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Summary. We will introduce four homeomorphisms (Fan morphisms) which give
spoke-like distortion to the plane. They do not change the norms of vectors and preserve
halfplanes invariant. These morphisms are used to regulate placement of points on the circle.

MML Identifier: JGRAPH_ 4.
WWW: http://mizar.org/JEM/Voll4/jgraph_4.html

The articles|[15],[[18],[[1],[[11],[[15],[[19],[3],[[4],[16],[110],[12],[[3],17], 8], [12], [1/7], (6], 14],
and [13] provide the notation and terminology for this paper.

1. PRELIMINARIES

In this papex, a denote real numbers anxlgq denote points OE%.
We now state a number of propositions:

(ZE] If a>0and(x—a)- (x+a) <0, then—a< xandx < a.

(3) For every real numbes; such that-1 < s; ands; < 1 holds 1+s; > 0 and 1-s; > 0.
(4) For every real numbersuch thag? < 1 holds—1 < aanda < 1.

(5) For every real numbersuch thae? < 1 holds—1 < aanda < 1.

(6) LetX be a non empty topological structutghe a map fronX into R, B be a subset oX,
anda be a real number. i is continuous an@ = {p; p ranges over points of: T,g > a},
thenB is open.

(7) LetX be a non empty topological structugghe a map fronX into R, B be a subset oX,
anda be a real number. i is continuous an@ = {p; p ranges over points of: T,g < a},
thenB is open.

(8) Letf be a map fron?2 into E2. Suppose that

(i) fis continuous and one-to-one,

@i) rmgf= QE%, and

(iii)  for every point p, of E% there exists a non empty compact subsedf Z% such that
K = f°K and there exists a subaétof z% such thatp, € V, andV; is open and/, C K and

f(p2) € Va.
Thenf is a homeomorphism.

1 The proposition (1) has been removed.
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(9) LetX be a non empty topological spada, f, be maps fronX into R, anda, b be real
numbers. Supposh is continuous and; is continuous ant # 0 and for every poing] of X
holds fo(q) # 0. Then there exists a mapfrom X into R such that

(i) for every pointp of X and for all real numbens;, r, such thatf;(p) =r1 and fa(p) =r»
o
holdsg(p) = 25 a7 and
(i) gis continuous.

(10) LetX be a non empty topological spade, f» be maps fronX into R, anda, b be real
numbers. Supposh is continuous and, is continuous and # 0 and for every poing of X
holds f,(q) # 0. Then there exists a mapfrom X into R* such that

(i) for every pointp of X and for all real numbens;, r, such thatf,(p) =r1 and fa(p) =r»
"

holdsg(p) =r»- Eb_a, and
(i) gis continuous.

(11) LetX be a non empty topological space afcbe a map fronX into R, Supposef; is
continuous. Then there exists a mgfrom X into R? such that for every poinp of X and
for every real number; such thatf(p) = ry holdsg(p) = r12 andg is continuous.

(12) LetX be a non empty topological space aficbe a map fronX into RY. Supposef; is
continuous. Then there exists a mgifrom X into R? such that for every poinp of X and
for every real numberr; such thatf;(p) = ry holdsg(p) = |r1| andg is continuous.

(13) LetX be a non empty topological space aficbe a map fronX into R'. Supposef; is
continuous. Then there exists a mgifrom X into R? such that for every poinp of X and
for every real numberr; such thatf;(p) = r1 holdsg(p) = —r1 andg is continuous.

(14) LetX be a non empty topological spadg, f, be maps fronX into R!, anda, b be real
numbers. Supposg is continuous and, is continuous and # 0 and for every poing of X
holds f(q) # 0. Then there exists a mapfrom X into R* such that

(i) for every pointp of X and for all real numbersy, r» such thatfi(p) =r1 and fa(p) =r2
"

holdsg(p) =rz- — |1—(’2T7a)2|,and
(i) gis continuous.
(15) LetX be a non empty topological spade, f> be maps fronX into R, anda, b be real

numbers. Supposg is continuous and, is continuous ant # 0 and for every poing of X
holds f(q) # 0. Then there exists a magpfrom X into R* such that

(i) for every pointp of X and for all real numbersy, rz such thatfi(p) =r1 andfa(p) =r2
"1

holdsg(p) =r2-1/|1— (Z2—)?|, and

(i) gis continuous.

Let n be a natural number. The functoNormF yields a function from the carrier @7 into
the carrier ofR! and is defined as follows:

(Def. 1) For every point of £7 holdsnNormHq) = |q].

The following propositions are true:

(16) For every natural numberholds doninNormF) = the carrier of£7 and dontnNormF) =
R".

(19ﬂ For every natural numberand for every mag from £ into R! such thatf = nNormF
holds f is continuous.

2 The propositions (17) and (18) have been removed.



FAN HOMEOMORPHISMS IN THE PLANE

(20) Letn be a natural numbeK be a subset of{, andf be a map fron{Z7) [Ko into RL. If
for every pointp of (£7) [Ko holds f (p) = nNormKp), thenf is continuous.

(21) Letnbe a natural numbep be a point ofE", r be a real number, ar8ibe a subset of}.
If B=Ball(p,r), thenB is Bounded and closed.

(22) For every poinp of 2 and for every real numberand for every subsé of Z% such that
B = Ball(p,r) holdsB is compact.

2. FAN MORPHISM FORWEST

Let sbe a real number and lgtbe a point ofE%. The functor FanWs, g) yields a point ofE% and

is defined by:
92 92
gl - [-1/1— (@f’:)z, T‘lﬂ:}, if & >sandag; <0,

(Def. 2) FanWs,q) = B_s  Bg
- [-\/1—- (45)% 555, if # <sandg; <0,

la
g, otherwise.

Letsbe a real number. The functssFanMorphW yields a function from the carrierﬁ{? into
the carrier of£2 and is defined by:

(Def. 3) For every point of E% holdss-FanMorphW(q) = FanWs, g).
The following propositions are true:

(23) Lets be areal number. Then
N [ %y L
@i if % > andq; < 0, thens; -FanMorphWq) = [|q| - —1/1— ( ‘g[sl )2,1q] - 'g[sl ], and
(i) if g1 > 0, thens;-FanMorphWaq) = q.

(24) For every real numbes; such that%‘ < s andq; < 0 holdss; -FanMorphWaq) = [|q| -

ql_sl ql_sl
1_( ‘?_‘Jrsl )27 |q| : ‘gusl ]

(25) Lets; be areal number such thatl <  ands; < 1. Then

@
@i if %ZI > s andqy < 0 andq # Oy, thens; -FanMorphWa) = [g] - —/1—( ‘2‘73)2,
4
gl - 4577, and
_ \%2\_51)2
\ s, /0

@iy if %ZI <s andg; <0 andg # 0,5%7 then s, -FanMorphWq) = [|g| - —1/1—(
% _q
[q 1

lal- 1)

I+s
(26) Lets; be a real numbek; be a non empty subset @2, and f be a map fron(‘E2)[K,
into R. Suppose that

i) -1l<s,
(i) s<1
P
. . Z-s
(iiiy ~ for every pointp of 2 such thatp € the carrier of £2) Ky holds f(p) = |p|- ‘2‘_51 ,
(iv) for every pointg of £2 such thag € the carrier of £2) Ky holdsg; < 0 andq # Ogz.

and

Thenf is continuous.
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(27) Lets; be a real numbek; be a non empty subset @2, and f be a map fron(‘£2)[K,
into R. Suppose that
i) -1l<s,
(i) s<1,
P2 _
(iiiy ~ for every pointp of 2 such thatp € the carrier of £2) Ky holds f (p) = |p|- ‘;‘Hjl, and

(iv)  for every pointg of £2 such thag € the carrier of £2) Ky holdsg; < 0 andq # Oy2.

Thenf is continuous.
(28) Lets; be a real numbei; be a non empty subset Gi% andf be a map fron{E%)[Kl
into R, Suppose that
() -1l<s,
(i) s<1,
(i) for every point p of E% such thatp € the carrier of(E%)[Kl holds f(p) = |p| -
P2 _
1- ()2, and
(iv)  for every pointg of £2 such thag € the carrier of( £2) [K; holdsqg; < 0 andl%z| > s and
Thenf is continuous.
(29) Lets; be a real numbek; be a non empty subset @2, and f be a map fron(‘E2)[K,
into R. Suppose that

H -1<s,
(i) s<1,
(iiiy  for every point p of £2 such thatp € the carrier of (£2)[K; holds f(p) = |p| -
P2
1—( ‘;‘Hjl)z, and
(iv)  for every pointq of £2 such that € the carrier of £2) [K; holdsgy < 0 andl%z| < s and

q 75 OE%
Thenf is continuous.

(30) Lets; be a real numbero, By be subsets of£2, and f be a map from(E2)[Kg into
(Z%)[BO. Suppose-1 < s; ands; < 1 andf = s;-FanMorphW Ky andBy = {q; g ranges
over points of‘Z%: gL <0 A Qq# Of%} andKo = {p: % > ApPr<0Ap# 0@%}. Thenf
is continuous.

(31) Lets; be a real numberg, By be subsets oE%, and f be a map fron‘(@%)[Ko into
(E%)[BO. Suppose-1 < s; ands; < 1 andf = s;-FanMorphW Ky andBy = {q; g ranges
over points ofE2: g1 <0 A q# 02} andKo = {p: % <st A PL<OA p#0g}. Thenf
is continuous.

(32) For every real numbesi and for every subséds of £2 such thakKz = {p: p2 > s1-|p| A
p1 < 0} holdsKj is closed.

(33) For every real numbesy and for every subsé¢s of £2 such thaKz = {p: p2 < s1-|p| A
p1 < 0} holdsKs3 is closed.

(34) Lets be a real numbero, By be subsets ofE2, and f be a map from(‘E2)[Ko into
(Z%) [Bo. Suppose-1 < s; ands; < 1 andf = s; -FanMorphW Ky andBg = (the carrier of
E2)\ {0z2} andKo = {p: p1 <0 A p+# 0yz}. Thenf is continuous.
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(35) Lets; be a real numbeio, By be subsets ofE2, and f be a map from(‘E2)[Ky into
(Z%) [Bo. Suppose-1 < s; ands; < 1 andf = s; -FanMorphW Ky andBg = (the carrier of
E2)\ {02} andKo = {p: p1 >0 A p+# 0z }. Thenf is continuous.

(36) LetBp be a subset oETZ andKg be a subset O(E%) [Bo. SupposeBy = (the carrier of
Z%)\{OE%} andKo={p: p1 <0 A p# 05%}. ThenKjy is closed.

(37) Lets; be areal numbeBg be a subset of2, Ko be a subset of£2) By, and f be a map
from (£2)[Bo[Ko into (£2)[Bo. Suppose-1< s; ands; < 1 and f = s;-FanMorphWKg
andBy = (the carrier ofEZ) \ {OZ%} andKg={p: p1 <0 A p# 0@%}- Thenf is continuous.

(838) LetBg be a subset oE% andKg be a subset o(z%) [Bo. SupposeBy = (the carrier of
E%)\{OE%} andKo = {p: p1 >0 A p# Ogz}. ThenKo is closed.

(39) Lets; be a real numbeBg be a subset oE% Ko be a subset o(f@%) [Bo, and f be a map
from (£2)[Bo[Ko into (£2)[Bg. Suppose-1< s; ands; < 1 and f = s;-FanMorphWKg
andBg = (the carrier of£2) \ {OE%} andKg={p: p1>0 A p# Oz%‘}- Thenf is continuous.

(40) For every real numbey and for every poinp of £2 holds|s; -FanMorphWp)| = |p|.

(41) For every real numbes and for all setx, Ko such that-1 < s; ands; < 1 andx € Kg and
Ko={p:p1<0A p# OE%} holdss; -FanMorphW(Xx) € Ko.

(42) For every real numbes and for all setx, Ko such that-1 < s; ands; < 1 andx € Kg and
Ko={p:p1>0 A p# 0,2} holdss;-FanMorphWX) € Ko.

(43) Lets; be a real number an® be a non empty subset @2. Suppose-1 < s; and
s1 <1 andDC = {Ogz}. Then there exists a majp from (£2)ID into (£2)|D such that
h = s;-FanMorphW D andh is continuous.

(44) Lets; be areal number. Supposd < s; ands; < 1. Then there exists a mdpfrom @TZ-
into E% such thah = s; -FanMorphW andh is continuous.

(45) For every real numbeg such that-1 < s; ands; < 1 holdss; -FanMorphW is one-to-one.

(46) For every real numbei such that-1 < s; ands; < 1 holdss; -FanMorphW is a map from
£2 into £2 and rngs; -FanMorphW = the carrier ofE2.

(47) Lets; be a real number angs be a point ofE2. Suppose-1 < s; ands; < 1. Then there
exists a non empty compact subkebf 7;% such thak = s; -FanMorphW K and there exists
a subseY; of £2 such thatp, € V; andV; is open and/; C K ands; -FanMorphW py) € Va.

(48) Lets; be areal number. Supposé < s; ands; < 1. Then there exists a mapfrom £2
into Z% such thatf = s, -FanMorphW and is a homeomorphism.

(49) Lets; be a real number anglbe a point ofE2. Suppose-1< s; ands; < 1 andgy < 0
and%" > s;. Let p be a point off%. If p=s;-FanMorphWq), thenp; < 0 andp, > 0.

(50) Lets; be areal number anglbe a point 01“2%. Suppose-1 < s ands; < 1 andg; < 0
and‘qqz‘ < §;. Let pbe a point ofE%. If p=si-FanMorphWq), thenp; < 0 andp, < 0.

(51) Lets; be a real number angy, gy be points of£T Suppose—l <s ands; <1 and

(q1)1 <0and f‘l ? > s and(ge)1 < 0 and q2 &¢ > s and \?qlllz < %Z)‘Z Let p1, p2 be points
of E2. If py = s1-FanMorphWaq;) andp; = sl FanMorphWap), then (":)11‘2 < (“;22)‘ .

(52) Lets; be a real number angy, gy be points osz Suppose—l <s ands; <1 and

(1)1 <0 and @ o ‘2 < s and(gz);1 <0 and @ T ‘2 < g and %HZ < (ﬁ;;‘z Let p1, p2 be points

of E2. If py = s;-FanMorphWaq;) andp; = s; -FanMorphWap), then (“:)11)‘2 < (‘%22)‘ :
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(53) Lets; be areal number arg, g, be points ofE2. Suppose-1< s; ands; < 1 and(q); <

0 and(gp); < 0 and (%)‘2 < (ﬁfzf Let p1, p2 be points of £2. If p; = s;-FanMorphWaq;)
(P2)2

andp, = s;-FanMorphWap), then<fpll)|2 <Rt

(54) Lets; be a real number anglbe a point of£2. Suppose-1 < s; ands; < 1 andgy < 0
and ‘qz‘ = s1. Let p be a point of£2. If p = s;-FanMorphW(q), thenp; < 0 andp, = 0.

(55) For every real numbesi holds 05,% = sl-FanMorphV\(Ogg).

3. FAN MORPHISM FORNORTH

Let sbe a real number and lgtbe a point ofE2. The functor Fans, q) yielding a point of£2 is
defined by:

G _
g [924/1— N S) ], if % >sandgp >0,
(Def. 4) FanNs,q) = al. [@:7 _(%i;s
g, otherwise.

)2, fﬁql|<sandq2>0

Let c be a real number. The functorFanMorphN yielding a function from the carrier Gﬁ
into the carrier of£2 is defined as follows:

(Def. 5) For every poing of 2 holdsc-FanMorphNg) = FanN(c,q).
The following propositions are true:

(56) Letcy be areal number. Then

—C1

N a a_c
() if %> ciandgy >0, thenc; -FanMorphNa) = [|g|- §—-,[d] - \/1- (§-)7, and

(i) if g» <0, thenc;-FanMorphNg) =

Q=

57) For every real number such that® < ¢; andg, > 0 holdsc; -FanMorphNg) = [|q| -
[al

C1
‘iuq ol /12— ().

a
@ if % > ¢ and gz > 0 and g # Oy, then c;-FanMorphNa) = [|q - ‘2‘_Ci1,\q| ,
1- (4= )% and
3

(i) if % <c andg >0 andq # 0 25 then c;-FanMorphNa) = (g - {7 1d| -

Yi-diy

(59) Letcy be areal numbeK; be a non empty subset Gi? andf be a map fron(Z%)[Kl
into R1. Suppose that

() -1<ec,
(i) c<1,

(iiiy  for every pointp of £2 such thatp € the carrier of £2) Ky holds f(p) =
(iv) for every pointq of Z% such thag € the carrier of(Z%) [K¢ holdsg, > 0 andq 75 0@%

Thenf is continuous.
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(60) Letc; be a real numbeK; be a non empty subset @&?2, and f be a map fron{‘£2)[K,
into R. Suppose that
i -1<ecy,
(i) c1<1,
(iiiy  for every pointp of 2 such thatp € the carrier of £2) Ky holds f (p) = |p|- ‘%‘;il, and
(iv)  for every pointg of £2 such thag € the carrier of £2) Ky holdsg, > 0 andq # Oy2.

Thenf is continuous.
(61) Letcy be areal numbek; be a non empty subset Gﬁ% andf be a map fron(E%)[Kl
into R, Suppose that
() —-1<c,
(i) c<1,
(i) for every point p of E% such thatp € the carrier of(E%)[Kl holds f(p) = |p| -
P
1- (B2, and
(iv)  for every pointg of £2 such thag € the carrier of £2) Ky holdsg, > 0 and%| > ¢y and
Thenf is continuous.
(62) Letc; be a real numbek; be a non empty subset @&?2, and f be a map fron{‘E2)[K,
into R. Suppose that

i) -1l<cy,
(i) o<1,
(iiiy  for every point p of £2 such thatp € the carrier of (£2)[K; holds f(p) = |p| -
Py
1—( @;:1)2, and
(iv) for every pointq of £2 such thay € the carrier of £2) K holdsg > 0 andl%l| < ¢ and
q 75 OE%

Thenf is continuous.

(63) Letcy be a real numberKo, Bg be subsets oft2, and f be a map from(E2) [Kg into
(Z%)[BO. Suppose-1 < ¢; andc; < 1 andf = ¢;-FanMorphN Ko and By = {g; g ranges
over points ofE2: g, > 0 A q# Ogg} andKo = {p: % >CL A P2>0A p# 0@%}- Thenf
is continuous.

(64) Letc; be a real numberKg, By be subsets oE%, and f be a map frorr(f%)[Ko into
(E%)[BO. Suppose-1 < ¢; andc; < 1 andf = ¢;-FanMorphN Ko and By = {q; q ranges
over points ofE2: gz > 0 A q# Oz} andKo = {p: % <C1 A p2>0A p#0g} Thenf
is continuous.

(65) For every real numbey and for every subsé{s of E% suchthaKz = {p: p1>cy-|p| A
p2 > 0} holdsKj is closed.

(66) For every real numbes and for every subsé¢s of £2 such thaks = {p: p1 <c1-|p| A
p2 > 0} holdsKj is closed.

(67) Letcy be a real numberKo, By be subsets ofE2, and f be a map from(‘E2)[Ky into
(Z%) [Bp. Suppose-1 < ¢; andcy < 1 andf = ¢;-FanMorphN Ky andBy = (the carrier of

E%)\{OE%} andKo = {p: p2 >0 A p+# 0zz}. Thenf is continuous.
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(68) Letcy be a real numberKo, By be subsets of2, and f be a map from(‘E2)[Ko into
(Z%) [Bp. Suppose-1 < ¢; andcy < 1 andf = ¢; -FanMorphN Ko andBy = (the carrier of
E2)\ {0z} andKo = {p: p2 <0 A p# 0z }. Thenf is continuous.

(69) LetBp be a subset oETZ andKg be a subset o(@%) [Bp. SupposeBy = (the carrier of
Z%)\{OE%} andKo={p:p2>0 A p# 05%}. ThenKjy is closed.

(70) LetBg be a subset ofc2 andKy be a subset of £2) [By. SupposeBy = (the carrier of
Z%)\{Of%;} andKo={p: p2<0 A p# Of%;}. ThenKjy is closed.

(71) Letcy be areal numbeBy be a subset 0E$ Ko be a subset o(fZ%) IBo, and f be a map
from (E2)[Bo[Ko into (£2)[Bo. Suppose-1 < ¢; andc; < 1 and f = ¢; -FanMorphN Ko
andBy = (the carrier ofE2) \ {OE%} andKo={p:p2>0A p# Ogg}. Thenf is continuous.

(72) Letcy be areal numbeBg be a subset OE% Ko be a subset o(ff%) IBp, and f be a map
from (£2)[Bo[Ko into (E2)[Bo. Suppose-1 < ¢; andc; < 1 andf = ¢; -FanMorphNKg
andBg = (the carrier of£2) \ {OE%} andKg={p: p2<0 A p# Ofg}. Thenf is continuous.

(73) For every real numbes and for every poinp of £2 holds|c; -FanMorphNp)| = |p|.

(74) For every real numbeyg and for all set, Ko such that-1 < ¢; andc; < 1 andx € Kg and
Ko={p:p2>0A p# OE%} holdsc; -FanMorphNXx) € K.

(75) For every real numbey and for all setx, Kg such that-1 < ¢; andc; < 1 andx € Kg and
Ko={p:p2<0 A p# 02} holdscy-FanMorphNX) € Ko.

(76) Letcy be a real number and be a non empty subset @2. Suppose-1 < ¢; and
c1 <1 andDC = {Ogz}. Then there exists a map from (E2)ID into (£2)|D such that
h = ¢; -FanMorphN D andh is continuous.

(77) Letcy be areal number. Supposd < ¢; andcy < 1. Then there exists a mdpfrom @TZ-
into E% such thah = ¢; -FanMorphN andh is continuous.

(78) For every real numbes such that-1 < ¢; andc; < 1 holdsc; -FanMorphN is one-to-one.

(79) For every real numbes such that-1 < ¢; andcy < 1 holdscs -FanMorphN is a map from
£2 into £2 and rngc; -FanMorphN = the carrier of£2.

(80) Letcy be a real number angb be a point of£2. Suppose-1 < ¢; andc; < 1. Then there
exists a non empty compact subKeof @% such thaK = ¢, -FanMorphN K and there exists
a subseY; of £2 such thatp, € V, andV; is open and/; C K andc; -FanMorphNpz) € Va.

(81) Letcy be a real number. Supposé < ¢; andc; < 1. Then there exists a majpfrom £2
into Z% such thatf = c; -FanMorphN and is a homeomorphism.

(82) Letc; be a real number angibe a point of£2. Suppose-1 < ¢; andc; < 1 andgp > 0
and%‘ > c;. Let p be a point off%. If p=cy-FanMorphNq), thenp, > 0 andp; > 0.

(83) Letcy be a real number anglbe a point ofE%. Suppose-1 < ¢; andcy; < 1 andge >0
and%‘ < ¢1. Let pbe a point off%. If p=cy-FanMorphNq), thenp, > 0 andp; < O.

(84) Letcy be a real number angy, gz be points offT Suppose—l <c andc; <1 and

(m)2>0 and¢ G Il > ¢y and(gg)2 > 0 and q2 ‘1 > c¢; and ‘ql‘ (\qz|1 Let p1, p2 be points

of E2. If py = ¢;-FanMorphNg;) andp, = cl FanMorphNgy), then (“;11)‘1 < (lpZ)‘

(85) Letcy be a real number angy, gz be points off% Suppose—l < ¢ andc; < 1 and

(q1)2 >0 and ﬁl 1 < ¢ and(gp)2 > 0 and q2 et <ciand qqll‘l < (ﬁ(gll Let p1, p2 be points

of ZT If pp = c1-FanMorphNay) andp, = cl FanMorphNgp), then (\pl)\ < (Ipz)\




FAN HOMEOMORPHISMS IN THE PLANE 9

(86) Letcy be areal number arg, g, be points of£2. Suppose-1 < ¢; ande; < 1 and(g)2 >
0 and(gp)2 >0 and<f'qll)‘1 < ﬁ; *. Letpy, pz be points ofE2. If pp = ¢1-FanMorphNg;) and

p2 = ¢1-FanMorphNay), the”(%)\l < <\pD22)|

(87) Letcy be areal number amglbe a point ofE% Suppose-1 < ¢; andc; < 1 andgz >0
and%‘ = ;. Let p be a point off%. If p=c1-FanMorphNq), thenp, > 0 andp; = 0.

(88) For every real numbex holds 05,% = cl-FanMorthOE%).

4. FAN MORPHISM FOREAST

Letsbe a real number and lgtbe a point of£2. The functor Fanks, q) yields a point of£2 and is
defined by:

ql—s

(Def. 6) FanEs,q) = G o %
ldl-[\/1- (<) ‘LS] ffcﬁ<sandql>o

g, otherwise.

Let sbe a real number. The functerfFanMorphE yields a function from the carrierﬁf- into
the carrier of£2 and is defined as follows:

(Def. 7)  For every poiny of £2 holdss-FanMorphEq) = FanEs,q).

Next we state a number of propositions:
(89) Lets be areal number. Then
a2
N iG-S
() if & >s andg; > 0, thens; -FanMorphEaq) = [|q - (q‘ = 2 |g)- 22 and
(i) if g1 <0, thens;-FanMorphEq) =

(90) For every real numbes; such that‘ql <'s; andq; > 0 holdss; -FanMorphEq) = [|q] -

(91) Lets; be a real number such thatl < s; ands; < 1. Then

() if % >s anday > 0 andg # Oz, thens;-FanMorphEa) = [|q]-/1— (7). [q

[P
(i) if % <s anday >0 andq # Og, thens-FanMorphq) = [|g| - /1 (- SR
%_Sl]
1+s I
(92) Lets; be a real numbek; be a non empty subset (it% andf be a map fron(Z%)[Kl
into R1. Suppose that
) -1<s,
(i) s<1,

P
iiiy  for every pointp of £2 such thaip < the carrier o K1 holds f(p) = |p|- an
(iii) y pointp of £ such thap € th ier off Z2) Ky holds f (p) = [p| - 2", and

1-5
(iv)  for every pointg of £2 such thag € the carrier of £2) Ky holdsg; > 0 andq # 0,5%.
Thenf is continuous.
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(93) Lets; be a real numbek; be a non empty subset @2, and f be a map fron(‘£2)[K,
into R. Suppose that
i -1l<s,
(i) s<1,
P2 _
(iiiy  for every pointp of 2 such thatp € the carrier of £2) Ky holds f (p) = |p|- ‘;‘Hjl, and

(iv)  for every pointg of £2 such thag € the carrier of £2) Ky holdsg; > 0 andq # Oy2.

Thenf is continuous.
(94) Lets; be a real numbek; be a non empty subset @?, and f be a map from(£2) K,
into R, Suppose that
() -1l<s,
(i) s<1,
(i) for every point p of E% such thatp € the carrier of(E%)[Kl holds f(p) = |p| -

P2
25
1- (%)% and

(iv)  for every pointg of Z£2 such thag € the carrier of( £2) [K; holdsqg; > 0 andl%z| > s and
Thenf is continuous.

(95) Lets; be a real numbek; be a non empty subset @2, and f be a map fron(E2)[K,
into R. Suppose that

H -1<s,
(i) s<1,
(iiiy  for every point p of £2 such thatp € the carrier of (£2)[K; holds f(p) = |p| -
1- (‘pi—:l)z, and
(iv) for every pointq of £2 such thag € the carrier of £2) [K; holdsgy > 0 andl%z| < s and
q 75 OE%

Thenf is continuous.

(96) Lets; be a real numbero, By be subsets of£2, and f be a map from(’E2) [Kq into
(Z%)[BO. Suppose-1< 5 ands; < 1 and f = s;-FanMorphBKg and By = {q; q ranges
over points ofE2: q; > 0 A q# OZ%} andKo = {p: % >t ApPpL>0A p# 0@%}. Thenf
is continuous.

(97) Lets; be a real numberg, By be subsets oE%, and f be a map fron‘(@%)[Ko into
(E%)[BO. Suppose-1< 5 ands; < 1 and f = s;-FanMorphBKp and B = {q; q ranges
over points ofE2: ¢y >0 A q# Og2} andKo = {p: % <st A PL>0A p#Og}. Thenf
is continuous.

(98) For every real numbesi and for every subséds of £2 such thaKz = {p: p2 > s1-|p| A
p1 > 0} holdsKj is closed.

(99) For every real numbesy and for every subséts of £2 such thaKs = {p: p2 < s1-|p| A
p1 > 0} holdsKj is closed.

(100) Lets; be a real numberKo, By be subsets of2, and f be a map from(‘£2)[Kq into
(Z%) [Bp. Suppose-1 < g ands; < 1 andf = s;-FanMorphBKg andBg = (the carrier of
E2)\ {02} andKo = {p: p1 >0 A p+# 0z }. Thenf is continuous.
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(101) Lets; be a real numberKo, By be subsets of2, and f be a map from(‘£2)[Kg into
(Z%) [Bo. Suppose-1 < g ands; < 1 andf = s;-FanMorphBKg andBg = (the carrier of
E2)\ {0z} andKo = {p: p1 <0 A p# 0z }. Thenf is continuous.

(102) Lets; be a real numbeBg be a subset of% Ko be a subset o(f@%) [Bo, and f be a map
from (£2) [Bo Ko into (E2)[Bo. Suppose-1 < s; ands; < 1 andf = s; -FanMorphEKg and
Bo = (the carrier of£2) \ {Oz%} andKo={p: p1 >0 A p# 0@%’}- Thenf is continuous.

(103) Lets; be a real numbeBg be a subset oE% Ko be a subset o(f@%) [Bo, and f be a map
from (E%) [Bo[Kg into (E%) IBp. Suppose-1< s ands; < 1 andf = s;-FanMorphBKp and
Bo = (the carrier of£2) \ {OE%} andKo={p: p1 <0 A p# Ofg}. Thenf is continuous.

(104) For every real numbeg and for every poinp of £2 holds|s; -FanMorphEp)| = |p|.

(105) For every real numbef and for all setx, Ko such that-1 < 5 ands; < 1 andx € Kg and
Ko={p:p1>0A p# Oﬁ} holdss; -FanMorphEXx) € Ko.

(106) For every real numbei and for all setx, Ko such that-1 < s; ands; < 1 andx € Kg and
Ko={p:p1<0A p# OE%} holdss; -FanMorphEXx) € Ko.

(107) Lets; be a real number anD be a non empty subset cﬂ% Suppose-1 < 5 and
s1 < 1 andD® = {0;2}. Then there exists a malp from (Z2)ID into (£2)ID such that
h = s -FanMorphED andh is continuous.

(108) Lets; be a real number. Supposé < ; ands; < 1. Then there exists a mdpfrom £2
into Z% such thah = s, -FanMorphE andh is continuous.

(109) For every real numbeg such that-1 < s; ands; < 1 holdss; -FanMorphE is one-to-one.

(110) For every real numbei such that-1 < s; ands; < 1 holdss; -FanMorphE is a map from
£2 into £2 and rngs; -FanMorphE = the carrier ofE2.

(111) Lets; be areal number angb be a point on%. Suppose-1 < 5 ands; < 1. Then there
exists a non empty compact subkedf E% such thaK = s; -FanMorphE K and there exists
a subseYts of E% such thatp; € V, andV; is open and/, C K ands; -FanMorphEpy) € V.

(112) Lets; be areal number. Supposé < s; ands; < 1. Then there exists a mapfrom z%
into £2 such thatf = s; -FanMorphE and is a homeomorphism.

(113) Lets; be a real number angibe a point of£2. Suppose-1< s ands; < 1 andgy > 0
and%" > 5. Let p be a point of£2. If p = s;-FanMorphEq), thenp; > 0 andp, > 0.

(114) Lets; be a real number anglbe a point of'Z%. Suppose-1 < s ands; < 1 andg; > 0
and ‘qz‘ < §. Let pbe a point off,%. If p=si-FanMorphEq), thenp; > 0 andp, < 0.

(115) Lets; be a real number angy, gz be points of£2. Suppose-1 < s ands; < 1 and

()1 >0 and<‘q)‘2 > s and(gp); > 0 and (|q)\2 > s and (\ql)l <‘q)‘2 Let p1, P2 be points
of ZT If p1 = s1-FanMorphEq;) andpz = s;-FanMorphEQqy), then P |p1‘ < (Ipz)\

(116) Lets; be a real number angy, gz be points of£2. Suppose-1 < s ands; < 1 and

(q1)1>0 and<‘q)‘2 < s and(qgp); > 0 and (|q)\2 < s and (\ql)l <‘q)‘2 Let p1, p2 be points

of ET. If p1 =s1-FanMorphEq;) andp; = s; -FanMorphEgy), then(%)‘ < (Ipz)\

(117) Lets; be areal number argd, gz be points ofE% Suppose-1< s; ands; < 1 and(q); >

0 and(gp); >0 and(%)‘2 < (ﬁqzzf Let p1, p2 be points ofE2. If p; = s;-FanMorphEq;) and

p2 = s1-FanMorphEgp), the”(lppl)\ < (\P2>|
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(118) Lets; be a real number angibe a point of£2. Suppose-1< s ands; < 1 andgy > 0
and%2 =s;. Let pbe a point of‘E%. If p=s;-FanMorphEq), thenp; > 0 andp, = 0.

(119) For every real numbei holds 05,% = sl-FanMorphEﬁof%;).

5. FAN MORPHISM FORSOUTH

Let s be a real number and lgtbe a point of‘E%. The functor Fan$, q) yielding a point off% is
defined as follows:

%—s %—s )
et8) Fansed ol [45, —\/1- (457, if & > sandg <0,
Def. 8) Fan$s,q) = a_g a_q )
lal - [, — 1—(‘2‘+S)2],|f%<sandq2<o,
g, otherwise.

Let c be a real number. The functorFanMorphS vyields a function from the carrier@f- into
the carrier of£2 and is defined by:

(Def. 9)  For every poing of £2 holdsc-FanMorph$q) = FanSc,q).
One can prove the following propositions:
(120) Letcy be areal number. Then

q a
(i) if % > ¢ andgp < 0, thenc; -FanMorph$q) = [|q] - ‘g‘_ciﬂ g - —1/1—( ‘i'_cil)z], and

(i) if gz > 0, thenc;-FanMorph$q) = g.

(121) For every real numbey such that™ < ¢; andg, < 0 holdsc; -FanMorph$q) = [|q| -

laf
@ &
4 ldl-—\1- (B2,

(122) Letcy be a real number such thatl < ¢; andc; < 1. Then

a _
[

() if @ >c andg <0 andq # Oz, then ci-FanMorph$a) = [la| - —-.lal

Ll
2_c
o 1

1- (1= )% and
a
(i) if % <c and gz < 0 and g # Oy, then cy-FanMorph$a) = [|qf - ‘ELCTJQ\ .
i
- 1_( j?_+c1 )2]

(123) Letcy be a real numbekK; be a non empty subset Gi? andf be a map fron(Z%) 'Ky
into R, Suppose that

() —-1<c,

(i) c<1,

P
i
1-c1

(iiiy  for every pointp of £2 such thatp € the carrier off £2) [Ky holds f(p) = |p| - ,and

(iv) for every pointg of £2 such thag € the carrier of £2) Ky holdsg, < 0 andq # 0,5%.

Thenf is continuous.

(124) Letcy be a real numbek; be a non empty subset @?2, and f be a map from(£2) [Ky
into R!. Suppose that
i -1l<ecy,
(i) c<1,
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P
(iiiy  for every pointp of 2 such thatp € the carrier of £2) Ky holds f(p) = |p| - ‘g‘ﬂil, and
(iv) for every pointq of £2 such thag € the carrier of(£2)[K; holdsg, < 0 andq # Ofg.

Thenf is continuous.
(125) Letcy be a real numbek; be a non empty subset (if% andf be a map fron{Z%) K1
into R1. Suppose that
i -1<ecy,
(i) c<1,
(iiy  for every point p of £2 such thatp € the carrier of (£2)[K; holds f(p) = |p| -
L
1- (—‘ELCT )2, and
(iv)  for every pointq of £2 such thay € the carrier of £2) K holdsg < 0 andl%l| > ¢y and
Thenf is continuous.
(126) Letcy be a real numbek; be a non empty subset (if% andf be a map fron{Z%) K1
into R. Suppose that
() -1l<ec,
(i) c<1,
(iiiy  for every point p of Z2 such thatp € the carrier of (£2)[K; holds f(p) = |p| -

B
1- (4 )% and

(iv)  for every pointg of £2 such thag € the carrier of £2) Ky holdsg, < 0 and%| < ¢ and
Thenf is continuous.

(127) Letc; be a real numberKo, By be subsets of£2, and f be a map from(£2)[Kq into
(E2)[Bo. Suppose-1 < ¢; and¢; < 1 and f = ¢;-FanMorphSKy and By = {q; q ranges
over points ofE%: P<0AQg# Ofg} andKo = {p: % > ApP2<0A pyéogg}. Thenf
is continuous.

(128) Letcy be a real numberko, By be subsets oE%, and f be a map frorr(f%)[Ko into
(E%)[Bo. Suppose-1 < ¢; andc; < 1 and f = ¢;-FanMorphSKg and By = {q; q ranges
over points ofE2: g, <0 A q# Oz} andKo = {p: % <C1 A Pp2<0A p#0s} Thenf
is continuous.

(129) For every real numbejs and for every subséds of £2 such thaKs = {p: p1 >¢1-|p| A
p2 < 0} holdsKs3 is closed.

(130) For every real numbesi and for every subsé{s of Z% such thakz = {p:p1 <ci-|p| A
p2 < 0} holdsKj is closed.

(131) Letcy be a real numberKp, By be subsets ofE%, and f be a map fron(f%)[Ko into
(E2)Bo. Suppose-1 < ¢; andc; < 1 andf = ¢;-FanMorphSKg andBy = (the carrier of
E2)\ {0g2} andKo = {p: p2 <0 A p#Og}. Thenf is continuous.

(132) Letcy be a real numberKp, By be subsets ofE%, and f be a map fron(f%)[Ko into
(E2)Bo. Suppose-1 < ¢; andc; < 1 andf = ¢;-FanMorphSKg andBy = (the carrier of
E2)\ {0g2} andKo = {p: p2 >0 A p#Ogz}. Thenf is continuous.

(133) Letcy be a real numbeBg be a subset GB% Ko be a subset o(ff%) IBp, and f be a map
from (£2)[Bo[Ko into (£2)[Bo. Suppose-1 < ¢; andc; < 1 andf = ¢;-FanMorphSKo
andBy = (the carrier ofE2) \ {Ogg} andKg={p: p2<0 A p# OE%}. Thenf is continuous.
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(134) Letc; be a real numbeBy be a subset o£2, Kq be a subset of £2) [Bg, and f be a map
from (£2)[Bo[Ko into (£2)[Bo. Suppose-1 < ¢; andc; < 1 andf = ¢;-FanMorphSKo
andBy = (the carrier ofE2) \ {OE%} andKo={p:p2>0 A p# Ogg}. Thenf is continuous.

(135) For every real numbes and for every poinp of E% holds|c; -FanMorph%p)| = |p|.

(136) For every real numbeg and for all set, Ko such that-1 < ¢; andc; < 1 andx € Kg and
Ko={p:p2<0A p# OE%} holdsc; -FanMorph$x) € Ko.

(137) For every real numbei and for all setx, Ko such that-1 < ¢; andc; < 1 andx € Kg and
Ko={p:p2>0A p# OE%} holdsc; -FanMorph$x) € Ko.

(138) Letcy be a real number anB be a non empty subset @&2. Suppose-1 < c; and
c1 <1 andD® = {Ogz}. Then there exists a map from (£23)ID into (£2)|D such that
h = c;-FanMorphSD andh is continuous.

(139) Letcy be a real number. Supposé < ¢; andc; < 1. Then there exists a mdpfrom E%
into E% such thah = ¢ -FanMorphS andh is continuous.

(140) For every real numbeg such that-1 < ¢; andc; < 1 holdsc; -FanMorphS is one-to-one.

(141) For every real numbeg such that-1 < c¢; andc; < 1 holdscy -FanMorphS is a map from
£2 into £2 and rngc; -FanMorph$ = the carrier of£2.

(142) Letc; be a real number angb be a point ofE2. Suppose-1 < ¢; andc; < 1. Then there
exists a non empty compact subkedf E% such thaK = c¢; -FanMorphSK and there exists
a subseY; of £2 such thaip, € V, andV, is open and/; C K andc; -FanMorph$py) € Va.

(143) Letcy be areal number. Supposéd < ¢; andc; < 1. Then there exists a mapfrom Z%
into E% such thatf = c; -FanMorphS and is a homeomorphism.

(144) Letcy be a real number angibe a point on%. Suppose-1 < ¢; andc; < 1 andge < 0
and%‘ > ¢;. Let p be a point of£2. If p = c1-FanMorph$q), thenp, < 0 andp; > 0.
(145) Letc be a real number anglbe a point ofE2. Suppose-1 < ¢; andc; < 1 andg < 0
and%‘ < C1. Let p be a point off%. If p=cyi-FanMorph$q), thenp, < 0 andp; < 0.

(146) Letcy be a real number angy, oz be points off% Suppose—l < ¢ andc; < 1 and

(tn)2 < 0 andl i |1 > ¢ and(qp)2 < 0 and quz t > ciand fql < (‘qu>|1 Let p1, p2 be points

of E2. If py = ¢;-FanMorph$q;) andp; = ¢; -FanMorph$ap), then(l"l)‘1 < (Ipé)\

(147) Letcy be a real number angy, oz be points off;% Suppose—l < c andc; <1 and

(g1)2<0 and¢ q Il <cand(gp)2 <0 and @ B ‘1 <candd ‘ql‘ (\qz|1 Let p1, p2 be points

of ZZ. If p1 = c1-FanMorph$a:) and p, = ¢ -FanMorph$cy), then(l‘:})‘l < (Iprz)\

(148) Letcy be areal number anyl, g2 be points ofE% Suppose-1< ¢ ande; < 1 and(gr)2 <

O0and(gz)2 <0 and 9 ‘q ‘ (Iq ‘1 Let p1, p2 be points of'B? If pp = c1-FanMorph$%q;) and

p2 = ¢1-FanMorph$ay), then(ﬁ})‘1 < <‘pp22>|
(149) Letcy be a real number anglbe a point off,%. Suppose-1 < ¢; andc; < 1 andge < 0

and%‘ = c1. Let p be a point ofE2. If p= ¢; -FanMorph$q), thenp, < 0 andp; = 0.

(150) For every real numbes holds 0572 = cl-FanMorph$OZ%).
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