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The articles [24], [28], [13], [4], [2], [27], [5], [14], [3], [25], [23], [1], [22], [9], [10], [7], [26],
[16], [11], [20], [18], [19], [6], [12], [21], [8], [15], and [17] provide the notation and terminology
for this paper.

In this papern is a natural number.
Let us note that there exists a finite sequence which is trivial.
Next we state the proposition

(1) For every trivial finite sequencef holds f is empty or there exists a setx such thatf = 〈x〉.

Let p be a non trivial finite sequence. Observe that Rev(p) is non trivial.
One can prove the following propositions:

(2) Let D be a non empty set,f be a finite sequence of elements ofD, G be a matrix over
D, and p be a set. Supposef is a sequence which elements belong toG. Then f −: p is a
sequence which elements belong toG.

(3) Let D be a non empty set,f be a finite sequence of elements ofD, G be a matrix overD,
andp be an element ofD. Supposep∈ rng f . Supposef is a sequence which elements belong
to G. Then f :− p is a sequence which elements belong toG.

(4) Let C be a compact connected non vertical non horizontal subset ofE2
T. Then

UpperSeq(C,n) is a sequence which elements belong to Gauge(C,n).

(5) Let C be a compact connected non vertical non horizontal subset ofE2
T. Then

LowerSeq(C,n) is a sequence which elements belong to Gauge(C,n).

Let C be a compact connected non vertical non horizontal subset ofE2
T and letn be a natural

number. One can verify that UpperSeq(C,n) is standard and LowerSeq(C,n) is standard.
One can prove the following propositions:

(6) Let G be a columnY-constant lineY-increasing matrix overE2
T and i1, i2, j1, j2 be

natural numbers. Suppose〈〈i1, j1〉〉 ∈ the indices ofG and 〈〈i2, j2〉〉 ∈ the indices ofG. If
(G◦ (i1, j1))2 = (G◦ (i2, j2))2, then j1 = j2.

(7) Let G be a lineX-constant columnX-increasing matrix overE2
T and i1, i2, j1, j2 be

natural numbers. Suppose〈〈i1, j1〉〉 ∈ the indices ofG and 〈〈i2, j2〉〉 ∈ the indices ofG. If
(G◦ (i1, j1))1 = (G◦ (i2, j2))1, theni1 = i2.

1This work has been partially supported by CALCULEMUS grant HPRN-CT-2000-00102.

1 c© Association of Mizar Users

http://mizar.org/JFM/Vol13/jordan1g.html


UPPER AND LOWER SEQUENCE ON THE CAGE. PART . . . 2

(16)1 Let f be a standard special unfolded non trivial finite sequence of elements ofE2
T. If

f1 6= Nmin(L̃( f )) and flen f 6= Nmin(L̃( f )) or f1 6= Nmax(L̃( f )) and flen f 6= Nmax(L̃( f )), then
(Nmin(L̃( f )))1 < (Nmax(L̃( f )))1.

(17) Let f be a standard special unfolded non trivial finite sequence of elements ofE2
T. If

f1 6= Nmin(L̃( f )) and flen f 6= Nmin(L̃( f )) or f1 6= Nmax(L̃( f )) and flen f 6= Nmax(L̃( f )), then
Nmin(L̃( f )) 6= Nmax(L̃( f )).

(18) Let f be a standard special unfolded non trivial finite sequence of elements ofE2
T. If

f1 6= Smin(L̃( f )) and flen f 6= Smin(L̃( f )) or f1 6= Smax(L̃( f )) and flen f 6= Smax(L̃( f )), then
(Smin(L̃( f )))1 < (Smax(L̃( f )))1.

(19) Let f be a standard special unfolded non trivial finite sequence of elements ofE2
T. If

f1 6= Smin(L̃( f )) and flen f 6= Smin(L̃( f )) or f1 6= Smax(L̃( f )) and flen f 6= Smax(L̃( f )), then
Smin(L̃( f )) 6= Smax(L̃( f )).

(20) Let f be a standard special unfolded non trivial finite sequence of elements ofE2
T. If

f1 6= Wmin(L̃( f )) and flen f 6= Wmin(L̃( f )) or f1 6= Wmax(L̃( f )) and flen f 6= Wmax(L̃( f )),
then(Wmin(L̃( f )))2 < (Wmax(L̃( f )))2.

(21) Let f be a standard special unfolded non trivial finite sequence of elements ofE2
T. If

f1 6= Wmin(L̃( f )) and flen f 6= Wmin(L̃( f )) or f1 6= Wmax(L̃( f )) and flen f 6= Wmax(L̃( f )),
then Wmin(L̃( f )) 6= Wmax(L̃( f )).

(22) Let f be a standard special unfolded non trivial finite sequence of elements ofE2
T. If

f1 6= Emin(L̃( f )) and flen f 6= Emin(L̃( f )) or f1 6= Emax(L̃( f )) and flen f 6= Emax(L̃( f )), then
(Emin(L̃( f )))2 < (Emax(L̃( f )))2.

(23) Let f be a standard special unfolded non trivial finite sequence of elements ofE2
T. If

f1 6= Emin(L̃( f )) and flen f 6= Emin(L̃( f )) or f1 6= Emax(L̃( f )) and flen f 6= Emax(L̃( f )), then
Emin(L̃( f )) 6= Emax(L̃( f )).

(24) LetD be a non empty set,f be a finite sequence of elements ofD, andp, q be elements of
D. If p∈ rng f andq∈ rng f andq " f ≤ p " f , then( f −: p) :−q = ( f :−q)−: p.

(25) Let C be a compact connected non vertical non horizontal subset ofE2
T and n

be a natural number. TheñL(Cage(C,n) −: Wmin(L̃(Cage(C,n)))) ∩ L̃(Cage(C,n) :−
Wmin(L̃(Cage(C,n)))) = {Nmin(L̃(Cage(C,n))),Wmin(L̃(Cage(C,n)))}.

(26) For every compact connected non vertical non horizontal subsetC of E2
T holds

LowerSeq(C,n) = (Cage(C,n) 	 Emax(L̃(Cage(C,n))))−: Wmin(L̃(Cage(C,n))).

(27) For every compact non vertical non horizontal subsetC of E2
T holds(Wmin(L̃(Cage(C,n))))"

UpperSeq(C,n) = 1.

(28) For every compact non vertical non horizontal subsetC of E2
T holds(Wmin(L̃(Cage(C,n))))"

UpperSeq(C,n) < (Wmax(L̃(Cage(C,n)))) " UpperSeq(C,n).

(29) For every compact non vertical non horizontal subsetC of E2
T holds(Wmax(L̃(Cage(C,n))))"

UpperSeq(C,n)≤ (Nmin(L̃(Cage(C,n)))) " UpperSeq(C,n).

(30) For every compact non vertical non horizontal subsetC of E2
T holds(Nmin(L̃(Cage(C,n))))"

UpperSeq(C,n) < (Nmax(L̃(Cage(C,n)))) " UpperSeq(C,n).

(31) For every compact non vertical non horizontal subsetC of E2
T holds(Nmax(L̃(Cage(C,n))))"

UpperSeq(C,n)≤ (Emax(L̃(Cage(C,n)))) " UpperSeq(C,n).

1 The propositions (8)–(15) have been removed.
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(32) For every compact non vertical non horizontal subsetC of E2
T holds(Emax(L̃(Cage(C,n))))"

UpperSeq(C,n) = lenUpperSeq(C,n).

(33) For every compact non vertical non horizontal subsetC of E2
T holds(Emax(L̃(Cage(C,n))))"

LowerSeq(C,n) = 1.

(34) For every compact connected non vertical non horizontal subsetC of E2
T holds

(Emax(L̃(Cage(C,n)))) " LowerSeq(C,n) < (Emin(L̃(Cage(C,n)))) " LowerSeq(C,n).

(35) For every compact connected non vertical non horizontal subsetC of E2
T holds

(Emin(L̃(Cage(C,n)))) " LowerSeq(C,n)≤ (Smax(L̃(Cage(C,n)))) " LowerSeq(C,n).

(36) For every compact connected non vertical non horizontal subsetC of E2
T holds

(Smax(L̃(Cage(C,n)))) " LowerSeq(C,n) < (Smin(L̃(Cage(C,n)))) " LowerSeq(C,n).

(37) For every compact connected non vertical non horizontal subsetC of E2
T holds

(Smin(L̃(Cage(C,n)))) " LowerSeq(C,n)≤ (Wmin(L̃(Cage(C,n)))) " LowerSeq(C,n).

(38) For every compact connected non vertical non horizontal subsetC of E2
T holds

(Wmin(L̃(Cage(C,n)))) " LowerSeq(C,n) = lenLowerSeq(C,n).

(39) For every compact connected non vertical non horizontal subsetC of E2
T holds

((UpperSeq(C,n))2)1 = W-bound(L̃(Cage(C,n))).

(40) For every compact connected non vertical non horizontal subsetC of E2
T holds

((LowerSeq(C,n))2)1 = E-bound(L̃(Cage(C,n))).

(41) For every compact connected non vertical non horizontal subsetC of E2
T holds

W-bound(L̃(Cage(C,n)))+E-bound(L̃(Cage(C,n))) = W-bound(C)+E-bound(C).

(42) For every compact connected non vertical non horizontal subsetC of E2
T holds

S-bound(L̃(Cage(C,n)))+N-bound(L̃(Cage(C,n))) = S-bound(C)+N-bound(C).

(43) Let C be a compact connected non vertical non horizontal subset ofE2
T and

n, i be natural numbers. If 1≤ i and i ≤ widthGauge(C,n) and n > 0, then

(Gauge(C,n)◦ (CenterGauge(C,n), i))1 = W-bound(C)+E-bound(C)
2 .

(44) Let C be a compact connected non vertical non horizontal subset ofE2
T and

n, i be natural numbers. If 1≤ i and i ≤ lenGauge(C,n) and n > 0, then

(Gauge(C,n)◦ (i,CenterGauge(C,n)))2 = S-bound(C)+N-bound(C)
2 .

(45) Let f be a S-sequence inR2 andk1, k2 be natural numbers. If 1≤ k1 andk1 ≤ len f and
1≤ k2 andk2 ≤ len f and f1 ∈ L̃(mid( f ,k1,k2)), thenk1 = 1 ork2 = 1.

(46) Let f be a S-sequence inR2 andk1, k2 be natural numbers. If 1≤ k1 andk1 ≤ len f and
1≤ k2 andk2 ≤ len f and flen f ∈ L̃(mid( f ,k1,k2)), thenk1 = len f or k2 = len f .

(47) LetC be a compact non vertical non horizontal subset ofE2
T andn be a natural number.

Then rngUpperSeq(C,n)⊆ rngCage(C,n) and rngLowerSeq(C,n)⊆ rngCage(C,n).

(48) For every compact non vertical non horizontal subsetC of E2
T holds UpperSeq(C,n) is a

h.c. for Cage(C,n).

(49) For every compact non vertical non horizontal subsetC of E2
T holds Rev(LowerSeq(C,n))

is a h.c. for Cage(C,n).

(50) LetC be a compact connected non vertical non horizontal subset ofE2
T andi be a natural

number. If 1< i andi ≤ lenGauge(C,n), then Gauge(C,n)◦ (i,1) /∈ rngUpperSeq(C,n).
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(51) LetC be a compact connected non vertical non horizontal subset ofE2
T and i be a nat-

ural number. If 1≤ i and i < lenGauge(C,n), then Gauge(C,n) ◦ (i,widthGauge(C,n)) /∈
rngLowerSeq(C,n).

(52) LetC be a compact connected non vertical non horizontal subset ofE2
T andi be a natural

number. If 1< i andi ≤ lenGauge(C,n), then Gauge(C,n)◦ (i,1) /∈ L̃(UpperSeq(C,n)).

(53) LetC be a compact connected non vertical non horizontal subset ofE2
T and i be a nat-

ural number. If 1≤ i and i < lenGauge(C,n), then Gauge(C,n) ◦ (i,widthGauge(C,n)) /∈
L̃(LowerSeq(C,n)).

(54) LetC be a compact connected non vertical non horizontal subset ofE2
T andi, j be natural

numbers. Suppose 1≤ i and i ≤ lenGauge(C,n) and 1≤ j and j ≤ widthGauge(C,n) and
Gauge(C,n)◦ (i, j) ∈ L̃(Cage(C,n)). ThenL(Gauge(C,n)◦ (i,1),Gauge(C,n)◦ (i, j)) meets
L̃(LowerSeq(C,n)).

(55) LetC be a compact connected non vertical non horizontal subset ofE2
T andn be a natural

number. Ifn> 0, then FPoint(L̃(UpperSeq(C,n)),Wmin(L̃(Cage(C,n))),Emax(L̃(Cage(C,n))),VerticalLine(W-bound(L̃(Cage(C,n)))+E-bound(L̃(Cage(C,n)))
2 ))∈

rngUpperSeq(C,n).

(56) LetC be a compact connected non vertical non horizontal subset ofE2
T andn be a natural

number. Ifn> 0, then LPoint(L̃(LowerSeq(C,n)),Emax(L̃(Cage(C,n))),Wmin(L̃(Cage(C,n))),VerticalLine(W-bound(L̃(Cage(C,n)))+E-bound(L̃(Cage(C,n)))
2 ))∈

rngLowerSeq(C,n).

(57) For every S-sequencef in R2 and for every pointp of E2
T such thatp∈ rng f holds� f , p=

mid( f ,1, p " f ).

(58) Let f be a S-sequence inR2 andQ be a closed subset ofE2
T. SupposẽL( f ) meetsQ and

f1 /∈Qand FPoint(L̃( f ), f1, flen f ,Q)∈ rng f . ThenL̃(mid( f ,1,(FPoint(L̃( f ), f1, flen f ,Q))"

f ))∩Q = {FPoint(L̃( f ), f1, flen f ,Q)}.

(59) Let C be a compact connected non vertical non horizontal subset ofE2
T and n be a

natural number. Supposen > 0. Let k be a natural number. Suppose 1≤ k and k <

(FPoint(L̃(UpperSeq(C,n)),Wmin(L̃(Cage(C,n))),Emax(L̃(Cage(C,n))),VerticalLine(W-bound(L̃(Cage(C,n)))+E-bound(L̃(Cage(C,n)))
2 )))"

UpperSeq(C,n). Then((UpperSeq(C,n))k)1 < W-bound(L̃(Cage(C,n)))+E-bound(L̃(Cage(C,n)))
2 .

(60) Let C be a compact connected non vertical non horizontal subset ofE2
T and n be a

natural number. Supposen > 0. Let k be a natural number. Suppose 1≤ k and k <

(FPoint(L̃(Rev(LowerSeq(C,n))),Wmin(L̃(Cage(C,n))),Emax(L̃(Cage(C,n))),VerticalLine(W-bound(L̃(Cage(C,n)))+E-bound(L̃(Cage(C,n)))
2 )))"

Rev(LowerSeq(C,n)). Then((Rev(LowerSeq(C,n)))k)1 < W-bound(L̃(Cage(C,n)))+E-bound(L̃(Cage(C,n)))
2 .

(61) Let C be a compact connected non vertical non horizontal subset ofE2
T and n

be a natural number. Supposen > 0. Let q be a point of E2
T. Supposeq ∈

rngmid(UpperSeq(C,n),2,(FPoint(L̃(UpperSeq(C,n)),Wmin(L̃(Cage(C,n))),Emax(L̃(Cage(C,n))),VerticalLine(W-bound(L̃(Cage(C,n)))+E-bound(L̃(Cage(C,n)))
2 )))"

UpperSeq(C,n)). Thenq1 ≤ W-bound(L̃(Cage(C,n)))+E-bound(L̃(Cage(C,n)))
2 .

(62) LetC be a compact connected non vertical non horizontal subset ofE2
T andn be a natural

number. Supposen> 0. Then(FPoint(L̃(UpperSeq(C,n)),Wmin(L̃(Cage(C,n))),Emax(L̃(Cage(C,n))),VerticalLine(W-bound(L̃(Cage(C,n)))+E-bound(L̃(Cage(C,n)))
2 )))2 >

(LPoint(L̃(LowerSeq(C,n)),Emax(L̃(Cage(C,n))),Wmin(L̃(Cage(C,n))),VerticalLine(W-bound(L̃(Cage(C,n)))+E-bound(L̃(Cage(C,n)))
2 )))2.

(63) LetC be a compact connected non vertical non horizontal subset ofE2
T andn be a natural

number. Ifn > 0, thenL̃(UpperSeq(C,n)) = UpperArc(L̃(Cage(C,n))).

(64) LetC be a compact connected non vertical non horizontal subset ofE2
T andn be a natural

number. Ifn > 0, thenL̃(LowerSeq(C,n)) = LowerArc(L̃(Cage(C,n))).
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(65) LetC be a compact connected non vertical non horizontal subset ofE2
T andn be a natural

number. Supposen > 0. Let i, j be natural numbers. Suppose 1≤ i andi ≤ lenGauge(C,n)
and 1≤ j and j ≤ widthGauge(C,n) and Gauge(C,n) ◦ (i, j) ∈ L̃(Cage(C,n)). Then
L(Gauge(C,n)◦ (i,1),Gauge(C,n)◦ (i, j)) meets LowerArc(L̃(Cage(C,n))).
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