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Irrationality of e
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Summary. We prove the irrationality of square roots of prime numbers and of the
numbere. In order to be able to prove the last, a proof is given thater_ e = exp (1) as
defined in the Mizar library, that is that
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MML Identifier: IRRAT_1.

WWW: http://mizar.orqg/JFM/Volll/irrat_1.html

[22], [8], [19], [7], and [14] provide the notation and terminology for this paper.

1. SQUARE ROOTS OFPRIMES ARE IRRATIONAL

For simplicity, we adopt the following conventiok; n, p, K, N are natural numbers, y, e; are
real numberss;, $, s3 are sequences of real numbers, apid a finite sequence of elementsif
Let us considex. We introducex is irrational as an antonym dfis rational.
Let us considek, y. We introduced’ as a synonym of’.
One can prove the following propositions:
(1) If pis prime, then/pis irrational.

(2) There exisk, y such thai is irrational andy is irrational ands’ is rational.

2. APROOF THATE=E€

The scheméambdaRealSedeals with a unary functgf yielding a real number, and states that:
There exists; such that for every holdss;(n) = ¥ (n) and for alls,, s3 such that
for everyn holdssy(n) = # (n) and for everyn holdssz(n) = ¥ (n) holdss; = s3
for all values of the parameter.
Let us considek. The functoray is a sequence of real numbers and is defined by:

—k
(Def. 1) For everyn holdsay(n) = ©=X.

Let us considek. The functorby is a sequence of real numbers and is defined by:
(Def. 2)  For everyn holdsby(n) = (}) -nx.

Let us considen. The functorc, is a sequence of real numbers and is defined by:

(Def. 3)  For evenk holdsc, (k) = () -n~.
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One can prove the following proposition

(3) cn(k) =bk(n).

The sequenced of real numbers is defined by:
(Def. 4) For evenyn holdsd(n) = (1+ ).

The sequence of real numbers is defined by:
(Def. 5)  For evenk holdse(k) = .

We now state a number of propositions:

_ —k
(4) Ifn>0,thenn () = 0

(5) For all real numbers,y, z, v, w holdsﬁ% =Y. y—xv
©® () =1 (-

(7) 1fn> 0, thenby 1(n) = 7 - by(n) - ak(n).

(8) Ifn>0,thena(n)=1- k.

(9) axis convergent and lifay) = 1.

(10) For everys; such that for every holdss; (n) = x holdss; is convergent and lis, = x.

(11) For everyn holdsbp(n) = 1.
(12) -

(13) by is convergent and lirfiby) = ?1' and lim(by) = e(k).

[=
-

|

= k!
(14) Ifk < n,then 0< a(n) andak(n) < 1.

(15) Ifn> 0, then 0< by(n) andby(n) < & andby(n) < e(k) and 0< ¢y (k) andcn(k) < & and
cn(K) < e(K).

(16) For everys; such thas; 71 is summable holds, is summable and s; =s1(0) + 3 (s171).

(17) LetD be a non empty set argl be a finite sequence of elementsf If 1 <k and
k < lenss, then(sy)1(k) = sa(k+1).

(18) For everys such that les, > 0 holdsy s4 = sa(1) + S ((4)11)-

(19) Let givenn and givens;, s4. Suppose les; = n and for everyk such thatk < n holds
$1(k) = s4(k+ 1) and for everyk such thak > n holdss; (k) = 0. Thens; is summable and

291 =2 %
(20) Ifx# 0 andy # 0 andk < n, then((3)xy",..., (1) xy0) (k+1) = (}) -x" K. yk.
(21) Ifn>o0andk < n, thenc,(k) = ((§)1°(3)",..., (N 1"(1)%) (k+1).
(22) Ifn> 0, thenc, is summable ang (cy) = (1+ %)” andy (cy) =d(n).
(23) dis convergent and lid = e.
(24) eis summable anfe=expl

(25) Let givenK and d; be a sequence of real numbers. If for evenholds di(n) =
(S&_o(cn)(a))ken(K), thend; is convergent and limh = (Y 5_o€(a))ken(K).
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(26) If 51 is convergent and lirey = X, then for everye; such thae; > 0 there existdN such that
for everyn such than > N holdss;(n) > x—ey.

(27) Suppose that

(i) for everye; such thate; > O there existdN such that for every such thatn > N holds
s1(n) > x—eq, and

(i) there existdN such that for every such thanh > N holdss; (n) < x.
Thens; is convergent and lirg, = x.

(28) If 51 is summable, then for everg; such thate; > 0 there existsK such that
(Za=o(s1) (@))ken(K) > 3 51— €1

(29) Ifn>1 thend(n)<Se
(30) If 51 is summable and for evekyholdss; (k) > 0, theny s1 > (Y §_o(S1)(a))ken(K).
(31) disconvergentand lim=ye

e can be characterized by the condition:
(Def.6) e=5Se
ecan be characterized by the condition:

(Def. 7) e=expl

3. THE NUMBER €1S IRRATIONAL
The following propositions are true:

(32) If xisrational, then there existssuch than > 2 andn! - x is integer.
(33) nl-e(k) =

(34) >0

(35) If s is summable and for everyholdss; (n) > 0, theny s; > 0.
(36) nl->(ef(n+1))>0.

(37) Ifk<n,thenf is integer.

(38) n!-(Y5_o€(a))ken(n) is integer.

_ 1 ! k+1
(39) Ifx_mﬂhenmﬂiﬂ)!gxﬂﬂ

(40) Ifn>o0andx= -1, thenn!-y (el (n+1)) < .

n+1°

1
(41) For every real numbersuch than > 2 andx = 35 holds % < 1.

(42) eisirrational.



(1

(2

(Bl

4

(3]

[7]

(8]

[0

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]
[21]

[22]

IRRATIONALITY OF € 4

REFERENCES

Grzegorz Bancerek. The fundamental properties of natural numidetsnal of Formalized Mathematicg, 1989./http://mizar.
org/JFM/Voll/nat_1.html}

Grzegorz Bancerek. The ordinal numbedeurnal of Formalized Mathematic&, 1989.http://mizar.org/JFM/Voll/ordinall.
html.

Grzegorz Bancerek and Krzysztof Hryniewiecki. Segments of natural numbers and finite seqdemced.of Formalized Mathematics
1,1989.http://mizar.org/JEM/Voll/finseq_l.html}

Czestaw Bylhski. Functions and their basic propertidsurnal of Formalized Mathematic$, 1989 http://mizar.org/JFM/Voll/
funct_1.html,

Czestaw Bylhski. Finite sequences and tuples of elements of a non-emptyJeetmal of Formalized Mathematic, 1990.http:
//mizar.org/JFM/Vol2/finseq_2.htmll

Czestaw Bylhski. The sum and product of finite sequences of real numh#arnal of Formalized Mathematic®, 1990. http:
//mizar.org/JFM/Vol2/rvsum_1.html}

Marek Chmur. The lattice of natural numbers and the sublattice of it. The set of prime nurddnensal of Formalized Mathematics,
1991.http://mizar.org/JFM/Vol3/nat_lat.htmll

Andrzej Kondracki. Basic properties of rational numbedgurnal of Formalized Mathematic®, 1990. http://mizar.org/JFM/
Vol2/rat_1.html.

Jarostaw Kotowicz. Convergent sequences and the limit of sequedoesial of Formalized Mathematic4, 1989.http://mizar.
org/JFM/Voll/seq_2.htmll

Jarostaw Kotowicz. Monotone real sequences. Subsequelmasal of Formalized Mathematic, 1989/http://mizar.org/JFM/
Voll/segm_3.html}

Jarostaw Kotowicz. Real sequences and basic operations on oemmal of Formalized Mathematic$, 1989.http://mizar.org/
JFM/Voll/seq_1.htmll

Jarostaw Kotowicz. Functions and finite sequences of real numbmreal of Formalized MathematicS, 1993 http://mizar.org/
JFM/Vol5/rfinseq.htmll

Rafat Kwiatek. Factorial and Newton coefficientdournal of Formalized Mathematic®, 1990. http://mizar.orqg/JFM/Vol2/
newton.htmll

Rafat Kwiatek and Grzegorz Zwara. The divisibility of integers and integer relatively pridmsnal of Formalized Mathematicg,
1990.http://mizar.org/JFM/Vol2/int_2.html|

Jan Popiotek. Some properties of functions modul and signdmarnal of Formalized Mathematicg&, 1989. http://mizar.org/
JFM/Voll/absvalue.html.

Konrad Raczkowski and Andrzej Nedzusiak. Real exponents and logarithowsnal of Formalized Mathematic®, 1990. http:
//mizar.org/JFM/Vol2/power.html.

Konrad Raczkowski and Andrzej Nedzusiak. Serid@surnal of Formalized Mathematic8, 1991.http://mizar.org/JFM/Vol3/
series_1.html,

Andrzej Trybulec. Subsets of real numbelsurnal of Formalized Mathematicéddenda, 2003http://mizar.org/JFM/Addenda/
numbers.htmll

Andrzej Trybulec and Czestaw B¥iski. Some properties of real numbers operations: min, max, square, and squad®uopal of
Formalized Mathematicd, 1989.http://mizar.org/JFM/Voll/square_1.html}

Michat J. Trybulec. Integerslournal of Formalized Mathematic&, 1990.http://mizar.org/JFM/Vol2/int_1.htmll
Zinaida Trybulec. Properties of subsetsurnal of Formalized Mathematics, 1989 http://mizar.org/JFM/Voll/subset_1.htmll

Yuguang Yang and Yasunari Shidama. Trigonometric functions and existence of circleJmtinal of Formalized Mathematic40,
1998.http://mizar.org/JFM/Voll0/sin_cos.htmll

Received July 2, 1999

Published January 2, 2004


http://mizar.org/JFM/Vol1/nat_1.html
http://mizar.org/JFM/Vol1/nat_1.html
http://mizar.org/JFM/Vol1/ordinal1.html
http://mizar.org/JFM/Vol1/ordinal1.html
http://mizar.org/JFM/Vol1/finseq_1.html
http://mizar.org/JFM/Vol1/funct_1.html
http://mizar.org/JFM/Vol1/funct_1.html
http://mizar.org/JFM/Vol2/finseq_2.html
http://mizar.org/JFM/Vol2/finseq_2.html
http://mizar.org/JFM/Vol2/rvsum_1.html
http://mizar.org/JFM/Vol2/rvsum_1.html
http://mizar.org/JFM/Vol3/nat_lat.html
http://mizar.org/JFM/Vol2/rat_1.html
http://mizar.org/JFM/Vol2/rat_1.html
http://mizar.org/JFM/Vol1/seq_2.html
http://mizar.org/JFM/Vol1/seq_2.html
http://mizar.org/JFM/Vol1/seqm_3.html
http://mizar.org/JFM/Vol1/seqm_3.html
http://mizar.org/JFM/Vol1/seq_1.html
http://mizar.org/JFM/Vol1/seq_1.html
http://mizar.org/JFM/Vol5/rfinseq.html
http://mizar.org/JFM/Vol5/rfinseq.html
http://mizar.org/JFM/Vol2/newton.html
http://mizar.org/JFM/Vol2/newton.html
http://mizar.org/JFM/Vol2/int_2.html
http://mizar.org/JFM/Vol1/absvalue.html
http://mizar.org/JFM/Vol1/absvalue.html
http://mizar.org/JFM/Vol2/power.html
http://mizar.org/JFM/Vol2/power.html
http://mizar.org/JFM/Vol3/series_1.html
http://mizar.org/JFM/Vol3/series_1.html
http://mizar.org/JFM/Addenda/numbers.html
http://mizar.org/JFM/Addenda/numbers.html
http://mizar.org/JFM/Vol1/square_1.html
http://mizar.org/JFM/Vol2/int_1.html
http://mizar.org/JFM/Vol1/subset_1.html
http://mizar.org/JFM/Vol10/sin_cos.html

	irrationality of e By freek wiedijk

