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The articles[[25],[[20],[1R],[12[71,.[1],14],151,18],[15],118],[[26],[1283] [124]/112] [ T22] [9] L [10] 171,
[28], [16], [11], [19], [18], [€]. [2]], [20], [E], [14], and[[1F] provide the notation and terminology
for this paper.

In this papem is a natural number.

We now state a number of propositions:

(1) For all subsets, B of E% such thatA meetsB holds projZ A meets projiB.

(2) LetA, Bbe subsets o£2 andsbe a real number. I missesB andA C HorizontalLings)
andB C HorizontalLings), then projE A misses projiB.

(3) For every closed subsgbf E% such thasSis Bounded holds profiSis closed.
(4) For every compact subssbf Z:% holds projZ Sis compact.

(5) Letp,q, p1, g1 be points of’E%. SupposeL(p,q) is vertical andL(p1,qs) is vertical and
p1= (p1)1andpz < (p1)2 and(p1)2 < (d1)2 and(qu)2 < gz ThenL(py,d1) € L(p,q).

(6) Letp,q, p1, g1 be points of’E%. SupposeL(p,q) is horizontal andZ(p1, 1) is horizontal
andpz = (p1)2 andpy < (p1)1 and(pa)1 < (da)z and(qa)s < 1. ThenL(py, 1) € L(p,0).

(7) LetGbe a Go-board ani j, k, j1, ki be natural numbers. Suppose 1 andi < lenG and
1<jandj<j;andj; <k andk; < kandk <widthG. ThenL(Go (i, ]1),Go (i k1)) C
L(Go(i,]),Go(i,k)).

(8) LetG be a Go-board and j, k, j1, ki be natural numbers. Supposeci andi < widthG
and 1< jandj < j; andji < kg andk; < kandk <lenG. Then£(Go (j1,i),Go (Ki,i)) C
L(Go(j,i),Go(k,i)).

(9) Let G be a Go-board and, k, j1, ki be natural numbers. Suppose<ilj and j < ji1
and j; < k; andk; < k andk < widthG. Then L(Go (Cente(G, j1),Go (CentelG,k;)) C
L(Go(CentelG, j),Go (CentelG,k)).

(10) LetG be a Go-board. Suppose Bn= widthG. Let j, k, j1, ki be natural numbers. Sup-
pose 1< jandj < j; andj; < ki andk; < kandk < lenG. Then£(Go (j1,CenteG),Go
(kg,CentefG)) C L(Go (j,CentelG),Go (k,CenteG)).

1This work has been partially supported by CALCULEMUS grant HPRN-CT-2000-00102.
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(11) LetC be a compact connected non vertical non horizontal subsét?oéndi, j, k
be natural numbers. Suppose<li andi < lenGaug¢C,n) and 1< j and j < k and
k < width GaugéC, n) and GaugéC,n)o (i, j) € L(LowerSedC, n)). Then there exists a nat-
ural numberj; such thatj < j; andj; < kandZ(GauggC,n)o (i, j1),GaugéC,n)o (i,k))N
L(LowerSedC, n)) = {GaugeC,n)o (i, j1)}.

(12) LetC be a compact connected non vertical non horizontal subsﬁ%oand i, j, k
be natural numbers. Suppose<li andi < lenGaugéC,n) and 1< j and j < k and
k < width GaugéC, n) and GaugéC, n) o (i,k) € £(UpperSe(C,n)). Then there exists a nat-
ural numbek; such thatj < k; andk; < kand.£(GauggC,n)o (i, j),GaugéC,n)o (i,ki))N

L(UpperSe(C,n)) = {GaugéC,n) o (i,ki)}.

(13) Let C be a compact connected non vertical non horizontal subseﬁ%fand i,
i, k be natural numbers. Suppose<li and i < lenGaugéC,n) and 1< j and
j < k and k < widthGaugéC,n) and Gaug€C.n) o (i,j) € L(LowerSedC,n)) and
GaugéC,n) o (i,k) € £(UpperSedC,n)). Then there exist natural numbejs, k; such
that j < j1 and j1 < ky and ky < k and £L(GaugéC,n) o (i, j1), Gaug&€C,n) o (i,ki)) N
L(LowerSedC,n)) = {GaugéC,n) o (i,j1)} and £(GaugéC,n) o (i, j1), GaugéC,n) o
(i,k1)) N L(UpperSe¢C,n)) = {GaugéC,n) o (i ki) }.

(14) LetC be a compact connected non vertical non horizontal subs@’%oand i, j, k
be natural numbers. Suppose<lj and j < k andk < lenGaugéC,n) and 1< i and
i < width GaugéC, n) and GaugéC,n)o (j,i) € L(LowerSedC,n)). Then there exists a nat-
ural numberj; such thatj < j; andj; < kandZ(GaugéC,n)o (j1,i),GaugéC,n)o (k,i))N
L(LowerSedC,n)) = {Gauge&C,n) o (j1,i)}.

(15) LetC be a compact connected non vertical non horizontal subsﬁ%oand i, j, Kk
be natural numbers. Suppose<lj and j < k andk < lenGaugéC,n) and 1< i and
i < widthGaugéC,n) and GaugéC,n) o (k,i) € £L(UpperSe¢C,n)). Then there exists a nat-
ural numbek; such thatj < k; andk; < kand£(GaugéC,n)o (j,i),GaugéC,n)o (kg,i))N

L(UpperSe(C,n)) = {GaugeC,n) o (ki,i)}.

(16) Let C be a compact connected non vertical non horizontal subse®%fand i,
j, k be natural numbers. Suppose<lj and j < k and k < lenGaugéC,n) and
1<i and i < widthGaug¢C,n) and GaugiC,n) o (j,i) € L(LowerSedC,n)) and
GaugéC,n) o (k,i) € L(UpperSe¢C,n)). Then there exist natural numbejs, k; such
that j < j; and j; < ky and ky < k and £(GaugéC,n) o (j1,i),GaugéC,n) o (ky,i)) N
L(LowerSedC,n)) = {GaugéC,n) o (j1,i)} and £(Gaug€C,n) o (j1,i),GaugéC,n) o
(k1,i)) N L(UpperSeC,n)) = {GaugéC,n) o (k,i)}.

(17) LetC be a compact connected non vertical non horizontal subs@?oand i, j, k
be natural numbers. Suppose<li andi < IgnGaugéC, n) and 1< j and j < k and
k <widthGaugé¢C,n) and GaugéC,n)o (i, j) € L(UpperSe¢C,n)). Then there exists a nat-
ural numberj; such thagj < j; andj; < kand£(Gaug€C,n)o (i, j1), GauggC,n)o (i,k)) N
L(UpperSe(C,n)) = {GaugeC,n)o (i, j1)}-

(18) LetC be a compact connected non vertical non horizontal subsﬁ%oand i, j, k
be natural numbers. Suppose<li andi < lenGaugéC,n) and 1< j and j < k and
k < width GaugéC, n) and GaugéC, n) o (i,k) € L(LowerSedC,n)). Then there exists a nat-
ural numbek; such thatj < k; andk; < kand.£(GauggC,n)o (i, j),GaugéC,n)o (i,ki))N
L(LowerSedC,n)) = {GaugéC,n)o (i,ky)}.

(19) Let C be a compact connected non vertical non horizontal subseﬁfofand i,
j» k be natural numbers. Suppose<li and i < lenGaugéC,n) and 1< j and
j < k and k < widthGaugéC,n) and GaugéC,n) o (i,j) € L(UpperSe(C,n)) and
GaugéC,n) o (i,k) € £(LowerSedC,n)). Then there exist natural numbeijs, k; such
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that j < j1 and j1 < ki and ky < k and L(GauggC,n) o (i, j1),GaugéC,n) o (i, k1)) N
L(UpperSeqC,n)) = {GaugeC,n) o (i,j1)} and L(GaugeC,n) o (i, j1), GauggC,n) o
(i,k1)) N Z(LowerSeqC, n)) = {GaugeC,n) o (i,k1)}.

(20) LetC be a compact connected non vertical non horizontal subsét?oéndi, j, k
be natural numbers. Suppose<lj and j §l< and k < lenGaugéC,n) and 1< i and
i <widthGaugéC,n) and GaugéC,n)o (j,i) € L(UpperSe(C,n)). Then there exists a nat-
ural numberj; such thatj < j; andj; < kand£(Gaug€C,n)o (ji,i), GauggC,n)o (k,i)) N
L(UpperSe(C,n)) = {GaugeC,n) o (ju,i)}-

(21) LetC be a compact connected non vertical non horizontal subs@%oand i, j, Kk
be natural numbers. Suppose<lj and j < k andk < lenGaugéC,n) and 1< i and
i < width GaugéC, n) and GaugéC,n) o (ki) € £(LowerSedC,n)). Then there exists a nat-
ural numbek; such thatj < k; andk; < kandL(GaugéC,n)o (j,i),GaugéC,n)o (ki,i))N
L(LowerSedC,n)) = {GaugéC,n) o (ki,i)}.

(22) Let C be a compact connected non vertical non horizontal subsetE%fand
i, J, k be natural numbers. Suppose<lj and j < k and k < lenGaugéC,n)
and 1< i andi < widthGaugéC,n) and GaugéC,n) o (j,i) € £(UpperSe¢C,n)) and
GaugéC,n) o (k,i) € £(LowerSedC,n)). Then there exist natural numbejs, k; such
that j < j1 and j1 < kg and k; < k and £(GaugéC,n) o (j1,i), GaugéC,n) o (ki,i)) N
L(UpperSe(C,n)) = {GaugéC,n) o (j1,i)} and £(GaugéC,n) o (j1,i),GaugéC,n) o
(ky,i)) N L(LowerSedC,n)) = {Gaug&C,n) o (ky,i)}.

(23) LetC be a simple closed curve and j, k be natural numbers. Suppose<li and
i <lenGaugéC,n) and 1< j andj < kandk < width Gaugé¢C, n) and GauggC, n) o (i,k) €
L(UpperSe¢C,n)) and GaugiC,n) o (i, j) € L(LowerSedC,n)). Then £(GaugéC,n) o
(i,]),GaugéC,n) o (i,k)) meets LowerAr(C).

(24) LetC be a simple closed curve and j, k be natural numbers. Suppose<li and
i <lenGaugéC,n) and 1< j andj < k andk < width GaugéC, n) and GaugeC,n)o (i,k) €
L(UpperSe(C,n)) and GaugéC,n)o (i, j) € L(LowerSedC,n)). Then £(GaugéC,n) o
(i,]),GaugéC,n) o (i,k)) meets UpperAr(C).

(25) LetC be a simple closed curve amdj, k be natural numbers. Suppose<li andi <
lenGaugéC,n) and 1< j andj < k andk < widthGaugeC,n) andn > 0 and GaugeC, n) o
(i,k) € UpperArd £(CagéC,n))) and GaugéC, n)o i, j) € LowerArc(L(Cag€C,n))). Then

L(GaugéC,n)o (i, ]),GaugéC,n)o (i,k)) meets LowerAr¢C).

(26) LetC be a simple closed curve amdj, k be natural numbers. Suppose<li andi <
lenGaugéC,n) and 1< j andj < k andk < widthGaugeC,n) andn > 0 and GaugeC, n) o
(i,k) € UpperArd £(CagéC,n))) and GaugéC,n)o (i, j) € LowerArc(L£(Cag€C,n))). Then

L(GaugéC,n)o (i, j),GaugéC,n) o (i,k)) meets UpperAr).

(27) Let C be a simple closed curve anfl k be natural numbers. Suppose<lj
and j < k and k < widthGaugéC,n+ 1) and GaugéC,n+ 1) o (CenterGauge, n +
1),k) € UpperArd £(CagdC,n+1))) and GaugéC,n+ 1) o (CenterGauge€,n+ 1), j) €
LowerArc(L(CagéC,n+1))). Then£(GaugéC,n+1)o (Center Gauge€,n+1), j ), GaugéC, n+
1) o (Center Gaug€,n+ 1), k)) meets LowerAr(C).

(28) Let C be a simple closed curve anfl k be natural numbers. Suppose<lj
and j < k and k < widthGaugéC,n+ 1) and Gaug€éC,n + 1) o (CenterGauge&,n +
1),k) € UpperArd £(CagéC,n+1))) and GaugéC,n+ 1) o (CenterGaug€,n+ 1), j) €
LowerArc(L(CagéC,n+1))). ThenL(GaugéC,n+1)o (Center Gauge€, n+1), ), GaugeC, n+
1) o (Center Gaugi€,n+ 1), k)) meets UpperArc).
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(29) LetC be a compact connected non vertical non horizontal subget ahdi, j, k be natural
numbers. Suppose< j andk < lenGaugéC,n) and 1< i andi < widthGaugéC,n) and
GaugéC,n)o (ki) € L(UpperSe(C,n)) and GaugéC,n)o(j,i) € L(LowerSedC,n)). Then
j#k

(30) Let C be a simple closed curve ang j, k be natural numbers.  Suppose
1< jandj<kandk< lenGaugéC,n) and 1< i andi < widthGaugéC,n) and
L(GaugéC,n)o (j,i),GaugéC,n)o (k,i)) N L(UpperSe(C,n)) = {GaugéC,n)o (k,i)} and
L(GaugéC,n) o (j,i),GaugéC,n) o (k,i)) N L(LowerSedC,n)) = {GaugéC,n) o (j,i)}.
Then£(GaugéC,n)o (j,i),Gaugg€C,n)o (k,i)) meets LowerAr(C).

(31) Let C be a simple closed curve angd j, k be natural numbers.  Suppose

1< jandj<kandk< lenGaugéC,n) and 1< i andi < widthGaugéC,n) and
L(GaugéC,n)o (j,i),GaugéC,n)o (k,i)) N L(UpperSe(C,n)) = {GaugéC,n)o (k,i)} and
L(GaugéC,n) o (j,i),GaugéC,n) o (k,i)) N L(LowerSedC,n)) = {GaugéC,n) o (j,i)}.
Then£(GaugégC,n)o (j,i),GaugéC,n)o (k,i)) meets UpperArc).

(32) LetC be a simple closed curve angd j, k be natural numbers. Suppose<lj and
i <kandk < lenGaugéC,n) and 1< i andi < widthGaugéC, n) and GaugéC,n)o (k,i) €
L(UpperSe¢C,n)) and GaugiC,n) o (j,i) € L(LowerSedC,n)). Then £(GaugéC,n) o
(j,1),GaugéC,n)o (k,i)) meets LowerAr(C).

(33) LetC be a simple closed curve angd j, k be natural numbers. Suppose<lj and
i <kandk < lenGaugéC,n) and 1< i andi < widthGaugéC, n) and GaugéC,n)o (k,i) €
L(UpperSe¢C,n)) and GaugiC,n) o (j,i) € L(LowerSedC,n)). Then £(GaugéC,n) o
(j,1),GaugéC,n)o (k,i)) meets UpperArc).

(34) LetC be a simple closed curve amndj, k be natural numbers. Suppose<lj andj <k
andk < lenGaugéC,n) and 1< i andi < widthGaugéC,n) andn > 0 and GauggC, n) o

(k,i) € UpperArd L(Cag€C,n))) and GaugéC,n)o(j,i) € LowerArc(L(Cag€C,n))). Then
L(GaugéC,n)o(j,i),GaugéC,n)o (k,i)) meets LowerAr¢C).

(35) LetC be a simple closed curve amdj, k be natural numbers. Supposeclj andj <k
andk < lenGaugéC,n) and 1< i andi < widthGaugéC,n) andn > 0 and GauggC, n) o
(k,i) € UpperArq £(CagéC,n))) and GaugéC, n)o(j,i) € LowerArc(L(Cag€éC,n))). Then
L(GaugéC,n)o(j,i),GaugéC,n)o (k,i)) meets UpperAr(C).

(36) Let C be a simple closed curve ang k be natural numbers. Suppose<lj
and j < k and k < lenGaugéC,n+ 1) and GaugéC,n + 1) o (k,CenterGauge, n +
1)) € UpperArd £(CagéC,n+ 1))) and GaugeC,n+ 1) o (j,CenterGauge€,n+ 1)) €
LowerArc(L(CagéC,n+1))). ThenL(GaugeC,n+1)o(j, Center Gauge, n+1)), GaugeéC, n-+
1) o (k,Center Gaug&,n+ 1))) meets LowerAr¢C).

(37) Let C be a simple closed curve anfl k be natural numbers. Suppose<1j
and j < k and k < lenGaugéC,n+ 1) and GaugéC,n + 1) o (k,CenterGauge, n +
1)) € UpperArd £(CagéC,n+ 1))) and GaugéC,n+ 1) o (j,CenterGauge€,n+ 1)) €
LowerArc(L(CagéC,n+1))). ThenL(GaugeC,n+1)o(j, Center Gauge, n+1)), GaugeéC, n+
1) o (k,Center Gaugé€,n+ 1))) meets UpperAr(C).

(38) Let C be a simple closed curve ang j, k be natural numbers.  Suppose
1< jandj<kandk < lenGaugéC,n) and 1< i andi < widthGaugéC,n) and
L(GaugéC,n)o(j,i),GaugéC,n)o(k,i)) mZ(UpperSe(p, n)) = {Gaug€C,n)o(j,i)} and
L(GaugéC,n) o (j,i),GaugéC,n) o (k,i)) N L(LowerSedC,n)) = {GaugéC,n) o (k,i)}.
ThenL(GaugéC,n)o (j,i),Gaug€C,n)o (k,i)) meets LowerAr(C).

(39) Let C be a simple closed curve ang j, k be natural numbers. Suppose
l<jandj<kandk< IenGaug(aC,nl and 1< i andi < widthGaugéC,n) and
L(GaugeC,n)o(j,i),GaugeC,n)o (ki))N L(UpperSe(C,n)) = {GaugeC,n)o (j,i)} and
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L£(GaugéC,n) o (j,i),GaugeC,n) o (k,i)) N L(LowerSedC,n)) = {GaugéC,n) o (k,i)}.
Then£(GaugéC,n)o (j,i),GaugéC,n)o (k,i)) meets UpperArc).

(40) LetC be a simple closed curve angd j, k be natural numbers. Suppose<lj and
j <kandk < lenGaugéC,n) and 1< i andi < widthGaugéC, n) and GaugéC,n)o (j,i) €
L(UpperSe(C,n)) and GaugéC,n) o (k,i) € L(LowerSedC,n)). Then L(GaugéC,n) o
(j,1),GaugéC,n)o (k,i)) meets LowerAr(C).

(41) LetC be a simple closed curve angd j, k be natural numbers. Suppose<lj and
j <kandk < lenGaugéC,n) and 1< i andi < width GaugéC, n) and GauggC,n)o (j,i) €
L(UpperSe(C,n)) and GaugC,n) o (k,i) € L(LowerSedC,n)). Then £(GaugéC,n) o
(j,i),GaugéC,n)o (k,i)) meets UpperAr().

(42) LetC be a simple closed curve amdj, k be natural numbers. Supposeclj andj <k
andk < lenGaugéC,n) and 1< i andi < widthGaugéC,n) andn > 0 and GauggC, n) o
(j,i) € UpperArq £(CagéC,n))) and GaugéC, n)o (k,i) € LowerArc(L(CagéC,n))). Then
L(GaugéC,n)o(],i),GaugéC,n)o (k,i)) meets LowerAr(C).

(43) LetC be a simple closed curve amdj, k be natural numbers. Supposeclj andj <k
andk < lenGaugéC,n) and 1< i andi < widthGaugéC,n) andn > 0 and GauggC, n) o
(j,i) € UpperArq £(CagéC,n))) and GaugéC, n)o (k,i) € LowerArc(L(CageC,n))). Then
L(GaugéC,n)o(]j,i),GaugéC,n)o (k,i)) meets UpperAr).

(44) Let C be a simple closed curve ang k be natural numbers. Suppose<l]j
and j < k and k < lenGaugéC,n+ 1) and GaugéC,n+ 1) o (j,CenterGauge, n +
1)) € UpperArd £(CagéC,n+ 1))) and GaugeC,n+ 1) o (k,CenterGauge€,n+ 1)) €
LowerArc(L(CagéC,n+1))). Then£(GaugéC,n+1)o(j, Center Gauge€, n+1)), GaugéC, n+
1) o (k,Center Gaug€,n+ 1))) meets LowerAr(C).

(45) Let C be a simple closed curve anfl k be natural numbers. Suppose<1]j
and j < k and k < lenGaugéC,n+ 1) and GaugéC,n + 1) o (j,CenterGauge, n +
1)) € UpperArd £(CagéC,n+ 1))) and GaugéC,n+ 1) o (k,CenterGauge,n+ 1)) €
LowerArc(L(CagéC,n+1))). Then£(GaugeC,n+1)o(j, Center Gauge€, n+1)), GaugeéC, n+
1) o (k,Center Gaug€,n+ 1))) meets UpperAr(C).

(46) LetC be a simple closed curve arig, i, j, k be natural nhumbers. Suppose that
1< andi; < iz andiz < lenGaugéC,n) and 1< j andj < k andk < widthGaugé¢C, n)
and (L(GaugéC,n) o (i1, j),GaugéC,n) o (i1,k)) U L(GaugéC,n) o (i1,k), GaugéC,n) o
(i2,k)))NL(UpperSe(C,n)) = {GaugeC, n) o (io, k) } and(L(GaugeC, n)o iy, ), GaugeC, n)o
(i1,k)) U L(GaugéC,n)o (i1,k), GaugéC, n)o (i2,k))) N L(LowerSedC, n)) = {GaugéC, n)o
(i1,])}. ThenL(GaugéC,n)o (i1, j), GaugéC,n)o (i1, k)) U L(GaugéC,n)o (i1, k), GaugéC,n)o
(i2,k)) meets UpperArc).

(47) LetC be a simple closed curve arg, i», j, k be natural numbers. Suppose that
1 <ij andii < iz andiz < lenGaugéC,n) and 1< j and j < k andk < width GaugéC, n)
and (L(GaugéC,n) o (i1, j),GaugéC,n) o (i1,k)) U L(GaugéC,n) o (i1, k), GaugéC,n) o
(i2,k)))NL(UpperSe(C,n)) = {GaugeéC, n)o (i», k) } and(L(GaugeC, n)o iy, ), GaugeC, n)o
(i1,K)) U L(GaugéC,n)o (i1, k), GaugéC, n)o (i, k))) N L(LowerSedC, n)) = {GaugéC, n)o

(i1,])}. ThenL(GaugéC,n)o (i1, j), GaugéC,n)o (i1, k)) U L(Gaug€C,n)o (i1, k), GaugéC,n)o

(

i2,k)) meets LowerAr¢C).

(48) LetC be a simple closed curve arg, i, j, k be natural numbers. Suppose that
1< iy andiz <ij andii < lenGaugéC,n) and 1< j andj < k andk < width GaugéC, n)
and (L(Gaug€C,n) o (i1, ), GaugéC,n) o (i1,k)) U L(GaugéC,n) o (i1,k), GaugéC,n) o
(i2,K))) N L(UpperSe¢C,n)) = {Gaug€C,n)o(iz,k)} and(L(Gaugé€C,n)o(i1, j), GaugéC,n)o

(i1,k)) U L(GaugéC,n)o (i1,k), GaugéC, n)o (i, k))) N L(LowerSedC, n)) = {GaugéC, n)o

(i1,])}. ThenL(Gaug€C,n)o (i1, j),GaugéC,n)o(i1,k)) U L(GaugéC,n)o (i1, k), GaugéC,n)o

(i2,k)

i2,k)) meets UpperAr).
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(49) LetC be a simple closed curve arig, i, j, k be natural humbers. Suppose that
1< iz andiz <7 andi; < lenGaugéC,n) and 1< j andj < k andk < widthGaugé¢C, n)
and (L(Gaugé€C,n) o (i1, ]),GaugéC,n) o (i1,k)) U L(GaugéC,n) o (i1,k), GaugéC,n) o
(i2,k))) N L(UpperSe(C,n)) = {GaugeC, n)o (i, k) } and(L(GaugeC, n)o iy, ), GaugeC, n)o

(i1,K))UL(GaugéC,n)o (i1, k), Gaug€C, n)o(iz,k))) N L(LowerSedC, n)) = {GaugéC,n)o
(i1,j)}. ThenL(GaugéC,n)o(iy, j), GaugéC,n)o (i1, k)) U L(GaugéC,n)o (i1, k), GaugéC,n)o
(i2,k)) meets LowerAr(C).

(50) LetC be a simple closed curve amd i, j, k be natural numbers. Suppose that 1;
andi; < lenGaugéC,n+ 1) and 1< i, andi, < lenGaug€C,n+ 1) and 1< j and j <
k and k < widthGaugéC,n+ 1) and GaugéC,n+ 1) o (i1,k) € UpperArq L(CagéC,n+
1))) and GaugéC,n+1)o iz, ) € LowerArc(L(CagéC,n+1))). Then£(GaugéC,n+1)o
(i2,]),GaugéC,n+ 1) o (i2,k)) U L(GaugéC,n+ 1) o (i, k), GaugéC,n+ 1) o (i1,k)) meets
UpperArdC).

(51) LetC be a simple closed curve amg i, j, k be natural numbers. Suppose that 13
andi; < lenGaugéC,n+ 1) and 1< i andi, < lenGaugéC,n+ 1) and 1< j andj <
k andk < widthGaugéC,n+ 1) and GaugéC,n+ 1) o (i1,k) € UpperArq L(CagéC,n +
1))) and GaugéC,n+1)o (iz, j) € LowerArc(£(CagéC,n+1))). ThenL(GaugeC,n+1)o
(i2,]),GauggC,n+ 1) o (i2,k)) U L(GaugéC,n+1) o (i, k), GauggC,n+ 1) o (i1,k)) meets
LowerArc(C).

(52) Let C be a simple closed curve and j, k be natural numbers. Suppose<l
i and i < lenGaugéC,n+ 1) and 1< j and j < k and k < widthGaug¢C,n +
1) and GaugéC,n+ 1) o (i,k) € UpperArd Z(CagéC,n+ 1))) and GaugéC,n+ 1) o
(CenterGaug€,n + 1), j) € LowerArc(Z(CagéC,n + 1))). Then £(GaugéC,n+ 1) o
(CenterGaug€,n+1), j), GaugéC,n+ 1) o (Center Gauge, n+ 1), k)) U L(GaugéC,n+
1) o (Center Gaug€,n+ 1), k), GaugéC,n—+ 1) o (i,k)) meets UpperArC).

(53) Let C be a simple closed curve and j, k be natural numbers. Suppose<l
i and i < lenGaugéC,n+ 1) and 1< j and j < k and k < widthGaugéC,n +
1) and GaugéC,n+ 1) o (i,k) € UpperArqd £(CagéC,n+ 1))) and GaugéC,n+ 1) o
(CenterGaug€,n+ 1), j) € LowerArc(£(CagéC,n+ 1))). Then £(GaugéC,n + 1) o
(CenterGaug€,n+1), j), GaugéC,n+ 1) o (Center GaugeC, n+ 1), k)) U L(GaugéC, n+
1) o (Center Gauge,n+ 1), k), GaugéC,n+ 1) o (i,k)) meets LowerAr(C).
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