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Summary. In this paper, we develop intuitionistic propositional calculus IPC in the
extended language with single modal operator. The formulation that we adopt in this paper is
very useful not only to formalize the calculus but also to do a number of logics with essentially
propositional character. In addition, it is much simpler than the past formalization for modal
logic. In the first section, we give the mentioned formulation which the author heavily owes
to the formalism of Adam Grabowski’s[4]. After the theoretical development of the logic,
we prove a number of valid formulas of IPC in the sections 2—4. The last two sections are
devoted to present classical propositional calculus and modal calculus S4 in our framework,
as a preparation for future study. In the forthcoming Part Il of this paper, we shall prove,
among others, a number of intuitionistically valid formulas with negation.
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The articlesl[5],[[7],6],18], [3], [1], and[2] provide the notation and terminology for this paper.

1. INTUITIONISTIC PROPOSITIONALCALCULUS IPCIN THE EXTENDED LANGUAGE WITH
MoODAL OPERATOR

Let E be a set. We say th&t has FALSUM if and only if:

(Def. 1) (0) €E.
Let E be a set. We say th&t has intuitionistic implication if and only if:

(Def. 2) For all finite sequences g such thatp € E andqg € E holds(1) " p~qe€ E.
Let E be a set. We say th& has intuitionistic conjunction if and only if:

(Def. 3) For all finite sequencas g such thatp € E andqg € E holds(2) ~ p~q <€ E.
Let E be a set. We say th& has intuitionistic disjunction if and only if;

(Def. 4) For all finite sequencas q such thatp € E andq € E holds(3) " p~q € E.
Let E be a set. We say th& has intuitionistic propositional variables if and only if:

(Def. 5) For every natural numberholds(5+2-n) € E.
Let E be a set. We say th&t has intuitionistic modal operator if and only if:

(Def. 6) For every finite sequengesuch thatp € E holds(6) ~ p € E.
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Let E be a set. We say that is MC-closed if and only if the conditions (Def. 7) are satisfied.

(Def. 7)() E C N*, and

(i) E has FALSUM, intuitionistic implication, intuitionistic conjunction, intuitionistic dis-
junction, intuitionistic propositional variables, and intuitionistic modal operator.

Let us observe that every set which is MC-closed is also non empty and has FALSUM, in-
tuitionistic implication, intuitionistic conjunction, intuitionistic disjunction, intuitionistic proposi-
tional variables, and intuitionistic modal operator and every subs&t*oivhich has FALSUM,
intuitionistic implication, intuitionistic conjunction, intuitionistic disjunction, intuitionistic propo-
sitional variables, and intuitionistic modal operator is also MC-closed.

The set MC-wff is defined as follows:

(Def. 8) MC-wffis MC-closed and for every setsuch thak is MC-closed holds MC-wftC E.

Let us note that MC-wff is MC-closed.

Let us note that there exists a set which is MC-closed and non empty.
Let us note that every element of MC-wff is relation-like and function-like.
Let us note that every element of MC-wff is finite sequence-like.

A MC-formula is an element of MC-wiff.

The MC-formula FALSUM is defined as follows:

(Def. 9) FALSUM= (0).

Let p, g be elements of MC-wff. The functgy=- qyields a MC-formula and is defined as follows:
(Def.10) p=qg=(1)"p_q.

The functorp A q yields a MC-formula and is defined by:
(Def. 11) pAQq=(2)"p~Qq.

The functorpV qyields a MC-formula and is defined as follows:
(Def. 12) pvqgq=(3)"p~q.

Let p be an element of MC-wff. The functor N@g® yielding a MC-formula is defined by:

(Def. 13) Nesp) = (6) " p.

We adopt the following rulesT, X, Y are subsets of MC-wff ang@, q, r, s are elements of
MC-wff.

Let T be a subset of MC-wff. We say thatis IPC theory if and only if the condition (Def. 14)
is satisfied.

(Def. 14) Letp, g, r be elements of MC-wff. Thep=- (q=p) e T and(p= (q=r)) = ((p=
g)=(p=r))eTandpArg=peTandpAq=qeTandp=- (= pAQg) € Tandp=pV
geTandq= pvqeTand(p=r)=((g=r)=(pvg=r)) e Tand FALSUM= peT
andifpe Tandp=qe<T,thenqeT.

Let us consideK. The functor CnIPCX) yields a subset of MC-wff and is defined by:
(Def. 15) r € CnIPQX) iff for every T such thafT is IPC theory anK C T holdsr € T.

The subset IPC-Taut of MC-wff is defined as follows:
(Def. 16) IPC-Taut= CnIPQOpc-wr).

Let p be an element of MC-wff. The functor ngg) yields a MC-formula and is defined by:
(Def. 17) negp) = p= FALSUM.

The MC-formula IVERUM is defined as follows:



(Def. 18)
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IVERUM= FALSUM =- FALSUM.

The following propositions are true:

@)
)
®)
“4)
(6)
(6)
)
8
9)
(10)
(11)
12)
(13)
(14)

p=(g= p) € CnIPQX).

(p=(@=r))= ((p=0q) = (p=T)) € CnIPQX).
pAQ= pe CnIPQX).

pAQ= g€ CnIPQX).

p=(g= pAQ) € CnIPCX).

p= pVge CnlPQX).

g=pVvqge CnlPCX).
(p=r)=((g=r)=(pVvg=-r)) € CnIPCX).
FALSUM = p € CnIPQX).

If pe CnIPQX) andp = q € CnIPQX), theng € CnIPQX).
If T is IPC theory anK C T, then CnIPGX) C T.

X C CnIPQX).

If X CY, then CnIPEX) C CnIPQY).
CnIPGCNnIPQX)) = CnIPQX).

Let X be a subset of MC-wff. Observe that Cnlpg is IPC theory.
The following two propositions are true:

(15)
(16)

T is IPC theory iff CnIPGT) =T.
If T is IPC theory, then IPC-Tauyt T.

Let us observe that IPC-Taut is IPC theory.

2. FORMULAS PROVABLE IN IPC: IMPLICATION

The following propositions are true:

7
(18)
(19)
(20)
(21)
(22)
(23)
(24)
(25)
(26)
(27)

p=peIPC-Taut

If g € IPC-Taut thenp = q € IPC-Taut

IVERUM € IPC-Taut

(p=0q) = (p= p) € IPC-Taut

(= p) = (p=p) € IPC-Taut

(q=r)=((p=0q) = (p=r)) € IPC-Taut

If p= (q=r) € IPC-Taut thenqg=- (p=-r) € IPC-Taut
(p=0) = ((g=r)=(p=r)) € IPC-Taut

If p= q€IPC-Tautthen(q=r) = (p=-r) € IPC-Taut
If p= qe€IPC-Tautandy=r € IPC-Taut thenp = r € IPC-Taut
(p=(q=r1))= ((s=0q)= (p= (s=7r))) € IPC-Taut



(28)
(29)
(30)
(1)
(32)
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(p=0)=r)=(q=r) € IPC-Taut
(p=(q=7r))=(g= (p=r)) € IPC-Taut
(p=(p=0)) = (p=q) € IPC-Taut

a= ((a= p) = p) € IPC-Taut

If s= (g= p) € IPC-Taut andj € IPC-Taut thens= p € IPC-Taut

3. FORMULAS PROVABLE IN IPC: CONJUNCTION

We now state a number of propositions:

(33)
(34)
(39)
(36)
(37)
(38)
(39)
(40)
(41)
(42)
(43)
(44)
(45)
(46)
(47)
(48)
(49)
(50)
(51)
(52)
(53)

p= pApeIPC-Taut

pAq e IPC-Taut iff p € IPC-Taut andj € IPC-Taut
pAQe IPC-TautiffgA p € IPC-Taut
(pAg=T1)= (p= (q=r)) € IPC-Taut
(p=(q=r1)) = (pAg=-r) € IPC-Taut
(r=p)=((r=09) = (r=pAQ)) € IPC-Taut
(p=>g)Ap= g€ IPC-Taut

(p=>0) ApAS= g€ IPC-Taut
(q=9s) = (pAg=s) € IPC-Taut

(q=9s)= (QAp=s) € IPC-Taut

(PAs=q) = (pAS=gAS) € IPC-Taut
(p=0q) = (pPAS=gAS) € IPC-Taut
(p=q)A(PAS) = gASse IPC-Taut

pAg= gAp € IPC-Taut
(p=q)A(pAS) = sAqge IPC-Taut
(p=0q) = (pASs=sAQ) € IPC-Taut

(p=0q) = (SAp=sAQ) € IPC-Taut
pA(SAQ) = pA(gASs) € IPC-Taut
(p=q)A(p=95 = (p= gqAs) € IPC-Taut
pPAgAS= pA(gAS) € IPC-Taut

pA(QAS) = pAgASE IPC-Taut
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4. FORMULAS PROVABLE IN IPC: DISJUNCTION

One can prove the following propositions:

(54) pVvp= pelPC-Taut

(55) If peIPC-Tautorg € IPC-Taut thenpV q € IPC-Taut

(56) pvgq=qVpelPC-Taut

(57) pvqgelPC-TautiffqV p € IPC-Taut

(58) (p=9q) = (p=qVs) €IPC-Taut

59) (p=q) = (p=sVvq) € IPC-Taut

(60) (p=q) = (pVs=qVs) € IPC-Taut

(61) If p=qelPC-Tautthenpvs=qVvseIPC-Taut

62) (p=q) = (sVp=svq) € IPC-Taut

(63) If p= ge IPC-Tautthensv p=sv e IPC-Taut

(64) pv(qvs)=qV(pVs)€IPC-Taut

(65) pv(qVvs)= pvqgVseIPC-Taut

(66) pvqvs= pVv(gVs) e IPC-Taut

5. CLASSICAL PRoOPOSITIONALCALCULUS CPC

We adopt the following conventiori;, X, Y denote subsets of MC-wff angl g, r denote elements
of MC-wiff.

Let T be a subset of MC-wff. We say th@tis CPC theory if and only if the condition (Def. 19)
is satisfied.

(Def. 19) Letp, g, r be elements of MC-wff. Thep= (q=p) €T and(p=(g=1r))= ((p=
g)=(p=r))eTandpArg=peTandpAq=qeTandp=-(q= pAQg) €T andp= pV
geTandq= pvqeTand(p=r)=((g=r)=(pvg=r)) e Tand FALSUM= peT
andpV (p=FALSUM) e Tandifpe T andp=-qe< T,thenqe T.

One can prove the following proposition
(67) If T is CPC theory, theii is IPC theory.

Let us consideK. The functor CnCP(X) yields a subset of MC-wff and is defined as follows:
(Def. 20) r € CnCPGX) iff for every T such thafl is CPC theory an C T holdsr € T.
The subset CPC-Taut of MC-wiff is defined by:
(Def. 21) CPC-Taut CnCPGOMmc-wr )-
One can prove the following propositions:
(68) CnIPGX) C CnCPGX).

(69) p=(g=p) €CnCPGX)and(p=(g=r))=((p=q9) = (p=r)) € CnCPGX) and
pAg= p€ CnCPCX)andpAg=-qc CnCPCX)andp=-(q= pAQ) € CnCPCX) and
p= pVvge CnCPCGX) andg=- pvge CnCPGX) and(p=r)= ((g=r)= (pvag=
r)) € CnCPGX) and FALSUM=- p € CnCPGX) andpV (p = FALSUM) € CnCPGX).

(70) If pe CNCPQX) andp=- g€ CnCPQGX), theng € CNnCPQGX).
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(71) If T is CPC theory an&X C T, then CnCPCX) C T.
(72) X C CnCPGX).

(73) IfX CY, then CnCPCX) C CnCPQY).

(74) CnCPQCNCPQX)) = CnCPQX).

Let X be a subset of MC-wff. One can check that CnCRLs CPC theory.
We now state two propositions:

(75) T is CPCtheoryiff CnCPCT) =T.
(76) If T is CPC theory, then CPC-TaatT.

Let us note that CPC-Taut is CPC theory.
Next we state the proposition

(77) IPC-TautC CPC-Taut

6. MoDAL CALCULUS S4

We adopt the following conventionT, X, Y are subsets of MC-wff ang@, g, r are elements of
MC-wff.

Let T be a subset of MC-wff. We say thatis S4 theory if and only if the condition (Def. 22)
is satisfied.

(Def. 22) Letp, q, r be elements of MC-wff. Thep=-(q=p) €T and(p=(g=r))= ((p=
g)= (p=r))eTandpAq=peTandpArg=qeTandp=(q= pAQ) €T andp=- pV
geTandq= pvqeTand(p=r)=((g=r)=(pvg=r)) e Tand FALSUM= peT
andpV (p=FALSUM) € T and Ne¢p = q) = (Negp) = Negq)) € T and Ne$p) = p<
T and Neg¢p) = NegNegp)) e Tandifpe T andp=qe T,thenqe T andifpe T, then
Neqp) e T.

We now state two propositions:
(78) If T is S4 theory, theil is CPC theory.
(79) If T is S4 theory, thefl is IPC theory.
Let us consideK. The functor CnSéX) yielding a subset of MC-wff is defined as follows:
(Def. 23) r € CnS4X) iff for every T such thafl is S4 theory an&K C T holdsr € T.
The subset S4-Taut of MC-wff is defined by:
(Def. 24) S4-Taut= CnS4Omc-wir)-
Next we state a number of propositions:
(80) CNnCP(EX) C CnS4X).
(81) CnIPGX) C CnS4X).

82) p=(q=p) eCnS4X)and(p=(g=r))= ((p=09) = (p=r)) € CnS4X) and
pAQ=- p€CnS4X)andpAq=-gqe CnS4X)andp= (q= pAQ) € CnS4X)andp=- pV
g€ CnS4X) andg=pvge CnS4X)and(p=r)=((g=r) = (pvg=r)) € CnNS4X)
and FALSUM=- p € CnS4X) andpV (p = FALSUM) € CnS4X).

(83) If pe CnS4X) andp=- g€ CnS4X), thenge CnS4X).
(84) Negp=q) = (Neqp) = Negq)) € CnS4X).
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(85) Negp) = pc CnS4X).

(86) Negp) = NegNegp)) € CnS4X).

(87) If pe CnS4X), then Negp) € CnS4X).

(88) If T is S4theory an C T, then CnS4X) C T.
(89) X CCnS4X).

(90) If X CY, then CnS4X) C CnS4Y).

(91) CnS4CnS4X)) = CnS4X).

Let X be a subset of MC-wff. One can verify that Cr{84 is S4 theory.
We now state two propositions:

(92) Tis S4theoryiff CnS4T) =T.
(93) If T is S4 theory, then S4-Taat T.

One can check that S4-Taut is S4 theory.
One can prove the following two propositions:

(94) CPC-Tautt S4-Taut
(95) IPC-TautC S4-Taut
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