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The articles([18],[12],[4],[[3],[[21],[5], [[12],[[18],[[15],[[1/7],[[12],11],[16][8],[[9],.[6],[[20],[]10],
[13], [14], and [7] provide the notation and terminology for this paper.

1. PRELIMINARIES

In this papemn denotes a natural number.
The following propositions are true:

(1) For every non empty subsétof z% and for every compact subsénf z% suchthaX CY
holds N-boun¢X) < N-boundY).

(2) For every non empty subsétof E% and for every compact subsébf Z% suchthak CY
holds E-boun@X) < E-boundY).

(3) For every non empty subsétof @% and for every compact subséof Z% suchthaX CY
holds S-boun(X) > S-boundY).

(4) For every non empty subsétof E% and for every compact subséof Z% suchthaX CY
holds W-boun@X) > W-boundY).

(5) Letf, gbe finite sequences of elementsZ#. Suppose is in the area ofy. Let p be an
element ofE% If perngf,thenf —: pisin the area o§.

(6) Letf, gbe finite sequences of elements#. Suppose is in the area ofy. Let p be an
element ofz%. If perngf,thenf:— pisinthe area o§.

(7) For every non empty finite sequentef elements oft2 and for every poinp of 2 such
thatp € £(f) holds| p, f # 0.

(8) Letf be anonempty finite sequence of elemenlﬁﬁ)fandp be a point ofE%. If pe Z(f)
andlen f,p> 2 thenf(1) € L(] f,p).

(9) Letf be anon empty finite sequence of elementgjé.f Supposef is a special sequence.
Let p be a point of£2. If pe L(f), thenf(1) ¢ L(mid(f,Index(p, f)+1,lenf)).

(10) For all natural numbeitis j, m, n such thai + j = m+nandi < mandj < nholdsi =m.

(11) Letf be a non empty finite sequence of element&pf Suppose is a special sequence.
Let p be a point of£2. If pe L(f)andf(1) € L(| p, f), thenf(1) = p.
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2. ABOUT UPPER ANDLOWER SEQUENCE OF ACAGE

Let C be a compact non vertical non horizontal subse£@fand letn be a natural number. The
functor UpperSe(, n) yielding a finite sequence of eIementstﬁ is defined by:

(Def. 1) UpperSeff, n) = (CagéC,n) © Wiin(ZL(CageC,n)))) —: Emax(L(CageC,n))).
Next we state the proposition

(12) For every compact non vertical non horizontal sub€etof Z2 and for every
natural numbern holds lenUpperSe@,n) = (Emax(L(Cag€C,n)))) <P (CageC,n) O

LetC be a compact non vertical non horizontal subseEpfind letn be a natural number. The
functor LowerSe¢C, n) yields a finite sequence of elementsZf and is defined as follows:

(Def. 2) LowerSe(C,n) = (CagéC,n) & Wmin(L(CagéC,n)))):— Emax(L(CagdC,n))).
We now state the proposition

(13) Let C be a compact non vertical non horizontal subsetﬁ and n be a nat-
ural number. Then lenLowerS@gn) = (len(CageC,n) © Wmin(L(CagdC,n)))) —
(Emax(L(CageC,n)))) < (CageC,n) O Wmin(L(CagéC,n))))) + 1.

LetC be a compact non vertical non horizontal subsefptind letn be a natural number. Note
that UpperSe(C, n) is non empty and LowerS€g, n) is non empty.

LetC be a compact non vertical non horizontal subsetptind letn be a natural number. One
can verify that UpperSé€@, n) is one-to-one, special, unfolded, and s.n.c. and LowefSe) is
one-to-one, special, unfolded, and s.n.c..

The following propositions are true:

(14) For every compact non vertical non horizontal suﬁ&mﬁ@% and for every natural number
n holds len UpperSeg, n) +lenLowerSe¢C, n) = lenCagéC,n) + 1.

(15) For every compact non vertical non horizontal suﬁsazltf% and for every natural number
n holds CagéC,n) © Wnin(L(CagdC,n))) = UpperSe¢C,n) ~~ LowerSedC,n).

(16) For every compact non vertical non horizontal sub‘smzltf% and for every natural number
nholds £(Cag€C,n)) = £L(UpperSe¢C,n) ~ LowerSedC,n)).

(17) For every compact non vertical non horizontal non empty subs#tZ2 and for every
natural numben holds £(CagéC,n)) = L(UpperSedC,n)) U L(LowerSedC,n)).

(18) For every simple closed curiholds Whn(P) # Emin(P).

(19) For every compact non vertical non horizontal suﬁaﬂtf% and for every natural number
n holds lenUpperS€€,n) > 3 and lenLowerSee, n) > 3.

LetC be a compact non vertical non horizontal subseEpfand letn be a natural number. One
can verify that UpperS€@, n) is special sequence and Lower8eq) is special sequence.
One can prove the following propositions:

(20) For every compact non vertical non horizontal suﬁaezltf% and for every natural number
nholdsZ (UpperSe¢C.n)) N Z(LowerSeqC. n) = { Wiin(Z(CageC, n))), Emax(L(CagéC,n)))}.

(21) For every compact non vertical non horizontal sulkset z% holds UpperSe@, n) is in
the area of Cagé€, n).

(22) For every compact non vertical non horizontal suliset E% holds LowerSe((,n) is in
the area of Cag€, n).
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(23) For every compact connected non vertical non horizontal suBsef Z2 holds

((Cag€éC,n))2)» = N-bound £(CagéC,n))).

(24) LetC be a compact connected non vertical non horizontal subs?e‘% aindk be a natural

number. If 1< k andk+ 1 < len Cag¢C, n) and(CageC,n) )y = Emax(£(CagéC,n))), then
((CagdC,n))k+1)1 = E-bound L(CageC,n))).

(25) LetC be a compact connected non vertical non horizontal subs?e“% aihdk be a natural

number. If 1< k andk+ 1 < lenCaggC, n) and(CageC, n))x = Smax(L(CagdC,n))), then
((CagéC,n))k.1)2 = S-bound Z(CagdC,n))).

(26) LetC be a compact connected non vertical non horizontal subs.EfFZ aihdk be a natural
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number. If 1< kandk+1 < lenCagéC, n) and(CagéC, n))x = Wmnin(L(CagéC,n))), then
((CageC.n))k;1)1 = W-bound Z(CageC. n))).
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