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1. PRELIMINARIES
One can prove the following propositions:

(ZH For all real numbers, b, r such that 6< r andr <1 anda<bholdsa< (1-r)-a+r-b
and(1—r)-a+r-b<h.

(3) For all real numbers, b such thata > 0 andb > 0 ora > 0 andb > 0 holdsa+b > 0.
(4) For all real numbers, b such that-1 < aanda < 1 and—1 < bandb < 1 holdsa?-b? < 1.
(5) For all real numbera, b such thai > 0 andb > 0 holdsa- vb = va?-b.

(6) For all real numbers, b such that-1 <aanda< 1 and—1 < b andb < 1 holds(-b) -
Vita2<vi1+bZand—V1+b2<b-vV1+a2

(7) For all real numbers, b such that-1 <aanda<1 and—1<bandb < 1 holdsb-

VidaZz <v14b2
(8) For all real numbera, b such thatn > b holdsa- v1+b?2 > b-v14a2.

(9) Leta, ¢, d be real numbers ang be a point of£2. If ¢ < d andp € L([a,c],[a,d]), then
p1=aandc < py andp, <d.

(10) For all real numbers, ¢, d and for every poinp of £2 such thatt < d andp; = a and
c< pzandp; <dholdsp e £([a,c|,[a,d]).

1 The proposition (1) has been removed.
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(11) Leta, b, d be real numbers angbe a point of£2. If a< bandp € £([a,d],[b,d]), then
p.=danda< p; andp; <h.

(12) For all real numbera, b and for every subsd of I such thaB = [a,b] holdsB is closed.

(13) LetX be atopological structur®, Z be non empty topological structurefshbe a map from
X intoY, andg be a map fronX into Z. Then donf = domg and domf = the carrier ofxX
and domf = Qx.

(14) LetX be a non empty topological space aBde a non empty subset &f. Then there
exists a mag from X[B into X such that for every poinp of X[B holds f(p) = pandf is
continuous.

(15) LetX be a non empty topological spach, be a map fromX into R, anda be a real
number. Supposé is continuous. Then there exists a n@from X into R! such that for
every pointp of X and for every real numbes such thatf;(p) =r; holdsg(p) =r; —aand
g is continuous.

(16) LetX be a non empty topological spach, be a map fromX into R, anda be a real
number. Supposé; is continuous. Then there exists a m@from X into R! such that for
every pointp of X and for every real numbej such thatf;(p) = r1 holdsg(p) =a—r1 and
g is continuous.

(17) LetX be a non empty topological spacebe a natural numbep be a point of£{, and f
be a map fronX into R!. Supposef is continuous. Then there exists a ngfsrom X into
7 such that for every pointof X holdsg(r) = f(r) - pandgis continuous.

(18) SqCir¢[-1,0]) = [~1,0].

(19) For every compact non empty subBetf E% such thaP = {p; p ranges over points Gf%:
|p| = 1} holds SqCir¢[—1,0]) = Win(P).

(20) LetX be a non empty topological spagebe a natural number, argd, g> be maps from
X into £7. Suppos@; is continuous ands is continuous. Then there exists a ngfsom X
into £7 such that for every pointof X holdsg(r) = g1(r) +g2(r) andg is continuous.

(21) LetX be a non empty topological spacehe a natural numbep, p2 be points of£7, and
f1, f2 be maps fronX into R'. Supposef; is continuous and; is continuous. Then there
exists a ma from X into 7 such that for every pointof X holdsg(r) = f1(r)- p1+ fa(r) -
p2 andg is continuous.

(22) For every functionf and for every sef such thatf is one-to-one and C domf holds
(f e feA=A

2. GENERAL FASHODA THEOREM FORUNIT CIRCLE

In the sequep, p1, P2, P3, 0, 91, g2 denote points ofE%.
The following propositions are true:

(23) Letf, g be maps froni into E2, Co, K1, Kz, K3, K4 be subsets of2, andO, | be points
of I. Suppose thad = 0 andl = 1 andf is continuous and one-to-one agds continuous
and one-to-one anGy = {p: |p| < 1} andK; = {qi; 1 ranges over points 0EZ: |ou| =

A (d1)2 < (d)1 A (d1)2 > —(du)1} andKa = {02;qp ranges over points oEZ: |o| =

A (G2)2 > (G2)1 A (G2)2 < —(d2)1} andKgz = {gs; 3 ranges over points of?: [ds| =

/\ (g8)2 > (g3)1 A (G3)2 > —(gs)1} andKs = {au; Qs ranges over points ofZ: |gu| =

A (Ga)2 < (da)1 A (ga)2 < —(ga)1} and f(O) € Ky and f(I) € K andg(O) € Kz and
g(l) € Kg and rngf C Cp and rngg C Cp. Then rngf meets rng.



GENERAL FASHODA MEET THEOREM FOR UNIT. .. 3

(24) Letf, g be maps froni into £2, Co, K1, Kz, K3, K4 be subsets o2, andO, | be points
of I. Suppose thaD = 0 andl = 1 andf is continuous and one-to-one agds continuous
and one-to-one anGp = {p: |p| < 1} andKy = {a1; 1 ranges over points of2: |on| =
1A ()2 < (g)1 A (d1)2 > —(a1)1} andKp = {gp; 0z ranges over points oE2: |gp| =
1A (G)2> ()1 A (G)2 < —(d)1} andKs = {qs; gs ranges over points af%: |gg| =
1A ()22 ()1 A (d3)2 > —(g3)1} andKy = {d4; 04 ranges over points ofZ: [gs| =
1A (da)2<(aa)1 A (da)2 < —(ga)1} and f(O) € Ky and f(l) € Kz andg(O) € K4 and
g(l) € Kz and rngf C Cp and rngy C Cp. Then rngf meets rng.

(25) Letps, p2, p3, p4 be points ofE%, P be a compact non empty subsetiﬁ, andCy be
a subset ofE2. SupposeP = {p; p ranges over points of2: |p| = 1} and p; <p pz and
P2 <p ps andpz <p ps. Let f, g be maps froni into 2. Suppose that is continuous and
one-to-one angj is continuous and one-to-one a@gd = { ps; ps ranges over points of,%:
|ps| < 1} and f(0) = p3 and f(1) = p; andg(0) = p2 andg(1l) = ps and rngf C Cy and
rngg C Cop. Then rngf meets rng.

(26) Letps, pz2, p3, pa be points ofE2, P be a compact non empty subset®f, andCo be
a subset of£2. SupposeP = {p; p ranges over points oE2: |p| = 1} and p; <p p, and
p2 <p p3 andps <p ps. Let f, g be maps froni into E% Suppose that is continuous and
one-to-one and is continuous and one-to-one afg = {ps; ps ranges over points 0}3%:
|ps| < 1} and f(0) = ps and f(1) = p; andg(0) = ps andg(1) = p2 and rngf C Cp and
rngg € Cop. Then rngf meets rng.

(27) Letps, p2, p3, psa be points of‘};%, P be a compact hon empty subsetﬁ, andCy be a
subset ofz%. Supposé = {p; p ranges over points dE%: |p| =1} andps, p2, Ps, Ps arein
this order orP. Let f, g be maps froni into E% Suppose that is continuous and one-to-one
andg is continuous and one-to-one aBgl= { ps; pg ranges over points cif%: |ps| <1} and
f(0) = pp and f(1) = ps andg(0) = p2 andg(1) = p4 and rngf C Cp and rngy C Co. Then
rngf meets rngj.

3. GENERAL RECTANGLES AND CIRCLES

Leta, b, ¢, d be real numbers. The functor Rectariglé, c,d) yields a subset OE% and is defined
by the condition (Def. 1).

(Def. 1) Rectangl@bc,d)={p:pi=a A c<p A p<dV pp=d Aa<p A p<
bvpi=bAc<pApa<dV pr=cAa<p A pp<b}

The following proposition is true

(28) Leta, b, c, d be real numbers ang be a point off% If a<bandc<d and
p € Rectangléa, b,c,d), thena < p; andp; < bandc < p, andp, <d.

Leta, b, ¢, d be real numbers. The functor InsideOfRectafalp, c,d) yielding a subset orE%
is defined as follows:

(Def. 2) InsideOfRectangle,b,c,d) ={p:a<pi A pp<bAc<p2 A pp<d}.

Leta, b, ¢, d be real numbers. The functor ClosedInsideOfRectdagtec, d) yields a subset
of £2 and is defined by:

(Def. 3) ClosedInsideOfRectangieb,c,d) ={p:a<p;1 A pp<bAc<p; A pp <d}.

Leta, b, ¢, d be real numbers. The functor OutsideOfRectafayle c,d) yields a subset of?
and is defined by:

(Def. 4) OutsideOfRectangla,b,c,d) ={p:a€p1 V prL£bVvcLp VvV pp £d}.

Let a, b, ¢, d be real numbers. The functor ClosedOutsideOfRectéadiec,d) yielding a
subset of£2 is defined by:
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(Def. 5) ClosedOutsideOfRectan@geb,c.d) = {p:ag p1V pp£bVvVcLp VvV p2 £d}.

We now state four propositions:

(29) Leta, b, r be real numbers an&s, C; be subsets ofE%. Supposer > 0 and
Ks = {q: |g| = 1} andC; = {py; p2 ranges over points ofE2: |pz — [a,b]| = r}. Then
(AffineMap(r,a,r,b))°Ks = C;.

(30) LetP, Q be subsets of2. Suppose there exists a map frd@d [P into £2]Q which is a
homeomorphism anH is a simple closed curve. Thé&his a simple closed curve.

(31) For every subsé? of @% such thaP satisfies conditions of simple closed curve hdids
compact.

(32) Leta, b, r be real numbers ar@; be a subset 0E$ Suppose > 0 andC; = {p; pranges
over points ofE2: |p— [a,b]| = r}. ThenC; is a simple closed curve.

Let a, b, r be real numbers. Let us assume that 0. The functor Circléa,b,r) yielding a
compact non empty subsetﬁ? is defined by:

(Def. 6) Circlga,b,r) = {p; pranges over points OETZ: lp—[ab]|=r}.

Let a, b, r be real numbers. The functor InsideOfCir@gb, r) yields a subset OE% and is
defined by:

(Def. 7) InsideOfCircléa, b,r) = {p; p ranges over points at2: |p— [a,b]| < r}.

Leta, b, r be real numbers. The functor ClosedInsideOfCiflb, r) yields a subset o£2 and
is defined as follows:

(Def. 8) ClosedInsideOfCircla,b,r) = {p; p ranges over points af2: |p—[a,b]| <r}.

Let a b, r be real numbers. The functor OutsideOfCifelé,r) yielding a subset ofc? is
defined by:

(Def. 9) OutsideOfCircléa, b,r) = {p; p ranges over points at2: |p—[a,b]| > r}.

Leta, b, r be real numbers. The functor ClosedOutsideOfCiggle r) yielding a subset of2
is defined by:

(Def. 10) ClosedOutsideOfCirdla, b,r) = {p; p ranges over points at2: |p—[a,b]| >r}.
One can prove the following propositions:

(33) Letr be a real number. Then InsideOfCir@e0,r) = {p: |p| < r} and if r > 0,
then Circlé0,0,r) = {p2 : |p2| = r} and OutsideOfCircl®,0,r) = {p3 : |ps| > r} and
ClosedInsideOfCirclg,0,r) = {q: |g| < r} and ClosedOutsideOfCirql@,0,r) = {gp :
|G| >}

(34) LetKs, C; be subsets 0E2. Suppos&s = {p: —1<p A pr<1A —-1<p A pp<1}
andC; = {pp; p2 ranges over points c@%: |p2| < 1}. Then SqCireKs = C;j.

(35) LetKs, C; be subsets oE% Suppos&Ks ={p: —1Lpr V1 L1V =1L po VvV pp £1}
andC; = {pp; p2 ranges over points cE%: |p2| > 1}. Then SqCiréKs = C;.

(36) LetKs, C; be subsets oF2. Suppos&s = {p: —1<pp A p1<1A —-1<py A pp <1}
andC; = {pp; p2 ranges over points cﬁ:%: |p2| < 1}. Then SqCireKs = C;.

(37) LetKs, Cy be subsets 0E2. Suppos&s ={p:—1£p1 V p1£1V 1< pp V pp £ 1}
andC; = {pp; p2 ranges over points (ﬁ;%: |p2| > 1}. Then SqCireKs = C;.
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(38) Let Py, P, Py, P11, Ko, Kg, K7, K11 be subsets of£2, P, K be non empty
compact subsets oft?, and f be a map fromE2 into £2. Suppose that =
Circle(0,0,1) and Py = InsideOfCircl€0,0,1) and P; = OutsideOfCircl¢0,0,1) and
P, = ClosedInsideOfCircl@®,0,1) and P;; = ClosedOutsideOfCircl®,0,1) and K =
Rectanglé—1,1,—1,1) andKo = InsideOfRectangle-1,1, —1, 1) andKg = OutsideOfRectangle-1,1, —1,1)
andKy7 = ClosedInsideOfRectangdle 1,1, —1, 1) andK;; = ClosedOutsideOfRectanglel,1, —1,1)
and f = SqCirc. Then f°K = P and (f~1)°P = K and f°Ko = Py and (f ~1)°Py = Kg and
f°Kg = Pp and (f_l)opl = Kg and f°Ky = P, and f°Ky; = P11 and (f_l)opz = K7 and
(f_l)opll =Ki1.

4. ORDER OFPOINTS ONRECTANGLE
One can prove the following propositions:

(39) Leta, b, ¢, d be real numbers. Suppoae< b andc < d. Then

()  £L(fac,lad)={p1:(p)1=aA (p1)2<d A (p1)2 >c},

(i)  L(la,d},[b,d]) ={p2:(P2)1<b A (P2)1=a A (p2)2=d},

(i)  L([a,c,[b,c])={aq:(q)1<b A (t)1>aA (qu)2=c}, and

(iv)  L([b,c],[b,d]) ={az: ()1 =b A (G2)2<d A ()2 > c}.

(40) Leta, b, ¢, dbe real numbers. Suppoaec bandc<d. Then{p:pr=aAc<p A p2 <

dvp=draspiAp<bVvpi=bArc<pAp<dVvp=cArasp Ap<
b} = L([a,c], [a,d]) U L([a,d], [b,d]) U (L([a,c], [b,c]) U L([b,c], [b,d])).

(41) For all real numbers, b, ¢, d such thata < b andc < d holds £L([a,c],[a,d]) N £L([a,c], b,
c)) ={lacJ}-

(42) For all real numbers, b, c, d such thatn < bandc < d holds L([a,c], [b,c]) N L([b,c], b,
d]) = {[b,c]}.

(43) For all real numbers, b, c, d such thats < b andc < d holdsL([a,d], [b,d]) N L([b,c], b,
d]) = {[b,d]}.

(44) | For{e[xll r??I numbers, b, ¢, d such that < bandc < d holdsL([a,c|, [a,d]) N L([a,d], [b,
d)) ={[a,d]}.

45) {g:-1=qu A -1<@ARSIVE=1A-1<gpA@<ly -1=gA-1<
RAQRSIVI=@A-1<gA@<l}={p:pp=—1A-1<pApPp<1lV p=
IN-1<p APpL<1IVpr=1A-1<p Ap<lVpp=-1A-1<p Ap<1)

(46) LetK be a non empty compact subset®# anda, b, c, d be real numbers. IK =
Rectangléa, b, c,d) anda < bandc < d, then W-boundK) = a.

(47) LetK be a non empty compact subset®# anda, b, c, d be real numbers. IK =
Rectangléa, b, c,d) anda < bandc < d, then N-boun¢K) =d

(48) LetK be a non empty compact subsetiéf anda, b, ¢, d be real numbers. IK =
Rectangléa, b, c,d) anda < b andc < d, then E-bounK) = b,

(49) LetK be a non empty compact subsetf}f anda, b, ¢, d be real numbers. IK =
Rectangléa, b, c,d) anda < b andc < d, then S-boun(K) =c.

(50) LetK be a non empty compact subsetﬁf anda, b, ¢, d be real numbers. IK =
Rectangléa, b, c,d) anda < b andc < d, then NW-cornefK) = [a,d].

(51) LetK be a non empty compact subset:éf anda, b, c, d be real numbers. IK =
Rectangléa, b, c,d) anda < b andc < d, then NE-corngiK) = [b,d].
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(52) LetK be a non empty compact subset®# anda, b, c, d be real numbers. IK =
Rectangléa, b, c,d) anda < bandc < d, then SW-corndK) = [a,c].

(53) LetK be a non empty compact subsetiéf anda, b, ¢, d be real numbers. IK =
Rectangléa, b, c,d) anda < bandc < d, then SE-corn€K) = [b, c].

(54) LetK be a non empty compact subset@f anda, b, ¢, d be real numbers. IK =
Rectangléa, b, c,d) anda < b andc < d, then Whos(K) = L([a,¢],[a,d]).

(55) LetK be a non empty compact subset@f anda, b, ¢, d be real numbers. IK =
Rectangléa, b, c,d) anda < b andc < d, then Enos{ K) = L([b, c], [b,d]).

(56) LetK be a non empty compact subset:éf anda, b, c, d be real numbers. IK =
Rectangléa, b, c,d) anda < b andc < d, then Whin(K) = [a,¢] and Enax(K) = [b,d].

(57) LetK be a non empty compact subset®f anda, b, ¢, d be real numbers. Suppose
K = Rectangléa,b,c,d) anda < b andc < d. Then L([a,c],[a,d]) U L([a,d], [b,d]) is an
arc from Whin(K) to Emax(K) and L([a, c], [b,c]) U L([b,c], [b,d]) is an arc from Eax(K) to
Wmm(K).

(58) LetP, Py, P3 be subsets oE%, a, b, ¢, d be real numbersf, f, be finite sequences
of elements ofE%, andpo, p1, Ps, P1o be points of'E%. Suppose thaa < b andc < d and
P={p:pr=anc<pAp<dvp=dras<pAp<bVp=bArc<pAp<
dVv pp=cAa<ps A pi<b}andpy=Iac]andp; = [b,d] andps = [a,d] andpio = [b,

c| and f1 = (po, ps, p1) and f2 = (po, P10, P1). Then fy is a special sequence and f1) =

(po, ps) UL(ps, p1) andfyis a speC|aI sequence arz[cd f2) = L(po, p10) U L(p10, p1) and
P= L(fl) UL(fz) and L(fl) mL(fz) = {po, p1} and (f1)1 = po and (f1)ienr, = P1 and
(f2)1 = po and(f2)ient, = P1.

(59) LetP, Py, P; be subsets of:2, a, b, ¢, d be real numbersf;, f, be finite sequences of
elements off%, and p;, p2 be points on%. Suppose thad < b andc < d andP = {p:
pr=aAnc<p ApdV p=dArasip Ap<bVvp=bAac<p A p<
dV p=cAa<ps A pr<b}andp;=[ac]andp; = [b,d] andf, = ([a,c],[ad],[b,d])
andf, = ([a,c],[b,c],[b,d]) andP, = L(f;) andP; = L(f2). ThenPy is an arc fromp; to p;
andPs is an arc frompy to p2 andPy is non empty andPs is non empty and® = PLUPs; and
PLOPs = {p1, P2}

(60) For all real numbers, b, ¢, d such thata < b andc < d holds Rectangi@,b,c,d) is a
simple closed curve.

(61) LetK be a non empty compact subset®# anda, b, c, d be real numbers. IK =
Rectangléa, b, c,d) anda < b andc < d, then UpperAr¢K) = L([a,c],[a,d]) U L([a,d], [b,
d)).

(62) LetK be a non empty compact subsetf}f anda, b, c, d be real numbers. IK =
Rectangléa, b,c,d) anda < b andc < d, then LowerAr¢K) = L([a,c],[b,c]) U L([b,c], b,

d)).

(63) LetK be a non empty compact subset@%, a, b, c, d be real numbers, anpy, p2 be
points of £2. Suppos& = Rectangléa, b, c,d) anda < b andc < d. Then there exists a map
f from I into (£2) | UpperArgK) such that

f is a homeomorphism ant{0) = Win(K) andf( ) = Emax(K) and rngf = UpperArdK)
and for every real numbersuch that € [0, 3] holdsf(r) = (1—-2-r)-[a,c]+2-r-[a,d] and
for every real number such that [ 1 holdsf(r)=(1—(2-r— )) [a,d]+ (2 r—l) [b,

o—C

d] and for every poinp of £2 such thatp € £([a,c], [a,d]) holds 0< d ¢ and d ¢ <land
Pp—C

f (<55 ) = pand for every poinp of £2 such thatp € £([a,d], [b,d]) holds 0< ? +3and

s34 45 <landf(%%+3)=p
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(64) LetK be a non empty compact subset®%, a, b, ¢, d be real numbers, angh, pz be
points ofE%. Suppos& = Rectangléa, b,c,d) anda < b andc < d. Then there exists a map
f from Linto (£2) | LowerArc(K) such that
f is a homeomorphism anf{0) = Emax(K) and f (1) = Wpin(K) and rngf = LowerArc(K)
and for every real numbersuch that € [0,3] holdsf(r) = (1—2-r)- [b,d] +2-r-[b,c] and
for every real number such that € [1,1] holdsf(r) = (1—(2:r—1))-[b,c]+ (2:1 —1)-[a,

po—d pp—d
c| and for every poinp of £2 such thap € £([b,d], [b,c]) holds 0< <% and 5% < 1 and
pp—d p1—b
f(<5%) = pand for every poinp of £2 such thatp € L([b,d], [a,c]) holds 0< 2 + 1 and

&+ 5 <landf(-5>+3)=p.

(65) LetK be a non empty compact subset@%, a, b, ¢, d be real numbers, angy, p, be
points of £2. Suppos& = Rectangléa, b, c,d) anda < b andc < d andp; € L([a,d],[a,d])
andpz € L([a,c],[a,d]). Thenpy <k pz if and only if (p1)2 < (p2)2.

(66) LetK be a non empty compact subsetf;%, a, b, c, d be real numbers, anpy, p2 be
points of £2. Suppos& = Rectangléa, b, c,d) anda < bandc < d andp; € L([a,d], [b,d])
andpz € L([a,d],[b,d]). Thenpy <k p2if and only if (p1)1 < (p2)1.

(67) LetK be a non empty compact subset@%, a, b, c, d be real numbers, anpy, p2 be
points of‘E% Suppos& = Rectangléa,b,c,d) anda < bandc < d andp; € £([b,c], [b,d])
andpg € L([b,c],[b,d]). Thenpy <k pzif and only if (p1)2 > (p2)2.

(68) LetK be a non empty compact subset@%, a, b, c, d be real numbers, angy, p2 be
points of £2. Suppos& = Rectangléa, b, c,d) anda < bandc < d andp; € L([a,c], [b,c])
andp, € L([a,c],[b,c]). Thenpy <k pz andp;1 # Wmin(K) if and only if (p1)1 > (p2)1 and
P2 # Wmin(K).

(69) LetK be a non empty compact subset&f, a, b, ¢, d be real numbers, ang, p; be points
of £2. Suppos& = Rectangléa, b, c,d) anda < bandc < d andp; € £([a,d], [a,d]). Then
p1 <k pz if and only if one of the following conditions is satisfied:

() pz2€ L([a,c],[a,d]) and(p1)2 < (p2)2, Or
(i) pz2€ L([ad],[b,d]),or
(i)  p2 € L(]b,d],[b,c]), or
(iv)  p2 € L([b,c],[a,c]) andpz # Win(K).

(70) LetK be a non empty compact subset&f, a, b, ¢, d be real numbers, ang, p; be points
of £2. Suppos& = Rectangléa, b, c,d) anda < b andc < d andp; € £([a,d], [b,d]). Then
p1 <k pz if and only if one of the following conditions is satisfied:

() pz2€ L([ad],[b,d]) and(p1)1 < (p2)1, OF
(i) p2€ L([b,d],[b,c]), or

(”I) P2 GL([b,C],[a,C]) andpz#wmin(K)~

(71) LetK be a non empty compact subsetﬁ, a, b, ¢, d be real numbers, anui, p, be points
of £2. Suppos& = Rectangléa, b, c,d) anda < bandc < d andp; € £([b,d], [b,c]). Then
p1 <k pz if and only if one of the following conditions is satisfied:

() p2€ L([b,d],[b,c]) and(p1)2 > (p2)2, or
(") P2 € L([b7 CL [aa C]) and P2 7é Wmin(K)'

(72) LetK be a non empty compact subset@f, a, b, c, d be real numbers, anpy, p2 be
points of £2. Suppos&K = Rectangléa, b, c,d) anda < bandc < d andp; € L([b,d],[a,c])
andp; # Whin(K). Thenps <k pz if and only if the following conditions are satisfied:

(I) pZGL([va}v[avc])a
(i) (P1)1> (p2)1, and
(iii) P2 7£ Wmin(K)~
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(73) Letx be a set ana, b, ¢, d be real numbers. Suppoge Rectangléa,b,c,d) anda<b
andc < d. Thenx € £L([a,c],[a,d]) orx € L([a,d],[b,d]) or x € L([b,d],[b,c]) orx € L([b,
cl,[a,c]).

5. GENERAL FASHODA THEOREM FORSQUARE
One can prove the following propositions:

(74) Let p1, p2 be points ofzﬁ and K be a non empty compact subset ﬁf- Suppose
K =Rectanglé—1,1,—1 1) andp; <k pz andp; € L([-1,-1],[-1,1]). Thenpz € L([-1,
_1]7[_171]) and(pZ)Z 2 (pl)Z or pz2 € L([_L 1}7[17 1]) or pz € L([lv 1]7 [17_1]) orpz €
L([la _1]’ [_17 _1]) ande # [_1, _1]'

(75) Letpy, p2 be points of’E% P, K be non empty compact subsetﬁ, andf be a map from
£2 into E2. SupposeP = Circle(0,0,1) andK = Rectanglé-1,1,—1,1) and f = SqCirc
andpy € £([-1,-1],[-1,1]) and(p1)2 > 0 andpy <k p2. Thenf(p1) <p f(p2).

(76) Let p1, p2, p3 be points on%, P, K be non empty compact subsetsﬁf, and f be
a map fromZ2 into £2. SupposeP = Circle(0,0,1) andK = Rectangl¢-1,1,—1,1) and
f = SqCirc andp; € £([—1,-1],[—1,1]) and(p1)2 > 0 andp; <k pz andp; <k ps. Then
f(p2) <p f(pa).

(77) Letp be a point of£2 and f be a map fron#2 into £2. If f = SqCirc andp; = —1 and
p2 <0, thenf(p); < 0 andf(p)z < 0.

(78) Letp be a point ofE2, P, K be non empty compact subsets®#, and f be a map from
£2 into E2. If P = Circle(0,0,1) andK = Rectanglé—1,1,—1,1) and f = SqCirg then
f(p)1>0iff p;>0.

(79) Letp be a point off%, P, K be non empty compact subsetsﬁ, and f be a map from
£2 into E2. If P = Circle(0,0,1) andK = Rectanglé—1,1,—1,1) and f = SqCirg then
f(p)2 > 0iff pp > 0.

(80) Letp, g be points of£2 and f be a map fronE2 into Z2. If f = SqCirc andp € £([-1,
_1]7 [_17 l]) andq € L([la_l]a [_17_1])7 thenf(p)l < f(q)l

(81) Letp, q be points ofE2 and f be a map fromE? into £2. Supposef = SqCirc and
pe £([-1,-1],[-1,1]) andg € L([-1,-1],[-1,1]) andpz > gz andpz < 0. Thenf(p), >
f(a)2.

(82) Letps, p2, p3, ps be points off%, P, K be non empty compact subsetsf)%, andf be
a map fromZ2 into £2. SupposeP = Circle(0,0,1) andK = Rectangl¢-1,1,—1,1) and
f = SqCirc. Supposep; <k pz and p2 <k pz and ps <k ps. Then f(p1), f(p2), f(p3),
f(pa) are in this order of.

(83) Letpsi, p2 be points off$ andP be a non empty compact subsetiléﬁ. If Pis asimple
closed curve angh, € P andp, € P andp; £p p2, thenp, <p p1.

(84) Letps, pz, ps be points of£2 andP be a non empty compact subset®f. SupposeP
is a simple closed curve aml € Pandp, € Pandps € P. Thenp; <p p2 andpz <p pz or
p1 <p p3andpz <p pz or pz <p p1 andpy <p p3 or p2 <p pz andpz <p p1 Or p3 <p p1 and
p1 <p P2 Or p3 <p Pz andpz <p p;.

(85) Letps, p2, p3 be points off% andP be a non empty compact subsemﬁ. SupposeP is
a simple closed curve amg, € P andp, € Pandps € P andpz <p p3. Thenpy <p pz or
P2 <p p1 andpy <p p3 or p3 <p p1.

(86) Letpi, pz2, ps, P4 be points ofE£Z andP be a non empty compact subset@}. Suppose
P is a simple closed curve argl € P andp; € Pandps € P andps € P andp, <p p3 and
p3 <p ps4. Thenpy <p p or p; <p p1 andp; <p pz or p3 <p pr andp; <p P4 or p4 <p P1.
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(87) Letps, p2, s, pa be points ofE2, P, K be non empty compact subsets®4, and f be

a map fromf% into Z% SupposeP = Circle(0,0,1) andK = Rectanglé—1,1,-1,1) and
f = SqCirc andf (p1) <p f(p2) andf(pz) <p f(p3) andf(ps) <p f(ps). Thenpy, P2, Pa,
p4 are in this order oiK.

(88) Letpy, P2, pa, pa be points ofE2, P, K be non empty compact subsets®#, and f be

a map fromE2 into £2. SupposeP = Circle(0,0,1) andK = Rectanglé—1,1,—1,1) and
f = SqCirc. Thenps, p2, ps, pa are in this order oK if and only if f(p1), f(p2), f(ps),
f(pa) are in this order ofP.

(89) Letps1, p2, pP3, P4 be points ofz%, K be a compact non empty subsetlbﬁ, andKg be a

(1

(2

(3]

4

(5]

6]

[7]
8l

&)
[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

subset of’B%. Suppose&K = Rectanglé—1,1,—1,1) and p1, p2, P3, P4 are in this order on
K. Let f, g be maps froni into £2. Suppose thaf is continuous and one-to-one agds
continuous and one-to-one aHg = ClosedInsideOfRectandle1,1,—1,1) and f (0) = p1
andf (1) = pz andg(0) = p2 andg(1) = ps and rngf C Kg and rngy C Ko. Then rngf meets
rngg.
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