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In this papemn denotes a natural number.

Let C be a simple closed curve. The functor UpperA@ryields a sequence of subsets of the
carrier of £2 and is defined as follows:

(Def. 1)  For every natural numbeholds(UpperAppfC))(i) = UpperArq L (CagéC,i))).

The functor LowerApp(C) yielding a sequence of subsets of the carrieEpfs defined as follows:

(Def. 2) For every natural numbeholds(LowerAppr(C))(i) = LowerArc(L(Cag€C,i))).
LetC be a simple closed curve. The functor NorthfG¢ yielding a subset of? is defined by:
(Def. 3) NorthArdC) = Li UpperAppr(C).
The functor SouthAr(C) yields a subset of2 and is defined by:
(Def. 4) SouthAr¢C) = Li LowerAppr(C).

We now state a number of propositions:
(1) For all natural numbens, msuch than < mandn # 0 holds™ > ™1,

(2) LetE be a compact non vertical non horizontal subsetgfandm, j be natural num-
bers. Suppose4 mandm < nand 1< j andj < widthGaug¢E,n). ThenL(Gaug€E,n) o
(Center Gaugee, n), width Gaug€E, n)), GaugéE, n) o (Center Gaugée, n), j)) C L(GaugéE, m) o
(Center Gaugee, m), width Gaug€E, m)), Gaug€E, n) o (Center Gauges, n), j)).

(3) Let C be a compact connected non vertical non horizontal subse%fand i,
j be natural numbers. Suppose <li and i < lenGaugéC,n) and 1< j and
j < widthGaugéC,n) and Gaug€C,n) o (i,j) € £(CagéC,n)). Then £(GaugéC,n) o
(i,width GaugéC, n)), GaugéC,n) o (i, j)) meetsZ(UpperSe(C,n)).

1This work has been partially supported by the CALCULEMUS grant HPRN-CT-2000-00102.
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(4) Let C be a compact connected non vertical non horizontal subset?ofind n be
a natural number. Suppose > 0. Let i, j be natural numbers. Suppose<li
andi < lenGaugéC,n) and 1< j and j < widthGaug¢C,n) and GaugéC,n)o (i,]j) €
L(CagéC,n)). Then L(GaugéC,n) o (i,widthGaugéC,n)), GaugéC,n) o (i,j)) meets
UpperArd £(CagéC,n))).

(5) Let C be a compact connected non vertical non horizontal subself;%fand
j be a natural number.  Suppose Ga@e + 1) o (CenterGaug&,n + 1),j) €
LowerArc(£(CagéC,n + 1))) and 1< j and j < widthGaugéC,n + 1). Then
L(GaugéC, 1) o (Center Gaugee, 1), width GaugéC, 1)), GaugéC,n+1) o (Center Gaugee, n+

1),)) meets UpperAr¢L (CagéC,n+1))).

(6) LetC be a compact connected non vertical non horizontal subsét%off be a finite
sequence of elements ﬁ:f? andk be a natural number. Suppose kandk+1 <lenf andf

is a sequence which elements belong to G&0gs. Thenp(fi, ficy1) = N2oundC)—S-boundC)

2]’1
or p( fx, fp1) = E-boundC)gr}N-bounc(c)'

(7) LetM be a symmetric triangle metric structurehe a real number, angl g, x be elements
of M. If pe Ball(x,r) andq € Ball(x,r), thenp(p,q) < 2-r.

(8) LetAbe asubset oy, p be a point of£7, andp’ be a point ofE". Suppose = p'. Lets
be a real number. Suppose- 0. Thenp € A if and only if for every real numbar such that
0 <r andr < sholds Ballp/,r) meetsA.

(9) For every compact connected non vertical non horizontal suBsetf E% holds
N-boundC) < N-bound £(Cag€C,n))).

(10) For every compact connected non vertical non horizontal suBsef ‘L‘% holds
E-boundC) < E-bound £(Cag&C,n))).

(11) For every compact connected non vertical non horizontal suBsef Z% holds
S-bound£(Cagé€C,n))) < S-boundC).

(12) For every compact connected non vertical non horizontal suBseff Z% holds
W-bound L(CagédC,n))) < W-boundC).

(13) Let C be a simple closed curve and |, k be natural numbers. Suppose
l<iandi < lenGaugéC,n) and 1< k and k < j and j < widthGaugéC,n) and
L(GaugéC,n)o (i,k),GaugéC,n)o (i, j)) N L(UpperSe¢C,n)) = {GaugeC, n)o (i,k)} and
L(GaugéC,n) o (i,k),GaugéC,n) o (i,j)) N z(LowerSecqc, n)) = {GaugéC,n)o (i,j)}.
ThenL(GaugéC,n)o (i,k),GaugéC,n) o (i, j)) meets UpperArc).

(14) Let C be a simple closed curve and j, k be natural numbers.  Suppose

l<iandi < lenGaugéC,n) and 1< k and k < j and j < widthGaugéC,n) and
L(GaugéC,n)o (i,k),GaugéC,n)o (i, j)) N L(UpperSe(C,n)) = {GaugéC,n)o (i,k)} and
L(GaugéC,n) o (i,k),GaugéC,n) o (i, j)) N L(LowerSedC,n)) = {GaugéC,n) o (i, j)}.
Then£(GaugégC,n) o (i,k),GaugéC,n)o (i, j)) meets LowerAr(C).

(15) LetC be a simple closed curve and j, k be natural numbers. Suppose thak i
andi < lenGaugéC,n) and 1< j and j < k and k < widthGaugéC,n) andn > 0 and
L(GaugéC,n) o (i, j),GaugéC,n) o (i,k)) N LowerArc(L(Cag€C,n))) = {GaugeC,n) o
(i,k)} and L(GaugéC,n) o (i,]),GaugéC,n) o (i,k)) N UpperArq L(CagéC,n))) =
{GaugéC,n)o (i, j)}. ThenL(GaugéC,n)o (i, ), GaugéC,n)o (i,k)) meets UpperAr(C).

(16) LetC be a simple closed curve and j, k be natural numbers. Suppose that i
andi < lenGaugéC,n) and 1< j and j < k andk < widthGaugéC,n) andn > 0 and
L(GaugéC,n) o (i, }),GaugéC,n) o (i,k)) N LowerArc(L(CagéC,n))) = {GaugeC,n) o
(i,k)} and £(Gaug€C,n) o (i,]),GaugéC,n) o (i,k)) N UpperArq Z(CagéC,n))) =
{GaugéC,n)o (i, j)}. ThenL(GaugéC,n)o (i, ]), GaugéC,n)o (i,k)) meets LowerAr¢C).
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(17) LetC be a simple closed curve and j, k be natural numbers. Suppose<li and
| <lenGaugéC,n) and 1< j andj < k andk < width Gaugé¢C, n) and GauggC, n) o (i,k) €
L(LowerSedC,n)) and GaugéC,n) o (i, j) € L(UpperSe¢C,n)). Then £(GaugéC,n) o
(i,]),GaugéC,n)o (i,k)) meets UpperArc).

(18) LetC be a simple closed curve and j, k be natural numbers. Suppose<li and
i <lenGaugéC,n) and 1< j andj < kandk < widthGaugéC, n) and GaugéC, n) o (i,k) €
L(LowerSedC,n)) and GaugC,n) o (i,j) € L(UpperSe¢C,n)). Then £(GaugéC,n) o
(i,]),GaugéC,n) o (i,k)) meets LowerAr(C).

(19) LetC be a simple closed curve amdj, k be natural numbers. Suppose<li andi <
lenGaugéC,n) and 1< j andj < k andk < width GaugéC, n) andn > 0 and GauggC, n) o
(i,k) € LowerArc(L(CagéC,n))) and GaugéC, n)o (i, j) € UpperArq L(CagéC,n))). Then

L(GaugéC,n)o (i, ]),GaugéC,n)o (i,k)) meets UpperAr).

(20) LetC be a simple closed curve amdj, k be natural numbers. Suppose<li andi <
lenGaugéC,n) and 1< j andj < k andk < widthGaug€C, n) andn > 0 and GauggC, n) o
(i,k) € LowerArc(L(CagéC,n))) and GaugéC,n)o (i, j) € UpperArq L(Cag€C,n))). Then

L(GaugéC,n)o (i, ]),GaugéC,n)o (i,k)) meets LowerAr¢C).

(21) LetC be a simple closed curve arg, i», j, k be natural numbers. Suppose that
1 <1 andi; <iz andiz < lenGaugéC,n) and 1< j andj < k andk < width Gaugé¢C, n)
and (L(GaugéC,n) o (i1, j),Gaugé€C,n) o (i1,k)) U L(GaugéC,n) o (i1, k), GaugéC,n) o
(i2,k)))NL(UpperSe(C,n)) = {GaugeC,n)o iy, j)} and(L(GaugeC,n)o iy, j), GaugéC, n)o
(i1,K)) U L(GaugéC,n)o (i1, k), GaugéC, n)o (i2,k))) N L(LowerSedC, n)) = {GaugéC, n)o
(i2,k)}. ThenL(GaugéC,n)o (i1, j),GaugéC,n)o (i1, k))UL(GaugéC,n)o (i1, k), GaugéC,n)o
(i2,k)) meets UpperArc).

(22) LetC be a simple closed curve and, iz, j, k be natural numbers. Suppose that
1<i; andi; < iz andiz < lenGaugéC,n) and 1< j andj < k andk < widthGaugé¢C, n)
and (L(Gaugé€C,n) o (i1, ]),GaugéC,n) o (i1,k)) U L(GaugéC,n) o (i1,k), GaugéC,n) o
(i2,k)))NL(UpperSe(C,n)) = {GaugeC, n)o (i1, j)} and(L(GaugeC,n)o iy, j), GaugeC, n)o
(i1,k)) U L(GaugéC,n)o (i1, k), GaugéC, n)o iz, k))) N L(LowerSedC, n)) = {GaugéC, n)o
(i2,K)}. ThenL(Gaug€C,n)o (i1, j), GaugéC,n)o (i1, k)) U L(GaugéC,n)o (i1, k), GauggC,n)o
(i2,k)) meets LowerAr(C).

(23) LetC be a simple closed curve ang, i, j, k be natural numbers. Suppose that
1< iy andiz <ij andii < lenGaugéC,n) and 1< j andj < k andk < width GaugéC, n)
and (£(GaugéC,n) o (i1, j),GaugéC,n) o (i1,k)) U L(GaugéC,n) o (i1,k), GaugéC,n) o
(iz,k)))mZ(UpperSe(p,n)):{Gaugéc,n)o(il,j)}and(L(GaugéC,n)o(il,j),GaugéC,n)o
(i1,k)) U L(GaugéC,n)o (i1, k), GaugéC, n)o (i, k))) N L(LowerSedC, n)) = {GaugéC, n)o
(i2,k)}. ThenL(Gaug€C,n)o (i1, j), GaugéC,n)o(i1,k)) U L(GaugéC,n)o (i1, k), GaugéC,n)o
(i2,k)) meets UpperArc).

(24) LetC be a simple closed curve arig, i, j, k be natural nhumbers. Suppose that
1<z andiz <1 andi; < lenGaugéC,n) and 1< j andj < k andk < widthGaugé¢C, n)
and (L(GaugéC,n) o (i1, j),GaugéC,n) o (i1,k)) U L(GaugéC,n) o (i1,k), GaugéC,n) o
(i2,k)))NL(UpperSe(C,n)) = {GaugeC,n)o (i1, j)} and(L(GaugeC,n)o iy, ), GaugéC, n)o
(i1,k)) U L(GaugéC, n)o (i1, k), GaugéC, n)o (i»,k))) N L(LowerSedC, n)) = {GaugéC, n)o
(i2,k)}. ThenL(GaugéC,n)o (i1, j),GaugéC,n)o (i1, k)) U L(GaugeC,n)o (i1, k), GaugéC,n)o
(i2,k)) meets LowerAr(C).

(25) LetC be a simple closed curve amg iy, j, k be natural numbers. Suppose that 13
andiy < lenGaugéC,n+1) and 1< i andi, < lenGaugéC,n+1) and 1< j andj <
k and k < width GaugéC,n+ 1) and GaugéC,n+ 1) o (i1,k) € LowerArc(L(CagéC,n +
1))) and GaugéC,n+1) o (i, j) € UpperArq £(CagéC,n+1))). Thens(GaugéC,n+1)o
(i2,]),GaugégC,n+ 1) o (iz,k)) U L(GaugéC,n+ 1) o (i, k), GaugéC,n+ 1) o (i1,k)) meets
LowerArc(C).
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(26) LetC be a simple closed curve amg ip, j, k be natural numbers. Suppose that 13

andi; < lenGaugéC,n+ 1) and 1< i andi, < lenGaugéC,n+ 1) and 1< j andj <
k andk < width GaugéC,n+ 1) and GaugéC,n+ 1) o (i1,k) € LowerArc(L(CageC,n+
1))) and GaugéC,n+1)o iz, j) € UpperArq £(CagéC,n+1))). Then£(GaugeC,n+1)o
(i2,]),GauggC,n+ 1) o (iz,k)) U L(GaugéC,n+1) o (i, k), GauggC,n+ 1) o (i1,k)) meets
UpperArdC).

(27) For every simple closed cur@and for every poinp of £2 such that W-boun(€) < p;

andp; < E-boundC) holdsp ¢ NorthArc(C) or p ¢ SouthAr¢C).

(28) For every simple closed curv€ and for every pointp of Z% such thatp; =
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