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1. PRELIMINARIES

For simplicity, we follow the rulest, iy, iz, j, j1, j2, kK, m, n, t are natural numberg is a non empty
subset of£2, E is a compact non vertical non horizontal subsefgf C is a compact connected
non vertical non horizontal subsetﬁf?, Gis a Go-bhoardp, g, x are points on%, andr, sare real
numbers.

Next we state several propositions:

(1) For all real numbersy, s3, 4, | such thats; < s3 ands; < 4 and 0<| andl < 1 holds
si<(1-1)-s3+1-s4.

(2) For all real numbersy, s3, S4, | such thatss < s andsy < 55 and 0<| andl < 1 holds
(1-1)-ss+l-s4<s1.

(3) Ifn>0,thenm"modm=0.

(4) If j >0andimodj =0, theni+ j = %.

(5) Ifn>0, theni“+i:$.

(6) IfO<nandl<r, thenl<r".

(7) Ifr>21landm> n,thenr™>r".

(8) LetT be a non empty topological spackbe a subset of, andB, C be subsets of.
SupposeA is connected an@ is a component oB andA meetsC andA C B. ThenAC C.

Let f be a finite sequence. The functor Ceritgrelding a natural number is defined by:
(Def. 1) Centef = (lenf +2)+1.

The following two propositions are true:
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(9) For every finite sequendesuch that lerf is odd holds lerf = 2- Centerf — 1.

(10) For every finite sequendesuch that lerf is even holds lefi = 2- Centerf — 2.

2. SOME SUBSETS OF THEPLANE
One can verify the following observations:

x there exists a subset @ which is compact, non vertical, non horizontal, and non empty
and satisfies conditions of simple closed curve,

x there exists a subset Gi% which is compact, non empty, and horizontal, and
x there exists a subset Gi% which is compact, non empty, and vertical.
The following propositions are true:
(11) If p € Nmost D), thenp, = N-boundD).
(12) If p € EmostD), thenp; = E-boundD).
(13) If p € Smos(D), thenp, = S-boundD).
(14) If p€ Wmost(D), thenp; = W-boundD).
(15) For every subsd@ of £2 holds BDDD misseD.

(16) For every non empty subs8tof £2 satisfying conditions of simple closed curve holds
LowerArc(S) C Sand UpperAr¢S) C S

(17) p e VerticalLineg(py).

(18) [r,9 € VerticalLing(r).

(19) For every subset of £2 such thatA C VerticalLing(s) holdsA is vertical.
(20) proj2(r,s) = sand proji[r,s)) =.

(21) If p1 =gz andr € [proj2(p), proj2(q)], then[ps,r] € L(p,q).

(22) If p2 =gz andr € [proj1(p), proj1(q)], then[r, pz] € L(p,q).

(23) If p € VerticalLing(s) andq € VerticalLine(s), then£L(p,q) C VerticalLing(s).

Let She a non empty subset (ﬁ% satisfying conditions of simple closed curve. One can verify
that LowerArdS) is non empty and compact and Upperf8gis non empty and compact.
We now state several propositions:

(24) For all subseta, B of E% such thatA meetsB holds proj2 A meets proj2B.

(25) For all subset®, B of Z£2 such thatA missesB and A C VerticalLing(s) and B C
VerticalLing(s) holds proj2 A misses proj2B.

(26) For every closed subsgbf E% such thatSis Bounded holds profSis closed.
(27) For every subs& of T;% such thaSis Bounded holds profSis bounded.
(28) For every compact subsebf Z% holds proj2 Sis compact.
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In this article we present several logical schemes. The schi&SeibsetEdeals with a natural
number4 and a unary predicat®, and states that:
There exists a subsatof Eﬁ such that for every poinp of zrﬂ holdsp € Aiff P[p]
for all values of the parameters.
The schem@RSubsetUnigleals with a natural numbet and a unary predicat@, and states
that:
LetA, B be subsets of;. Suppose for every poimtof Z7' holdsp € Aiff ?[p] and
for every pointp of £ holdsp € Biff 2[p]. ThenA=B
for all values of the parameters.
Let p be a point of’E%. The functor NorthHalfling yields a subset dE% and is defined by:

(Def. 2) For every poink of z% holdsx € NorthHalflinep iff x; = p1 andx, > p».
The functor EastHalflinp yielding a subset oﬁ% is defined as follows:
(Def. 3) For every poink of £2 holdsx € EastHalflingp iff x; > p; andx; = ps.
The functor SouthHalflinp yielding a subset oE% is defined as follows:
(Def. 4) For every poink of z% holdsx € SouthHalfling iff x; = p1 andx, < p».
The functor WestHalfling yields a subset 0E$ and is defined as follows:
(Def. 5) For every poink of £2 holdsx € WestHalflingp iff x; < p; andx = pz.
The following propositions are true:
(29) NorthHalflinep = {q; q ranges over points df%: aL=p1 A > p2}
(30) NorthHalflinep = {[py,r];r ranges over elements Bf. r > py}.
(31) EastHalfling = {q; q ranges over points df,%: gL > p1 A O = P2}
(32) EastHalfling = {[r, p2];r ranges over elements Bf r > p; }.
(33) SouthHalflingp = {q; g ranges over points cit:%: Q=p1 A G<p2t
(34) SouthHalfling = {[ps,r];r ranges over elements Bf r < py}.
(35) WestHalflingp = {q; g ranges over points cﬁ;%: gL < p1 A Gz = p2}-
(36) WestHalflingp = {[r, p2];r ranges over elements Bf r < p; }.
Let p be a point of‘E%. One can verify the following observations:
x NorthHalflinep is non empty and convex,
x EastHalflingp is non empty and convex,
*  SouthHalflingp is non empty and convex, and

x  WestHalflinep is non empty and convex.

3. GOBOARDS

The following propositions are true:

(37) If1<iandi<lenG and 1< j andj < widthG, thenGo (i,j) € L(Go (i,1),Go
(i,widthG)).

(38) Ifi1<iandi<lenGand 1< jandj <widthG,thenGo(i,]) e L(Go(1,]),Go(lenG,j)).

(39) If1<jjandj; <widthGand 1< jp andj, <widthGand 1<i; andi; <ip andi; <lenG,
then(Go (i1, j1))1 < (Go(iz, j2))1-
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(40) If1<ijandi; <lenGand 1<i,andip <lenGand 1< j; andj; < j2 andjz < widthG,
then(Go (i1, j1))2 < (Go iz, j2))2-

(41) Letf be a non constant standard special circular sequence. Supmasequence which
elements belong t& and 1<t andt < lenG. Then(Go (t,widthG)), > N-bound L(f)).

(42) Letf be anon constant standard special circular sequence. Supgaesequence which
elements belong t6 and 1<t andt < widthG. Then(Go (1,t)); < W-bound £(f)).

(43) Letf be anon constant standard special circular sequence. Supaaequence which
elements belong t& and 1<t andt < lenG. Then(Go (t,1)), < S-bound(f)).

(44) Letf be a non constant standard special circular sequence. Supaasequence which
elements belong t& and 1<t andt < widthG. Then(Go (lenG,t))1 > E-bound L(f)).

(45) Ifi <lenGandj < widthG, then cel(G,i, j) is non empty.
(46) Ifi <lenGandj < widthG, then cel(G,i, j) is connected.
(47) Ifi <lenG, then cel(G,i,0) is not Bounded.

(48) Ifi <lenG, then cel(G,i,widthG) is not Bounded.

4. GAUGES
Next we state a number of propositions:
(49) widthGaugéD,n) = 2"+ 3.
(50) Ifi< j,thenlenGaug®,i) < lenGaugéD, j).
(51) Ifi<j, thenlenGaug®,i) <lenGaugéD, j).

(52) Ifm<nand 1<iandi < lenGaugéD,m), then 1< 2"'M.(i—2)+2and 2™ (i—2) +
2 < lenGaugé¢D, n).

(53) Ifm<nand 1<iandi < widthGaugéD,m), then 1< 2""™. (i—2)+2and 2-'™. (i —
2) 4+ 2 < widthGaugéD, n).

(54) Supposen<nand 1< i andi < lenGaugéD,m) and 1< j andj < widthGaug¢D, m).
Letis, j1 be natural numbers. f = on-'m. (i—-2)+2andj; = on-'m. (j—2)+2, then
GauQéDv m) © (Iv J) = GauQéDv n) © (ila Jl)

(55) lfm<nand1<iandi+1< lenGaugéD,m), then 1< 2"'™.(i—1)+2and 2-'™. (i —
1) +2<lenGaugéD,n).

(56) Ifm<nand 1< i andi+ 1 < widthGaugéD,m), then 1< 2"'™. (i—1)+2 and 2-'™.
(i—1)+2 < widthGaugéD, n).

(57) If 1 <i andi < lenGaugéb,n) and 1< j and j < lenGaugéD,m) and n >
0 andm >0 or n=0 and m = 0, then (GaugéD,n)o (CenterGaugé®,n),i)); =
(GaugéD, m) o (Center Gaugé, m), j))1.

(58) If 1 <i andi < lenGaugéD,n) and 1< j and j < lenGaugéD,m) and n >
0 andm> 0 or n=0 and m = 0, then (Gaugé¢D,n)o (i,CenterGaugé®,n))), =
(GaugéD, m) o (j,Center Gaugd, m))),.

(59) If 1 <i andi < lenGaugéC,1), then (GaugéC,1)o (CenterGauge,1),i))1 =
W-boundC)+E-boundC)
> .

(60) If 1 <i and i < lenGaugéC,1), then (GaugéC,1)o (i,CenterGauge,1))), =
S-boundC)+N-boundC)
2
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(61) If1<iandi <lenGaug¢E,n) and 1< j and j < lenGaug¢E,m) andm < n, then
(GauggE, n) o (i,len GaugéE, n))), < (GaugeE, m) o (j,len Gaugee, m))..

(62) If1<iandi <lenGaug¢E,n) and 1< j and j < lenGaugéE,m) andm < n, then
(GaugéE,n) o (lenGaugéE, n),i))1 < (Gaug€E, m) o (len GaugéE, m), j));.

(63) If1<iandi <lenGaugéE,n) and 1< j and j < lenGaugéE,m) andm < n, then
(GaugéE,m)o(1,]))1 < (Gauge€E,n)o (1,i));.

(64) If1<iandi <lenGaugéE,n) and 1< j and j < lenGaugéE,m) andm < n, then
(GaugeE,m)o (j,1))2 < (Gaug€E,n)o (i,1))..

(65) If 1 < m and m < n, then L(Gaug€E,n) o (CenterGaugge,n), 1), Gaug€E,n) o
(CenterGaugeE, n),lenGaugé€E, n))) C L(Gaug€E, m)o (Center Gaugde, m), 1), GaugéE, m)o
(Center Gaugée, m),len Gaugég, m))).

66) If 1<mandm<nand 1< j and j < widthGaug¢E,n), then L(Gaug€E,n) o
(CenterGaugee, n), 1), Gaug€E, n) o (Center Gaugie, n), j)) C L(Gaug€E, m)o (Center Gaugee, m), 1), GaugeE,
(CenterGaugee, n), j)).

67) If1<mandm<nand 1< j and j < widthGaug¢E,n), then £(Gaug¢E,m) o
(Center Gauges, m), 1), Gaug€E, n) o (Center Gauge, n), j)) C L(GaugeéE, m)o (Center Gauges, m), 1), GaugeE
(Center Gaugde, m),len GaugéEg, m))).

(68) Supposem < n and 1< i andi+1 < lenGaugéE,m) and 1< j and j+1<
width GaugéE, m). Let iz, j1 be natural numbers. Suppos& 2. (i —2)+2 < i; and
ip<2™M. (i—1)+2and 2™ (j—2)+2< j; and jp < 2™'™.(j —1)+2. Then
cell(GaugéE, n),i1, j1) C cell(GaugéE, m),i, j).

(69) Supposen<nand 3<iandi <lenGaug¢E, m) and 1< j andj+ 1 < width GaugéE, m).
Letis, j; be natural numbers. i =2""™.(i—2)+2 andj; = 2™ (j —2) + 2, then
cell(GaugéE,n),i1 —'1, j1) C cell(GaugéE, m),i —'1, j).

(70) For every compact non vertical non horizontal suiset £2 such that < len GaugéC, n)
holds cel(GaugéC,n),i,0) C UBDC.

(71) For every compact non vertical non horizontal suﬁam‘tf% such that < lenGaugéE, n)
holds cel(Gaug€E, n),i,widthGaug€E,n)) C UBDE.

5. CAGEsS
We now state a number of propositions:
(72) If p e C, then NorthHalflingp meetsZ(CagéC,n)).
(73) If peC, then EastHalfling meetsZ(CagQC, ny).
(74) If peC, then SouthHalfling meetsZ(Cage{C, n).

(75) If p € C, then WestHalfling meetsZ(Cage{C, n).

(76) There exisk, t such that < k andk < lenCagéC, n) and 1<t andt < width GaugéC, n)
and(CagéC,n))x = GaugéC,n)o (1,t).

(77) There exisk, t such that 1< k andk < lenCagé¢C,n) and 1<t andt < lenGaugéC,n)
and(CagéC,n))x = GaugéC,n)o (t,1).

(78) There exisk, t such that < k andk < lenCagéC, n) and 1<t andt < width GaugéC, n)
and(Cag€C,n))x = GaugéC,n) o (lenGaugéC, n),t).
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(79) If1<kandk<lenCagéC,n) and 1<t andt < lenGaugéC,n) and (Cage&C,n))x =
GaugéC, n) o (t,width GaugéC, n)), then(CagéeC, n))x € Nmost L(CageC,n))).

(80) If1<kandk <lenCag¢C,n) and 1<t andt < widthGaugé¢C,n) and(Cag€C,n))i =
GaUQéCa n) © (lat)a then(cagéc7 n))k € WmOS&L(Cagécv n)))

(81) If 1<kandk<lenCagéC,n) and 1<t andt < lenGaugeC,n) and (CageC,n))x =
GaugéC,n)o (t,1), then(CageC,n))k € Smosi L(CageéC,n))).

(82) If1<kandk <lenCaggC,n) and 1<t andt < width GaugéC,n) and(CageC,n))x =
GaugéC,n) o (lenGaugéC,n),t), then(CageC,n))x € Emosi L(CagéC,n))).

= E-b C)—W-b C
(83) W-boundZ(CagéC,n))) = W-boundC) — EboundC)_N-boundC)

~ N-boundC)—S-boundC
(84) S-boundZ(CagéC,n))) = S-boundC) — N-boundC) -ShoundC)

(85) E-boundZ(CagdC,n))) = E-boundC) 4 E-boundC)W-boundC)

(86) N-boundL(CagéC,n)))+S-boundZ(CagéC,n))) = N-bound £(CageC,m)))+S-boundL(CageC,m))).
(87) E-boundZ(CagéC,n)))+W-bound Z(CagéC,n))) = E-bound £(CagéC,m)))+W-bound £(CageC,m))).
(88) Ifi < j,then E-boundZ(CagéC, j))) < E-bound £(CageC,i))).

(89) Ifi < j, then W-boundZ(CagéC,i))) < W-bound £(CagéC, j))).

(90) Ifi < j,then S-boun(iL(CagéC,i))) < S-boundL(CageC, j))).

(91) If1<iandi<lenGaugéC,n), then N-boundZ(CageC,n))) = (GaugéC,n) o (i,len GaugéC,n)))a.
(92) If1<iandi<lenGaugéC,n), then E-boundZ(CagdC,n))) = (GaugéC,n) o (len GaugéC,n), i));.
(93) If1<iandi <lenGaugéC,n), then S-bounflL (CagéC,n))) = (GaugéC,n)o (i,1))..

(94) 1f1<iandi <lenGaugéC,n), then W-boundZ(CagéC,n))) = (GaugéC,n)o (1,i)).

(95) If xe Candp e NorthHalflinexn £(CagéC, n)), thenp, > X,.

(96) If x € C andp € EastHalflinexn £(CagéC,n)), thenpy > x1.

(97) IfxeCandp e SouthHalflinexn £(CagéC, n)), thenp, < x,.

(98) Ifxe Candp e WestHalflinexn Z(CagQC, n)), thenp; < x;.

(99) If x € Nmost(C) and p € NorthHalflinex and 1< i andi < lenCag€C,n) and p €
L(Cag€C,n),i), thenL(Cag€C,n),i) is horizontal.

(100) If x € Emos(C) and p € EastHalflinex and 1< i and i < lenCag¢C,n) and p €
L(CagédC,n),i), thenL(CagdC,n),i) is vertical.

(101) If X € Smos(C) and p € SouthHalflinex and 1< i andi < lenCag¢C,n) and p €
L(CagdC,n),i), thenL(Cag€C,n),i) is horizontal.

(102) If x € WnosfC) and p € WestHalflinex and 1< i andi < lenCagéC,n) and p €
L(CagdC,n),i), thenL(CagdC,n),i) is vertical.

(103)  Ifxe Nmost(C) andp € NorthHalflinexn £(CagéC, n)), thenp, = N-bound £(CagéC,n))).
(104)  Ifx € Emost(C) andp € EastHalflinex £(CagéC, n)), thenp; = E-bound £(CagéC, n))).

(105)  Ifx € Smos(C) andp € SouthHalflinexn £(CagéC, n)), thenp, = S-bound £(CagéC,n))).
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(106)  Ifx € Wiost(C) andp € WestHalflinexn £(CagéC, n)), thenp; = W-bound £(CagégC, n))).

(107) If x € Nmost(C), then there exists a poinp of E% such that NorthHalfling N
L(CagdC.n)) = {p}.

(108)  Ifx € Emost(C), then there exists a poiptof 2 such that EastHalflinen L(CagéC,n)) =
{p}.

(109) If x € SmostC), then there exists a poinp of ‘L‘% such that SouthHalflimren
L(CagdC.n)) = {p}.

(110) If X € Wnost(C), then there exists a poinp of E% such that WestHalflinen
L(CagdC,n)) = {p}.
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