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Summary. Inthis article, we have proved the Darboux’s theorem. This theorem is im-
portant to prove the Riemann integrability. We can replace an upper bound and a lower bound
of a function which is the definition of Riemann integration with convergence of sequence by
Darboux’s theorem.
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The articles([20],[122],[12],[121],[11]/123],[4],15] [[24].[[12]/16] 18] [ [8].[15] [[7],[[8],[[1/4],[[18],
[17], [19], [18], [1€], [1], and [10] provide the notation and terminology for this paper.

1. LEMMAS OFDIVISION

We adopt the following rulesx, y are real numbers, j, k are natural numbers, am g are finite
sequences of elementsif
We now state a number of propositions:

(1) LetA be a closed-interval subset BfandD be an element of divA. If vol (A) £ 0, then
there exists such thai € domD and vo[divse{(D,i)) > 0.

(2) LetA be a closed-interval subset BfandD be an element of di&. If x € A then there
existsj such thatj € domD andx € divset(D, j).

(3) LetAbe a closed-interval subset&fandD4, D2 be elements of divA. Then there exists
an elemenD of divsA such thaD; < D andD;, < D and rngD> = rngD; UrngD».

(4) LetAbe a closed-interval subset BfandD, D1 be elements of div&. Supposp,) <
minrnguppervolumegXaa, D). Let givenx, y, i. If i € domD1 andx € rngD Ndivse{Dy, i)
andy € rngDNdivse{Dy,i), thenx =Y.

(5) For allp, gsuch that rngp = rngq andp is increasing and is increasing holdg = g.

(6) LetA be a closed-interval subset Bf andD, D1 be elements of divA. If D < D; and
i € domD andj € domD andi < j, then indXD1,D,i) < indx(D1,D, j) and indXD1,D,i) €
domD;.

(7) LetA be a closed-interval subset Bf andD, D1 be elements of divA. If D < D; and
i € domD andj € domD andi < j, then indXD1,D,i) < indx(D1,D, j).

(8) For every closed-interval subs®bf R and for every elemerid of divsA holdsdp > 0.

1 © Association of Mizar Users


http://mizar.org/JFM/Vol11/integra3.html

DARBOUX’S THEOREM 2

(9) Let A be a closed-interval subset &, g be a function fromA into R, andD;, D, be
elements of dive. Suppose € divse{D1,lenD1) and lerD; > 2 andD; < D and rndJ; =
rngD1U{x} andgis bounded o\ Theny lower.volume(g,D2) —  lower.volumgg,D1) <
(suprngg —infrngg) - dp,)-

(10) LetA be a closed-interval subset &, g be a function fromA into R, andD;, D, be
elements of divé. Suppos € divse{D1,lenD1) and lerD; > 2 andD; < D, and rndJ; =
rngD1 U {x} andgis bounded o\. Theny uppervolumgg,D1) — 3 uppervolumgg, Dy) <
(suprngy—infrngg) - §p,)-

(11) Let A be a closed-interval subset &, D be an element of div& r be a real num-
ber, andi, j be natural numbers. Supposec domD and j € domD andi < j and
r < (mid(D,i, j))(1). Then there exists a closed-interval subBeif R such thatr = infB
and suB = (mid(D,i, j))(lenmidD,i, j)) and lenmidD,i, j) = (j —i) + 1 and midD,i, j)
is a DivisionPoint ofB.

(12) Let A be a closed-interval subset &, f be a function fromA into R, and D;, D>
be elements of divA. Supposex € divse{D1,lenD1) and vo[A) # 0 andD; < D, and
rngD2 = rngD1 U {x} and f is bounded oA andx > infA. Theny lower_volume(f,D3) —
> lower.volume(f,D1) < (suprngf —infrngf)-3.p,).

(13) Let A be a closed-interval subset &, f be a function fromA into R, and D1, D,
be elements of divA. Supposex € divse{D4,lenD;) and volA) # 0 andD; < D, and
rmgD2 = rngD1 U {x} and f is bounded orA andx > infA. Theny uppetvolumgf,D;) —
¥ uppervolumg(f, Dz) < (suprngf —infrng f)-§p,)-

(14) LetA be a closed-interval subset Bf D1, D, be elements of divA, r be a real num-
ber, andi, j be natural numbers. Suppose domD; and j € domD4; andi < j and
D1 < Dy andr < (mid(D2,indx(D2,D1,i),indx(D2,D1, j)))(1). Then there exists a closed-
interval subseB of R and there exist elemendd;, M, of divsB such thatr = infB and
supB = Mz(lenMz) and suB = Mi(lenM;) and My < My and M3 = mid(Dy,i, j) and
My = mid(Dz, il’]dX(Dz7 D1, i),indX(Dz, Dy, j))

(15) Forevery closed-interval subgesf R and for every elemem of divsA such thak € rngD
holdsD(1) < x andx < D(lenD).

(16) Let p be a finite sequence of elements®fand giveni, j, k. Supposep is increasing
andi € domp and j € domp andk € domp andp(i) < p(k) andp(k) < p(j). Thenp(k) €
rgmid(p,i, j).

(17) LetAbe a closed-interval subset&f f be a function fronA into R, andD be an element
of divsA. If f is bounded o\ andi € domD, then infrnd f [ divse(D,i)) < suprngf.

(18) LetAbe a closed-interval subsetR&f f be a function fronA into R, andD be an element
of divsA. If f is bounded o\ andi € domD, then suprngf [ divse(D,i)) > infrngf.

2. DARBOUX’'S THEOREM
Next we state two propositions:

(19) LetA be a closed-interval subset&f f be a function fromA into R, andT be a DivSe-
quence ofA. Supposef is bounded oA anddt is convergent to 0 and vEA) # 0. Then
lower_sum(f,T) is convergent and limlowesum( f, T) = lower_integralf.

(20) LetA be a closed-interval subsetBf f be a function fromA into R, andT be a DivSe-
qguence ofA. Supposef is bounded oA and &t is convergent to 0 and v@A) # 0. Then
uppersum(f, T) is convergent and limuppesun( f, T) = uppetintegralf.
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