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Summary. LetSbe a subset of the topological Euclidean pla’#e We say thaBhas
Jordan’s property if there exist two non-empty, disjoint and connected subsetsdG, of
£2 such thaS® = G, UG, andG; \ G1 = G; \ G (see[13],[8]). The aim is to prove that the
boundaries of some special polygonsﬂﬁ have this property (see Section 3). Moreover, it is
proved that both the interior and the exterior of the boundary of any rectangl% im open
and connected.

MML Identifier: JORDAN1.

WWW: http://mizar.org/JFM/Vol4/jordanl.html

The articles[[14],[[16],11],[0],[[17],[14],[[5],[13],112],[[1a],[[10],[[2],[115],[17], and 6] provide the
notation and terminology for this paper.

1. SELECTED THEOREMS ON CONNECTED SPACES

In this papeiG1, G, are non empty topological spaces aqg are points 0fG;.
One can prove the following propositions:

(1) Forevery topological structu@; and for every subset of G; holds the carrier o661 [A=
A

(2) Let Gz be a non empty topological space. Suppose that for all paingsof G; there
existsG, such thaiG, is connected and there exists a nfaffom G, into G; such thatf is
continuous and € rngf andy € rngf. ThenG; is connected.

(4H Let G1 be a non empty topological space. Suppose that for all prjgtsf G; there exists
a maph from I into G; such thath is continuous and = h(0) andy = h(1). ThenG; is
connected.

(5) LetAbeasubsetdb;. Suppose that for all pointg, y; of G; such thak; € Aandy; € A
andx; # y; there exists a mapfromIinto G; [A such thah is continuous and; = h(0) and
y1 = h(1). ThenAis connected.

(6) LetAg be a subset o5; andA; be a subset 051. Supposé? is connected andy is
connected anéy meetsA;. ThenAgUA; is connected.

(7) LetAg, A1, Az be subsets ofs;. Supposélg is connected and is connected andy, is
connected anéy meetsA; andA; meetsA,. ThenAgU A1 U Az is connected.

1 The proposition (3) has been removed.
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(8) LetAg, A1, Az, Az be subsets dB;. Suppose thadg is connected and; is connected and
Ao is connected anés is connected andy meetsA; andA; meetsA, andA; meetsAz. Then
Ao UA1 UA, U A3 is connected.

2. CERTAIN CONNECTED AND OPEN SUBSETS IN THEEUCLIDEAN PLANE

In the seque, Py, P, denote subsets @2 andP denotes a subset @?.
Let n be a natural number and [Btbe a subset of. We say thaP is convex if and only if:

(Def. 1) For all pointswy, wo of £{ such thatvy € P andw, € P holds £(wq,w2) C P.
We now state the proposition

(9) For every natural numberand for every subsé? of £ such that is convex hold$ is
connected.

In the sequesy, t1, S, t2, S, t, 3, B3, S, ta, S5, 15, Ss, 16, |, S7, t7 denote real numbers.
The following propositions are true:

(10) Ifsy <szands; < gand 0<landl <1 thens < (1-1)-s3+1-%.
(11) Fss<spandsy<siandO0<landl <1 then(l1—-1) -s3+1- -5y <s1.

In the sequess, tg are real numbers.
One can prove the following propositions:

12) {[st]:si<sAs<s At1<t At<ty}={[sst3]:51 <S3}N{[ss,14] i s < S} N{[Ss5,
ts] 1< ts}ﬂ{[%,te} s <t2}.

(13) {[st]:s1€sVsLs Vi Lt ViLt}={[sst3]:3<s1}U{[sa,ta] :ta <t1}U{[ss5,
ts] 1 S < S5} U{[Ss,t6] 112 < tg}.

(14) Foralls, t1, S, t2, Psuch thaP = {[s,t] i st <S A s<$ A tg <t At <tp} holdsPis
convex.

(15) Forallsy, t1, 2, t2, Psuch thaP = {[s;t] i st <S A sS<$ A tg <t At <tz} holdsPis
connected.

(16) Forallsg, P such thaP = {[s,t] : s; < s} holdsP is convex.
(17) Forallsg, P such thaf = {[s,t] : s; < s} holdsP is connected.
(18) For allsp, P such thaP = {[s,t] : s< sp} holdsP is convex.
(19) Forallsp, P such thaP = {[s,t] : s< s} holdsP is connected.
(20) Forallty, P such thaP = {[s,t] : t; < t} holdsP is convex.
(21) Forallty, P such thaP = {[s,t] : t1 <t} holdsP is connected.
(22) Forallty, P such thaP = {[s,t] : t < t2} holdsP is convex.
(23) Forallty, P such thaP = {[s,t] : t <t} holdsP is connected.

(24) Foralls, t1, 2, t2, Psuch thaP = {[s;t] i st €SV sL 5 V t1 £t V t L1} holdsP is
connected.

(25) For everys; and for every subsé of £2 such thaP = {[s,t] : 5 < s} holdsP is open.
(26) For everys; and for every subsé of £2 such thaP = {[s,t] : s; > s} holdsP is open.
(27) For everys; and for every subsé of £2 such thaP = {[s,t] : s; < t} holdsP is open.
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(28) For everys; and for every subsd of £2 such thaP = {[s,t] : s; >t} holdsP is open.

(29) Forallsy, ty, s, to and for every subs@of £2 suchthaP = {[s;t] :s1 <SA S<$ A1 <
t At <tp} holdsP is open.

(30) Forallsy, t1, sp, t2 and for every subsét of 7;% suchthaP={[s;t]:s5i €SV sLs Vi1 £
t vVt £t2} holdsP is open.

(31) Letgivens,ts, S, t, P, Q. Supposéd® = {[s7,t7] i1 <S7 A ST < A t1 <t7 A t7 <t}
andQ={[ss,ts] ;1 €S8 VLS V11 Ltg V tg Lt2}. ThenP misseN.

(32) Letsi, s, t1, t2 be real numbers. Thefp; p ranges over points osz: SE<pr A prL<
SAt<pAp<tl={snt7]si<ST AST<S At1<t; Aty <t2}.

(33) Forallsy, s, t1, t2 holds{qs; a1 ranges over points df%: ss€(@)1Vmigds Vg
()2 V ()2 £t2} ={[se,ts] :s1 £ S8V S8 £ S Vg Lig V tg L2}

(34) Forallsy, s, ta, to holds{ po; po ranges over points af2: s; < (po)1 A (Po)1 <S2 A th <
(Po)2 A (Po)2 < to} is a subset of=2.

(35) Foralls, s, t1, tp holds{ps; py ranges over points a2 s £ (p1)1 V (P11 €S V i &
(p1)2 V (p1)2 £t} is a subset of:2.

(36) Forallsy, ty, S, tp, P such thaP = {po; po ranges over points @f2: s; < (po)1 A (Po)1 <
S At < (po)2 A (Po)2 < t2} holdsP is connected.

(37) Foralls, tg, 3, to, P such thaP = { p1; p1 ranges over points 05%: s £ (p1)1V (p1)1 €
S Vit £ (p1)2 V (p1)2 £t2} holdsP is connected.

(38) Letgivensy,t1, s, t2 andP be a subset OE% Suppose® = {pp; po ranges over points of
£2: 51 < (Po)1 A (Po)1 <2 A t1 < (Po)2 A (Po)2 < tz}. ThenPis open.

(39) Letgivensy, t1, s, t2 andP be a subset 01;2% Suppose® = {py; p1 ranges over points of
25 £ (pr)1 V (P)1£ S Vta £ (P1)2 V (P1)2 £ t2}. ThenPis open.
(40) Letgivensy, t1, $, tz, P, Q. Suppose that
(i) P={p; pranges over points GE%: SI<PLAP<SAtL<p A p2<ty},and
(i) Q= {au;q1ranges over points &fZ: s £ ()1 V (A1)1 €S2 Vi £ (d1)2 V (qu)2 £ t2}-
ThenP misseN.
(41) Letgivensy, t1, S, t2 andP, Pi, P> be subsets d};% Suppose that
() si<s,
(i) t<ty,

(i) P ={p;pranges over points afZ py=s1 A p2<t2 A p2>t1 V pr1<S A pr>
SIAPR=LVPR<SSAP2SIAPR=tVp=Ap<taA p>t},

(iv)  Py={pz; p2ranges over points dtZ: s; < (p2)1 A (P2)1 <2 At1 < (P2)2 A (P2)2 <t2},
and

(v) P>={ps; psrangesover points &2: s; £ (ps)1 V (Pa)1 £ V t1 £ (P3)2 V (ps)2 £ t2}.
Then
(vi) PC=PLUP;,
(viiy PC#£0,
(viii) Py missed,, and

(ix) for all subsetds, P4 of (E%) IP¢ such thaP; = P; andP; = P, holdsPs is a component of
(‘E2)[P° andP;, is a component of £2) [PC.
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(42) Letgivensy, ty, S, tz andP, Py, P, be subsets of2. Suppose that
() si<s,
(i) t1<ty,

@iy P={p;pranges over points afZ: pr =1 A P<tp A 2>t V p1<S A P>
SSIAR=LVPHSSAPZSAR=UYPL=APRIkAPR>t},

(iv) Pr={pz; p2ranges over points df:%: s1<(p2)1 A (P2)1<S2 At <(p2)2 A (P2)2 <t2},
and

(v) P>={ps; psranges over points &2: s; £ (p3)1 V (Pa)1 £ V1 £ (P3)2 V (P3)2 L t2}.
ThenP =P;\ Py andP =P, \ P,.
(43) Letgivensy, s, t1, ta, P, P1. Suppose that

() P={ppranges over points oE% pi=si A pp<tp A P>t V pr<S A p1>
SSAPR=LVP<SAP>SAPp=t1Vpi=Ap<tAp>t}, and

(i)  Pr={p2; p2 ranges over points 05%: S1<(pP2)1 A (P)1<S Atr<(p2)2 A (P2)2<to}.

(44) Letgivens,, s, t1, to, P, P1. Suppose that

0] P:{p;prangesoverpointso}:%: Ppr=s1 A p2<to A o>t V1< A pL2>
SSAP=L VPSS AP1I>2S AP=t1VPi=5 A p2<tr A p2>11},and

(i) PL={p2; p2ranges over points @& s; < (P2)1 A (P2)1 <S2 Ata < (P2)2 A (P2)2 <t2}.
ThenP; is a subset of £2) [ P°.
(45) Letgivens, s, t1, to, P, P>. Suppose that
() s1<s,
(i) t<ty,

(i) P ={p; pranges over points of,?: Ppr=S1 A Pp<ta App>t1 V1< A p1>
SIAPR=LVPSSSAPZSAPR=UVP=Ap<thAp>4} and

(iv)  P={ps; psranges over points &2 s; £ (p3)1 V (P3)1 £ %2 V t1 £ (P3)2 V (Pa)2 £ t2}.

(46) Letgivensy, s, tg, ta, P, P». Suppose that
() si<s,
(i) t1<ty,

(i) P ={p;pranges over points af%: py=s1 A P2 <tz A p2>t1 V p1<S A p1 >
SSAP=L VPSS API>S A P=t1VPi= A p<tr A p2>t1},and

(iv) P.={ps; psranges over points atZ: s, £ (p3)1 V (Pa)1 £ S V1 £ (P3)2 V (ps)2 £ t2}
ThenP;, is a subset of £2) [P°€.

3. JORDAN’'S PROPERTY

Let Sbe a subset 0£% We say thaSis Jordan if and only if the conditions (Def. 2) are satisfied.

(Def. 2)() S #£0,and

(i) there exist subset8,, A, of E% such thatS® = A UA; andA; missesA; andA; \ A; =
Az \ Az and for all subset€;, C; of (£2)[S* such thatC; = A; andC; = A holdsC; is a
component of £2) S andC; is a component of £2) [S-.

We introduceShas Jordan’s property as a synonynsaé Jordan.
Next we state two propositions:
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(47) LetSbe a subset of2. Supposéshas Jordan’s property. Then
i) S$+#0,and

(i) there exist subsetsy, Ay of Z% and there exist subse, C, of (Z%) IS such that
S = A UA; andA; missesA; andAg \ A = Az \ A; andCy = A3 andC, = A, andC; is a
component of £2)[S* andC; is a component of £2) |S° and for every subs&;s of (£2) S
such thatC; is a component o(f@%) IS holdsC3 = C; orCz = C,.

(48) Letgivensy, 9, t1, t2 andP be a subset GB% such that; < s, andty <ty andP = {p;p
ranges over points Uf% pr=s1 A 2<h APzt VPSS Ap>2s1 A p=
b VPSS ApPL>SI A p=t1 Vpi=5 A p2<ty A p2>t1}. ThenP has Jordan’s
property.
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