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1. PRELIMINARIES

For simplicity, we follow the rulesa, b, i, k, m, n denote natural numbens,s denote real numbers,
D denotes a non empty subseﬂq?, andC denotes a compact connected non vertical non horizontal

subset ofE2.
We now state the proposition

(1) Forall setd\, B such that for every satsuch thak € Athere exists a s&t such thak C B
andx C UK holds| JAC UB.

Let mbe an even integer. Note that+ 2 is even.

Let mbe an odd integer. One can verify tmat- 2 is odd.

Let mbe a non empty natural number. One can check thas 2ven.

Let n be an even natural number andhebe a non empty natural number. One can verify that
n™is even.

One can prove the following propositions:

(2) Ifr#0,thent.rtt=rl

(3) If Lisaninteger, ther|L] = [ |+ 1.

(4) If {isaninteger, then[{] = |5 ].

(—=k=+=n)+1.

(5) If n>0andkmodn # 0, then— (k- n)
—k-=n.

(6) If n>0andkmodn= 0, then—(k+n)

2. GAUGES AND CAGES

Next we state a number of propositions:

(7) If2<mandm<lenGaugéD,i) and 1< a anda < lenGaugé¢D, i) and 1< b andb <
lenGaugéD, i+ 1), then(GaugéD,i) o (m,a)); = (GaugéD,i+1)o (2-m—'2 b));.
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(8) If2<nandn<lenGaugéD,i) and 1< a anda < lenGaugéD,i) and 1< b andb <
lenGaugéD, i+ 1), then(GaugéD, i) o (a,n)), = (Gaug€D,i+1)o(b,2-n—'2)),.

(9) Let D be a compact non vertical non horizontal subseE@f Suppose X m and
m+1 < lenGaugéD, i) and 2< nandn+1 < lenGaugéD, i). Then cel(GaugégD,i),m n) =
cell(GaugéD,i + 1),2-m—'2,2-n—'2) U cell(GaugéD,i + 1),2- m—"12-n—'2) U
cel(GaugéD,i+1),2-m—'2,2-n—"1) Ucell(GaugéD,i+1),2-m—"1,2-n—"1).

(10) LetD be a compact non vertical non horizontal subsetEgfandk be a natural num-
ber. Suppose £ mandm+ 1 < lenGaugéD,i) and 2< n andn+ 1 < lenGaugéD,i).
Then cel(GaugéD, i), m n) = J{cell(Gaugg¢D,i +k),a,b);a ranges over natural numbers,
b ranges over natural number@<- m—2t1) t2<a A a< (2m-2+1 A (2X-n-
21 412<b A b<(2Kn-2¢41}.

(11) There exists a natural numbiesuch that 1< i andi < lenCagé¢C,n) and Nnax(C) €
right cell(Cag€C,n),i, GaugéC,n)).

(12) There exists a natural numbiesuch that 1< i andi < lenCagéC,n) and Nnax(C) €
rightcell(CageC,n),i).

(13) There exists a natural numbesuch that 1< i andi < lenCagé¢C,n) and Ein(C) €
right_cell(Cag€C,n),i, GaugéC,n)).

(14) There exists a natural numbiesuch that 1< i andi < lenCagé¢C,n) and Ein(C) €
rightcell(CagéC,n),i).

(15) There exists a natural numbiesuch that 1< i andi < lenCagéC,n) and Enax(C) €
right cell(CagéC,n),i, GauggC,n)).

(16) There exists a natural numbiesuch that 1< i andi < lenCag¢C,n) and Enax(C) €
rightcell(CagdC,n),i).

(17) There exists a natural numbiesuch that 1< i andi < lenCagéC,n) and Sn(C) €
right cell(Cag€C,n),i, GaugéC,n)).

(18) There exists a natural numbiesuch that 1< i andi < lenCagéC,n) and $in(C) €
rightcell(Cag€éC,n),i).

(19) There exists a natural numbiesuch that 1< i andi < lenCagéC,n) and $x(C) €
right cell(Cag€C,n),i,GaugéC,n)).

(20) There exists a natural numbiesuch that 1< i andi < lenCagéC,n) and $,ax(C) €
rightcell(CagéC,n),i).

(21) There exists a natural numbiesuch that 1< i andi < lenCagé€C,n) and Wyn(C) €
right cell(Cag€C,n),i, GaugéC,n)).

(22) There exists a natural numbiesuch that 1< i andi < lenCagé€C,n) and Wyn(C) €
rightcellCagdC,n),i).

(23) There exists a natural numbiesuch that 1< i andi < lenCagéC,n) and Whax(C) €
right cell(Cag€C,n),i, GaugéC,n)).

(24) There exists a natural numbiesuch that 1< i andi < lenCagéC,n) and Whax(C) €
rightcell(Cag€éC,n),i).

(25) There exists a natural number such that 1< i and i < lenGaugéC,n) and
Nmin(L(CagéC,n))) = GaugéC,n) o (i, width GaugéC,n)).

(26) There exists a natural number such that 1< i and i < lenGaugéC,n) and
Nmax(L£(CagéC,n))) = GaugéC,n) o (i, width GaugéC, n)).
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(27) There exists a natural numbesuch that 1< i andi < lenGaugéC,n) and GaugéC,n) o

(i,widthGaugéC,n)) € rng CagéC,n).

(28) There exists a natural numbgr such that 1< j and j < widthGaugéC,n) and

Emin(Z(CagQC, n))) = GaugéC,n) o (lenGaugéC,n), j).

(29) There exists a natural numbgr such that 1< j and j < widthGaugéC,n) and

Emax(L(CagéC,n))) = GaugéC,n) o (len GaugéC, n), ).

(30) There exists a natural numbgr such that 1< j and j < widthGaugéC,n) and

GaugéC,n) o (lenGaugéC,n), j) € rngCagéC,n).

(31) There exists a natural numbeér such that 1< i and i < lenGaugéC,n) and

Smin( Z(CagdC, ) = GaugeC,n) o (i, 1),

(32) There exists a natural number such that 1< i and i < lenGaugéC,n) and

Smax(L(CagdC,n))) = GaugéC,n)o (i, 1).

(33) There exists a natural numbesuch that 1< i andi < len GaugéC,n) and GaugéC,n) o

(i,1) e rngCagéC,n).

(34) There exists a natural numbgr such that 1< j and j < widthGaugéC,n) and

Winin(Z(CageC,n))) = GaugeC,n)o (1, j).

(35) There exists a natural numbgr such that 1< j and j < widthGaugéC,n) and

Wnax(L(CagéC,n))) = GaugéC,n)o (1, ]).

(36) There exists a natural numbgr such that 1< j and j < widthGaugéC,n) and
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GaugéC,n)o (1, ) € rngCagé¢C,n).
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