then

L(GaugéC,n)o(i,1),GaugéC,n)o (i, j)) meets LowerAr¢L(CagdC,n))).
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