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Summary. This article introduces the Riemann definite integral on the closed interval
of real. We present the definitions and related lemmas of the closed interval. We formalize
the concept of the Riemann definite integral and the division of the closed interval of real, and
prove the additivity of the integral.
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1. DEFINITION OF CLOSEDINTERVAL AND ITS PROPERTIES

For simplicity, we adopt the following rulesa, b denote real numbers;, G, H denote finite
sequences of elements Bf i, j, k denote natural numberX denotes a non empty set, ard

denotes a set.
Letl; be a subset dR. We say that; is closed-interval if and only if:

(Def. 1) There exist real numbeasb such thaa < bandl; = [a,b].

Let us note that there exists a subseRofhich is closed-interval.
In the sequel denotes a closed-interval subseffof
Next we state two propositions:

(1) Ais compact.
(2) Ais nonempty.

One can verify that every subsetRfwhich is closed-interval is also non empty and compact.
Next we state the proposition

(3) Aislower bounded and upper bounded.

Let us observe that every subseffivhich is closed-interval is also bounded.
Let us note that there exists a subseRafhich is closed-interval.

In the sequeA denotes a closed-interval subseffof

The following propositions are true:

(4) There exist, b such thata < b anda = inf Aandb = supA.
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(5) A=][infA supAl.
(6) For all real numberay, ay, by, by such thathA = [a1,b;] andA = [ay, b,] holdsa; = a, and
by = by.

2. DEFINITION OF DIVISION OF CLOSED INTERVAL AND ITS PROPERTIES

Let A be a non empty compact subseffaf A non empty increasing finite sequence of elements of
R is said to be a DivisionPoint &k if:

(Def. 2) rngitC Aand ilenit) = supA.
Let A be a non empty compact subseffof The functor divé\ is defined by:
(Def. 3) x1 € divsAiiff x; is a DivisionPoint ofA.

Let A be a non empty compact subseffafOne can verify that div& is non empty.
Let A be a non empty compact subsetfafA non empty set is called a Division #fif:

(Def. 4) xq €itiff xq is a DivisionPoint ofA.

Let A be a non empty compact subseffaf Observe that there exists a DivisionAfvhich is
non empty.

Let A be a non empty compact subseffofind letSbe a non empty Division oA. We see that
the element o8is a DivisionPoint ofA.

In the sequeS denotes a non empty Division &fandD denotes an element &f

The following propositions are true:

8 1f i € domD, thenD(i) € A.
(9) Ifi e domD andi # 1, theni —1 € domD andD(i —1) € Aandi—1 &€ N.

Let A be a closed-interval subset Bf let Sbe a non empty Division oA, let D be an element
of S, and leti be a natural number. Let us assume thadomD. The functor divseD, i) yielding
a closed-interval subset &f is defined as follows:

(Def. 5)(i) infdivse{D,i) =infAand supdivs¢D,i) =D(i) if i =1,
(i) infdivset(D,i) = D(i — 1) and supdivs€D,i) = D(i), otherwise.

Next we state the proposition
(10) Ifi € domD, then divsetD,i) C A.
Let Abe a subset dR. The functor volA) yielding a real number is defined as follows:
(Def. 6) voI(A) =supA—infA.
We now state the proposition

(11) For every bounded non empty subAetf R holds 0< vol(A).

3. DEFINITIONS OFINTEGRABILITY AND RELATED TOPICS

Let A be a closed-interval subsetR&f let f be a partial function frormd to R, let Sbe a non empty
Division of A, and letD be an element o8 The functor upperolumg f,D) yielding a finite
sequence of elements Bfis defined by:

(Def. 7) lenuppenolumegf,D) = lenD and for everyi such thati € SeglerD holds
(uppervolumg f,D))(i) = suprnd f | divse{(D,i)) - vol(divse(D,i)).

1 The proposition (7) has been removed.
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The functor lowervolumg f, D) yielding a finite sequence of elementsofs defined as follows:

(Def. 8) lenlowervolumeg(f,D) = lenD and for everyi such thati € SeglerD holds
(lower.volumg f,D))(i) = infrng(f | divse(D,i)) - vol(divse{D,i)).

Let A be a closed-interval subset Bf let f be a partial function fronA to R, let Sbe a non
empty Division ofA, and letD be an element 08 The functor uppesun f,D) yielding a real
number is defined by:

(Def. 9) uppersum(f,D) = S uppervolumg f,D).
The functor lowersun( f, D) yielding a real number is defined as follows:
(Def. 10) lowersum(f,D) = 5 lower-volume(f,D).

Let A be a closed-interval subset®f Then divéA is a Division ofA.
Let A be a closed-interval subset&fand letf be a partial function fromf\ to R. The functor
uppersumsetf yielding a partial function from divA to R is defined by:

(Def. 11) domuppesumsetf = divsA and for every elemenD of divsA such thatD €
domuppersumsetf holds(uppersumsetf)(D) = uppetsumf,D).

The functor lowersumsetf yields a partial function from diva to R and is defined by:

(Def. 12) domlowersumsetf = divsA and for every elemenD of divsA such thatD €
domlowersumsetf holds(lower.sumsetf)(D) = lower.sum(f,D).

Let A be a closed-interval subsetRfand letf be a partial function fron& to R. We say thatf
is upper integrable oA if and only if:

(Def. 13) rnguppesumsetf is lower bounded.
We say thaff is lower integrable o\ if and only if:
(Def. 14) rnglowersumsetf is upper bounded.

Let A be a closed-interval subset Bfand letf be a partial function fromi\ to R. The functor
upperintegralf yielding a real number is defined by:

(Def. 15) upperintegralf = infrnguppersumsetf.

Let A be a closed-interval subset Bfand letf be a partial function fron\ to R. The functor
lower.integralf yielding a real number is defined by:

(Def. 16) lowerintegralf = suprnglowersumsetf.

Let A be a closed-interval subsetRfand letf be a partial function fronA to R. We say thatf
is integrable orA if and only if:

(Def. 17) f is upper integrable oA and f is lower integrable onA and uppeilintegralf =
lower_integralf.

Let A be a closed-interval subset &fand letf be a partial function fromf\ to R. The functor
integralf yielding a real number is defined by:

(Def. 18) integraf = uppetintegralf.
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4. REAL FUNCTION’S PROPERTIES
One can prove the following propositions:

(12) For all partial functiond, g from X to R holds rng f 4+ g) C rngf -+ rngg.

(13) For every partial functiori from X to R such thatf is lower bounded oiX holds rngf is
lower bounded.

(14) For every partial functior from X to R such that rng is lower bounded hold$ is lower
bounded orX.

(15) For every partial functiori from X to R such thatf is upper bounded oKX holds rngf is
upper bounded.

(16) For every partial functiof from X to R such that rnd is upper bounded holdkis upper
bounded orX.

(17) Forevery partial functiof from X to R such thatf is bounded oiX holds rngf is bounded.

5. CHARACTERISTIC FUNCTION’'S PROPERTIES
The following propositions are true:

(18) For every non empty sétholdsXa a is a constant om.
(19) For every non empty subskbf X holds rngXaa) = {1}.

(20) For every non empty subséf X and for every seB such thaB meets dorntXa a) holds
rmg(XaalB) = {1}.

(21) |Ifi € SeglerD, then voldivse(D,i)) = (lower.volume&Xaa,D))(i).
(22) Ifi € SeglerD, then vo[divse(D,i)) = (uppervolumgXaa,D))(i).

(23) IflenF =lenGand lerF =lenH and for evenk such thak € domF holdsH (k) = R+ Gy,
thenSH=5SF+5G.

(24) IflenF =lenGand lerF =lenH and for everk such thak € domF holdsH (k) = R — G,
thenyH=SF-5G.

(25) LetAbe aclosed-interval subset&f Sbhe a non empty Division o4, andD be an element
of S, Theny lower.volumgXaa,D) = vol(A).

(26) LetAbe aclosed-interval subset®f Sbe a non empty Division o4, andD be an element
of S, Theny uppetvolumgXaa,D) = vol(A).

6. SOME PROPERTIES OFDARBOUX SUM

Let A be a closed-interval subset®&f let f be a partial function fromi to R, let Sbe a non empty
Division of A, and letD be an element & Then uppewolume f,D) is a non empty finite sequence
of elements oR.

Let A be a closed-interval subset Bf let f be a partial function fronA to R, let She a non
empty Division ofA, and letD be an element 0B Then lowervolumg f,D) is a non empty finite
sequence of elements &f

One can prove the following propositions:

(27) LetA be a closed-interval subset Bf f be a function fromA into R, Sbe a non empty
Division of A, andD be an element db. If f is lower bounded o, then infrngf - vol(A) <
lower_sum(f, D).
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(28) LetA be a closed-interval subset Bf f be a function fromA into R, Sbe a non empty
Division of A, D be an element d§, andi be a natural number. If is upper bounded oA and
i € SeglerD, then suprng - vol(divse{D,i)) > suprngd f [ divse{(D,i)) - vol(divse(D, i)).

(29) LetA be a closed-interval subset Bf f be a function fromA into R, Sbe a non empty
Division of A, andD be an element d&. If f is upper bounded oA, then uppersum(f,D) <
suprngf - vol(A).

(30) LetA be a closed-interval subset Bf f be a function fromA into R, Sbe a non empty
Division of A, andD be an element o8 If f is bounded orA, then lowersum(f,D) <
uppersum(f, D).

Let x be a non empty finite sequence of element®ofThen rng is a finite non empty subset
of R.

Let A be a closed-interval subset&fand letD be an element of divs. The functordp yields
a real number and is defined as follows:

(Def. 19) &p = maxrnguppenvolumegXaa, D).

Let A be a closed-interval subset Bf let S be a non empty Division of,, and letD1, D, be
elements o5 The predicat®; < D is defined as follows:

(Def. 20) lerD; < lenD; and rngD; C rngD>.

We introduceD;, > D; as a synonym ob; < D».
Next we state several propositions:

(31) LetA be a closed-interval subset Bf Sbe a non empty Division oA, andD;, D, be
elements ofs. If lenD1 = 1, thenD; < D».

(32) LetA be a closed-interval subset Bf f be a function fromA into R, Sbe a non empty
Division of A, andDj, D, be elements o8. If f is upper bounded oA and lerD; = 1, then
uppetsum(f,D1) > uppersum(f,Dy).

(833) LetA be a closed-interval subset Bf f be a function fromA into R, Sbe a non empty
Division of A, andD,, D2 be elements o8. If f is lower bounded o and lerD; = 1, then
lower_sum(f,D1) < lower_sum(f,D,).

(34) LetA be a closed-interval subset &, S be a non empty Division oA, andD be an
element ofS. Supposé € domD. Then there exist closed-interval subsais A, of R such
thatA; = [infA,D(i)] andA; = [D(i),supA] andA = A; U A;.

(35) LetA be a closed-interval subset Bf Sbe a non empty Division oA, andD;, D, be
elements ofS. If i € domDy, then if D; < D, then there exist$ such thatj € domD, and

Dy(i) = Da(j).

Let Abe a closed-interval subsetRf let She a non empty Division o4, letD4, D, be elements
of S and leti be a natural number. Let us assume aK D,. The functor indXD2, Dy, i) yielding
a natural number is defined as follows:
(Def. 21)(i)) indXD2,D1,i) € domD; andD4 (i) = Dy(indx(D2,Dq,i)) if i € domDy,
(i) indx(D2,D1,i) = 0, otherwise.

We now state four propositions:

(36) Letpbe anincreasing finite sequence of elemeni® ahdn be a natural number. Suppose
n<lenp. Thenp is an increasing finite sequence of elementR of

(37) Letp be an increasing finite sequence of element® ahdi, j be natural numbers. Sup-
posej € domp andi < j. Then midp,i, j) is an increasing finite sequence of elements of
R.
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(38) LetA be a closed-interval subset &, S be a non empty Division oA, D be an ele-
ment of S andi, j be natural numbers. Suppose domD and j € domD andi < j.
Then there exists a closed-interval subBedf R such that inB = (mid(D,i, j))(1) and
supB = (mid(D,i, j))(lenmidD,i, j)) and lenmidD,i,j) = (j—i)+ 1 and midD,i, j) is
a DivisionPoint ofB.

(39) LetA, Bbe closed-interval subsetsi®f Sbe a non empty Division o4, S; be a non empty
Division of B, D be an element o§, andi, j be natural numbers. Suppose domD and
j € domD andi < j andD(i) > infBandD(j) = supB. Then midD, i, j) is an element o§;.

Let p be a finite sequence of elementskaf The functor PartSunysyielding a finite sequence
of elements oR is defined by:

(Def. 22) lenPartSums = lenp and for everyi such thati € Seglerp holds (PartSumg)(i) =
> (pIi).

We now state a number of propositions:

(40) LetA be a closed-interval subset Bf f be a function fromA into R, Sbe a non empty
Division of A, andD1, D, be elements o6 Supposdd; < D, and f is upper bounded on
A. Leti be a non empty natural number. ilE domD4, theny (uppervolumg f,Dy)[i) >
S (uppervolumg f, D) [indx(D2,Dy,i)).

(41) LetA be a closed-interval subset Bf f be a function fromA into R, Sbe a non empty
Division of A, andD1, D, be elements o8 Supposeéd; < D, and f is lower bounded on
A. Leti be a non empty natural number. ilE domDy, then y (lower-volumg f,Dj)[i) <
Y (lower_volumeg( f,D2) [ indx(D2, Dy,1i)).

(42) Let A be a closed-interval subset &, f be a function fromA into R, S be a non
empty Division of A, D1, D, be elements of5, andi be a natural number. ID; < D,
andi € domD; and f is upper bounded oA, then (PartSumsuppevolumeg f,D1))(i) >
(PartSums uppevolume( f,D5))(indx(D2,D1,i)).

(43) Let A be a closed-interval subset &, f be a function fromA into R, S be a non
empty Division of A, D;, D> be elements of5, andi be a natural number. ID; < Dy
andi € domD; and f is lower bounded o\, then (PartSumslowewolumeg f,D1))(i) <
(PartSumslowewolumg f,D;))(indx(D2,D1,1)).

(44) LetAbe aclosed-interval subsetRf f be a partial function fromi to R, Sbe a non empty
Division of A, andD be an element o8, Then (PartSumsuppevolumg f,D))(lenD) =

uppetsum(f,D).

(45) LetAbe aclosed-interval subsetlf f be a partial function frord to R, Sbe a non empty
Division of A, andD be an element o8 Then (PartSumslowerolumg f,D))(lenD) =
lower_.sum(f,D).

(46) LetA be a closed-interval subset Bf Sbe a non empty Division oA, andD;, D, be
elements o, If D; < Dy, then indXD»,D4,lenD;) = lenD».

(47) LetA be a closed-interval subset Bf f be a function fromA into R, Sbe a non empty
Division of A, andD1, D, be elements o8. If D; < D, andf is upper bounded oA, then

uppetsum(f,Dy) < uppersum(f,Dy).
(48) LetA be a closed-interval subset Bf f be a function fromA into R, Sbe a non empty

Division of A, andD1, D2 be elements 0&. If D; < D, and f is lower bounded o, then
lower.sum(f,D,) > lower.sum(f,D1).

(49) LetA be a closed-interval subset Bf Sbe a non empty Division oA, andD;, D, be
elements ofs. Then there exists an elemdhiof Ssuch thaD; < D andD; < D.

(50) LetA be a closed-interval subset Bf f be a function fromA into R, Sbe a non empty
Division of A, andDj, D, be elements o8. If f is bounded o, then lowersum(f,D1) <

uppetsum(f,Dy).
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7. ADDITIVITY OF INTEGRAL
Next we state several propositions:

(51) LetA be a closed-interval subset®&fand f be a function fromA into R. If f is bounded
onA, then uppeiintegralf > lower.integralf.

(52) For all subsetX, Y of R holds—X + -Y = —(X+Y).

(53) For all subsetX, Y of R such thak is upper bounded ardis upper bounded holds+Y
is upper bounded.

(54) For all non empty subseXs Y of R such thaiX is upper bounded andis upper bounded
holds sugpX +Y) = supX + supy.

(55) LetA be a closed-interval subset®&f f, g be functions fromA into R, Sbe a non empty
Division of A, andD be an element ob. Supposé € SeglerD and f is upper bounded oA
andgis upper bounded of. Then(uppervolumg f+g,D))(i) < (uppervolume(f,D))(i) +
(uppervolume(g, D)) (i).

(56) LetA be a closed-interval subset®f f, g be functions fromA into R, Sbe a non empty
Division of A, andD be an element 08. Supposeé € SeglerD and f is lower bounded on
Aandg is lower bounded oi. Then(lower.volume f,D))(i) + (lower.volume&g, D)) (i) <
(lower.volumg f +g,D))(i).

(57) LetA be a closed-interval subset®f f, g be functions fromA into R, Sbe a non empty
Division of A, andD be an element 06. Supposef is upper bounded oA andg is upper
bounded orA. Then uppersum(f 4+ g,D) < uppetsum f,D) + uppersum(g,D).

(58) LetA be a closed-interval subset®&f f, g be functions fromA into R, Sbe a non empty
Division of A, andD be an element 06. Supposef is lower bounded o\ andg is lower
bounded orA. Then lowersunt( f,D) + lower_sum(g, D) < lower_sum(f 4 g,D).

(59) LetA be a closed-interval subset &fand f, g be functions fromA into R. Supposef is
bounded orA andg is bounded oA and f is integrable oA andg is integrable orA. Then
f +gis integrable orA and integraf + g = integralf + integralg.
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