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The articles([24],[12]7],[12],[[12],[126],[125],[11],[14],[1213],[128],[12171,.16],.123],.[3],.122] . 19],.[10],
(5], [24], [11], [20], [7], [21], [19], (8], [15], [18], and [16] provide the notation and terminology
for this paper.

We use the following conventiol€ is a simple closed curve, j, n are natural numbers, an
is a point of £2.

We now state a number of propositions:

(ZH If (i, j) € the indices of Gaud€,n) and (i + 1, j} € the indices of Gaud€,n), then
p(GaugeC,n)o(1,1), GaugeC,n)o(2,1)) = (GaugeC,n)o (i+1,j))1— (GaugeC,n)o (i, j))1.

(3) If (i, j) € the indices of Gaud€,n) and (i, j + 1) € the indices of Gaud€,n), then
p(GaugéC,n)o(1,1), GaugeC,n)o(1,2)) = (GaugeC,n)o (i, j +1))2— (GaugeC,n) o (i, j))2.

(4) For every subsed of Z% such thaSis Bounded holds profiSis bounded.

(5) LetC; be a non empty compact subset ﬁ? and C,, S be non empty subsets of
Z%. If S=CyUC; and projEC; is non empty and lower bounded, then W-bo(8)d=
min(W-boundC;), W-boundC,)).

(6) For every subsexX of Z% such thatp € X andX is Bounded holds W-bouri{) < p; and
p1 < E-boundX) and S-boun(X) < p, andp, < N-boundX).

(7) pe WestHalflinep andp € EastHalflingp andp € NorthHalflinep andp € SouthHalflinep.
(8) WestHalflingp is non Bounded.
(9) EastHalfling is non Bounded.

(10) NorthHalflinep is non Bounded.

(11) SouthHalfling is non Bounded.

LetC be a compact subset m% One can verify that UBIZ is non empty.
The following propositions are true:

(12) For every compact subgef 7;% holds UBDC is a component oE°.

1This work has been partially supported by CALCULEMUS grant HPRN-CT-2000-00102.
1 The proposition (1) has been removed.
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(13) LetC be a compact subset @ andW be a connected subset®#. If Wy is non Bounded
andW; misse<C, thenW; C UBDC.

(14) For every compact subggtof 'E% and for every pointp of ‘L‘% such that WestHalflinp
misse<C holds WestHalflingpg C UBDC.

(15) For every compact subsgtof E% and for every pointp of z% such that EastHalfling
misse<C holds EastHalflinp C UBDC.

(16) For every compact subggtof Z% and for every poinp of E% such that SouthHalfling
misse<C holds SouthHalfling C UBDC.

(17) For every compact subsétof £2 and for every poinp of £2 such that NorthHalfling
misse<C holds NorthHalflingp C UBDC.

(18) For every compact subs&@ of £2 such that BDOC # 0 holds W-boundC) <
W-boundBDDC).

(19) For every compact subs&@ of E2 such that BDOT # 0 holds E-boun¢C) >
E-boundBDDC).

(20) For every compact subs@ of Z£2 such that BDOC # O holds S-bounfC) <
S-boundBDDC).

(21) For every compact subs& of Z% such that BDOC # 0 holds N-boundC) >
N-boundBDDC).

(22) LetC be a compact non vertical subsetfﬁf: and| be an integer. Ifp € BDDC and

_ p1—W-boundC)
I = |-E-bou1ndC)—W-bounc{C) -2"+2], then 1<1.

(23) LetC be a compact non vertical subset®f and| be an integer. Ifp € BDDC and

—W-boundC
| = LE_bozth)7WP&ude) 2"+ 2], thenl +1 < lenGaugéc, n).

(24) LetC be a compact non horizontal subsetﬁ andJ be an integer. lijp € BDDC and
J= LN-boﬂznZ(Séf’fg?&?nqc> .2"4 2], then 1< J andJ + 1 < width GaugéC, n).

(25) For every integet such thatl = LE_boﬂln’d\'Cv)'ES\‘f&%dc) -2" 4 2| holds W-boundC) +
-b ~W-b
E ouno{C)Zryv oundC) -(I - 2) <p.

(26) For every integerrsuch that = | P WboundC)___ . on 4 5| holdsp, < W-boundC) +

E-boundC)—W-boundC)
E-boundC)—-W-boundC) (l . 1)
2n :

(27) For every integed such thatd = LN_boﬂzn}(SC')bng&?ndc) .2"+ 2] holds S-boun(C) +

N-boundC)Z;S'boundC) -(3-2) < p2.

(28) For every integed such thatl = LN_bO’ffrﬁi')bfg_”&?ndC) -2" 4+ 2] holdsp; < S-boundC) +
N-boundC)—S-boundC) (J . 1)
P :

(29) LetC be a closed subset tﬁ% and p be a point of£2. If p € BDDC, then there exists a
real number such thatr > 0 and Bal(p,r) C BDDC.

(80) Let p, q be points of Z% and r be a real number. SupposgGauggC,n) o
(1,1),GaugéC,n) o (1,2)) < r andp(Gaugé€C,n) o (1,1), GaugéC,n) o (2,1)) <r andp €
cell(GaugéC,n),i, j) andq € cell(GaugéC, n),i, j) and 1<iandi+1 < len GaugéC, n) and
1< jandj+1<widthGaug€¢C,n). Thenp(p,q) < 2-r.

(31) For every compact subgetbof £2 such thatp € BDDC holdsp; # N-boundBDDC).
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(32) For every compact subgetbf £2 such thatp € BDDC holdsp; # E-boundBDDC).

(33) For every compact subgebf £2 such thatp € BDDC holdsp; # S-boundBDDC).

(34) For every compact subgetbf £2 such thatp € BDDC holdsp; # W-boundBDDC).

(35) Suppose € BDDC. Then there exist natural numbemsi, j such that 1< i andi <

lenGaugéC,n) and 1< j and j < widthGaugéC,n) and p; # (Gaugé€C,n)o (i, j)); and
p € cell(Gaugé€C,n),i, j) and cel(GaugéC,n),i, j) C BDDC.

(86) For every subsél of E% such thatC is Bounded holds UBR is hon empty.
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