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Summary. In this article, we defined the Riemann definite integral of partial function
from R to R. Then we have proved the integrability for the continuous function and differen-
tiable function. Moreover, we have proved an elementary theorem of calculus.

MML Identifier: INTEGRAS.

WWW: http://mizar.org/JFM/Voll2/integrab.html

The articles|[10],121],[11],[1200], 101, 18], [[2R], [T4], 18], 171, (2], T12], 18], [15], ([14],[[2100],[117],
[15], 6], [8], [16], and [14] provide the notation and terminology for this paper.

1. SOME USEFULPROPERTIES OFFINITE SEQUENCE

For simplicity, we use the following conventiondenotes a natural numbex,b, r1, ro> denote real
numbersA denotes a closed-interval subseffpfandX denotes a set.
One can prove the following three propositions:

(1) LetF, F1, I be finite sequences of elementskfand givenrs, rz. If Fp = (r1) ~F or
Fi=F~(r1)andifF, = (rz) "F orFl = F " (rz), theny (Fy — F2) = r1 —r2.

(2) LetF, R befinite sequences of elementsiofif lenF = lenk,, then ler{F; + ) = lenF;
and lefF, — ) =lenF andy (Fi+ R)=YR+SRandy (Fi—-FR)=YF - F.

(3) LetFy, R be finite sequences of elementsiofif lenF; = lenF, and for evenyi such that
i € domFy holdsFy (i) <R (i), thens Fi < S F.

2. INTEGRABILITY FOR PARTIAL FUNCTION OFR, R

Let C be a non empty subset & and letf be a partial function fronR to R. The functorf [ C
yielding a partial function fron€ to R is defined as follows:

(Def.1) f|C=fIC.

The following two propositions are true:

(4) For all partial functionsf, g from R to R and for every non empty subsgétof R holds
(Fré)(@rc)=(fgIc

(5) For all partial functionsf, g from R to R and for every non empty subsétof R holds
(f+g)|C=f|C+g]|C.
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Let A be a closed-interval subset®&fand letf be a partial function fronR to R. We say thaff
is integrable orA if and only if:

(Def. 2) f [ Aisintegrable orA.

Let A be a closed-interval subset®&fand letf be a partial function froni to R. The functor
/ f(x)dxyielding a real number is defined as follows:
A

(Def. 3) /f(x)dx:integralf A
A

Next we state four propositions:
(6) For every partial functiorf from R to R such thatA C domf holdsf | Ais total.

(7) For every partial functiorf from R to R such thatf is upper bounded oA holdsf [ Ais
upper bounded oA.

(8) For every partial functiori from R to R such thatf is lower bounded o\ holdsf [ Ais
lower bounded or.

(9) For every partial functiori from R to R such thatf is bounded o\ holdsf | Ais bounded
OnA.

3. INTEGRABILITY FOR CONTINUOUS FUNCTION

The following propositions are true:

(10) For every partial functioi from R to R such thatf is continuous o holdsf is bounded
onA.

(11) For every partial functiof from R to R such thatf is continuous o\ holdsf is integrable
OnA.

(12) Letf be a partial function fronR to R andD be an element of divs. SupposeéA C X and
f is differentiable orX and f{, is bounded om\. Then lowersum(f/y [ A,D) < f(SupA) —
f(infA) and f (supA) — f(inf A) < uppersum(f{y [ A,D).

(13) Letf be a partial function fronik to R. SupposeA C X and f is differentiable orX and
flx is integrable orA and f{y is bounded om. Then/ fix (X)dx= f(supA) — f(infA).

A

(14) For every partial functiofi from R to R such thatf is non-decreasing ofhandA C domf

holds rng f [A) is bounded.

(15) Letf be a partial function fronR to R. If f is non-decreasing oA andA C domf, then
infrng(f [A) = f(infA) and suprngf |A) = f(supA).

(16) For every partial functiof from R to R such thatf is monotone o andA C domf holds
f is integrable orA.

(17) Letf be a partial function fronRR to R andA, B be closed-interval subsets Bf If f is
continuous oA andB C A thenf is integrable orB.

(18) Letf be a partial function fronR to R, A, B, C be closed-interval subsets &f and given
X. SupposéA C X and f is differentiable onX and f{x is continuous oA and infA = infB

and suB = infC and suj = supA. ThenB C AandC C Aand / fix (x)dx= / flx (x)dx+
A B

/ fix (x)dx
C
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Leta, b be real numbers. Let us assume that b. The functor{’a,b'] yielding a closed-interval
subset ofR is defined by:
(Def. 4) [a,b]=[ab].
b
Let a, b be real numbers and ldt be a partial function fronR to R. The functor/ f(x)dx
a

yields a real number and is defined by:

b f(x)dx, if a<b,

(Def. 5) / fxydx= ¢ 2V
—/ f(x)dx, otherwise.

[ba]
The following three propositions are true:

(19) Letf be a partial function fronR to R, A be a closed-interval subset®f and givera, b.
b

If A= [a,b], then/ f(x)dx— / F(x)dx
A a
(20) Letf be a partial function fronR to R, A be a closed-interval subset®&f and givera, b.
b
If A= [b,al, then—/ f(x)dx— / f(x)dx
A a

(21) Letf, g be partial functions fronR to R and X be an open subset &. Suppose that
f is differentiable onX andg is differentiable onX and A C X and ffx is integrable on
A and fiy is bounded orA and gjy is integrable orA andgjy is bounded orA. Then

/ffx g(x)dx= f(supA)-g(supA) — f(infA)-g(infA) 7/ f gix(x)dx
A A
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