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Summary. In the paper the notation necessary to construct the institution of many
sorted algebras is introduced.

MML Identifier: INSTALGL.

WWW: http://mizar.org/JFM/Vol8/instalgl.html

The articles([21],[[14],[[24],[[25],[[11],[[8],[[X5] [[1],L1X6].[12] . [3],[19],[[6], [[22],[[23],[113],[[12],
[10], [19], [18], [5], [20], [4], [17], and [7] provide the notation and terminology for this paper.

1. PRELIMINARIES
The following proposition is true

(ZH Let Sbe a non empty non void many sorted signatorge an operation symbol & V be
a non-empty many sorted set indexed by the carri& ahdx be a set. Theris an argument
sequence of Syfo,V) if and only if x is an element of Arg®, Fre€V)).

Let Sbe a non empty non void many sorted signatureVldéte a non-empty many sorted set
indexed by the carrier &, and leto be an operation symbol & One can verify that every element
of Args(o,Fre€V)) is decorated tree yielding.

The following two propositions are true:

(3) Let Sbe a non empty non void many sorted signature ApdA, be algebras oves.
Suppose the sorts éf; are transformable to the sortsA&f. Let o be an operation symbol of
S If Args(0,A1) # 0, then Arggo,Az) # 0.

(4) LetSbe a non empty non void many sorted signaturdye an operation symbol @&,
V be a non-empty many sorted set indexed by the carrie8, aind x be an element of
Args(o,FredV)). Then(Den(o,FregV)))(x) = (o, the carrier ofS)-tregx).

Let Sbe a non empty non void many sorted signature and ket a non-empty algebra ovBr
Observe that the algebra Afis non-empty.
One can prove the following propositions:

(5) LetSbe anonempty non void many sorted signaturefri8lbe algebras oves. Suppose
the algebra oA = the algebra oB. Let o be an operation symbol & Then Delto,A) =
Den(o,B).

1 The proposition (1) has been removed.
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(6) LetSbe anon empty non void many sorted signature And\,, B1, B, be algebras over
S Suppose the algebra Af = the algebra oB; and the algebra o, = the algebra oB;.
Let f be a many sorted function frody into A, andg be a many sorted function froly
into B,. Supposef = g. Let o be an operation symbol & Suppose Arg®, A1) # 0 and
Args(0,Az) # 0. Let x be an element of Ards,A;) andy be an element of Ards,B;). If
x =Yy, then f#x = g#y.

(7) LetSbe a non empty non void many sorted signature And\,, B;, B, be algebras over
S Suppose that

(i) the algebra of\; = the algebra oB;,
(i) the algebra oA, = the algebra oB,, and
(i)  the sorts ofA; are transformable to the sortsAf.

Let h be a many sorted function frody into A,. Supposé is a homomorphism of; into
A,. Then there exists a many sorted functiédrom By into B, such thatY = h andl is a
homomorphism oB; into B;.

Let Sbe a many sorted signature. We say B feasible if and only if:
(Def. 1) If the carrier ofS= 0, then the operation symbols 8 0.
Next we state the proposition

(8) LetSbe a many sorted signature. Th8is feasible if and only if dom (the result sort of
S) = the operation symbols &

One can verify the following observations:
* every many sorted signature which is non empty is also feasible,
*x every many sorted signature which is void is also feasible,
* every many sorted signature which is empty and feasible is also void, and
x every many sorted signature which is non void and feasible is also non empty.

Let us mention that there exists a many sorted signature which is non void and non empty.
Next we state two propositions:

(9) LetShbe a feasible many sorted signature. TheRk iGier ots aNd idhe operation symbols &
form morphism betweeSandS

(10) LetS;, S be many sorted signatures afhdy be functions. Supposieandg form morphism
betweer5, andS,. Then

(i) fisafunction from the carrier & into the carrier ofs;, and
(i)  gis afunction from the operation symbols $finto the operation symbols &.

2. SUBSIGNATURES

Let Sbhe a feasible many sorted signature. A many sorted signature is said to be a subsigriture of
if:
(Def. 2) idne carrier of it@Nd ithe operation symbols of §0rM morphism between it ardl

The following proposition is true

(11) LetSbe a feasible many sorted signature dnlde a subsignature & Then the carrier of
T C the carrier ofSand the operation symbols ©fC the operation symbols &
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Let Sbe a feasible many sorted signature. Note that every subsignat8ie fefasible.
One can prove the following propositions:

(12) LetSbe afeasible many sorted signature dnlge a subsignature & Then the result sort
of T C the result sort o6 and the arity ofl C the arity ofS.
(13) LetSbe afeasible many sorted signature dnlde a subsignature & Then
(i) the arity of T = (the arity ofS) [(the operation symbols df), and
(i) the result sort off = (the result sort oE) [(the operation symbols df).

(14) LetS T be feasible many sorted signatures. Suppose that
(i) the carrier ofT C the carrier ofS,
(i) the arity of T C the arity ofS, and
(iii)  the result sort ofT C the result sort 0.
ThenT is a subsignature &.

(15) LetS T be feasible many sorted signatures. Suppose that
(i) the carrier ofT C the carrier ofS,
(i) the arity of T = (the arity ofS)[(the operation symbols df), and
(iiiy  the result sort ofT = (the result sort oE) [(the operation symbols df).
ThenT is a subsignature &.

(16) Every feasible many sorted signat@s a subsignature @&

(17) For every feasible many sorted signat8rand for every subsignatu& of S holds every
subsignature 0% is a subsignature .

(18) LetS be a feasible many sorted signature &dbe a subsignature & . Supposes, is a
subsignature 0%,. Then the many sorted signatureSf= the many sorted signature 8f.

Let Sbe a non empty many sorted signature. Observe that there exists a subsign&tuheobf
is non empty.

Let Sbe a non void feasible many sorted signature. One can check that there exists a subsigna-
ture of Swhich is non void.

We now state three propositions:

(19) LetShbe a feasible many sorted signatugebe a subsignature & T be a many sorted
signature, and, g be functions. Suppost andg form morphism betweeSandT. Then
f [the carrier ofS andg[the operation symbols & form morphism betwee8 andT.

(20) LetSbe a many sorted signatuf® be a feasible many sorted signatufé pe a subsigna-
ture of T, and f, g be functions. Supposkandg form morphism betweeSandT’. Thenf
andg form morphism betweeSandT.

(21) LetSbe a many sorted signaturg, be a feasible many sorted signatuié,be a sub-
signature ofT, and f, g be functions. Supposé& andg form morphism betwee® and T
and rngf C the carrier ofT’ and rngy C the operation symbols 6f’. Thenf andg form
morphism betweeSandT’.

3. SGNATURE REDUCTS

LetS;, S be non empty many sorted signaturesAlée an algebra oves,, and letf, g be functions.
Let us assume thdtandg form morphism betwee8; andS;. The functorAr(f_yg)Sl yields a strict
algebra ovef5; and is defined by the conditions (Def. 3).
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(Def. 3)())  The sorts oA[; S = (the sorts ofA) - f, and
(i)  the characteristics oAt gS = (the characteristics o) - g.

Let S, S be non empty many sorted signatures anddiéie an algebra ove®. The functor
AlS, yielding a strict algebra oves; is defined as follows:

(Def. 4) AlS = A[( S..

Idthe carrier ofS_L-,ldthe operation symbols oSl>

We now state two propositions:

(22) LetS, S be non empty many sorted signatures Ané be algebras ove®,. Suppose the
algebra ofA = the algebra oB. Let f, g be functions. Iff andg form morphism betwees;
andS, thenA[(fmSl =Bl(1,9S-

(23) LetS, S be non empty many sorted signaturadie a non-empty algebra ovgs, and f,
g be functions. Iff andg form morphism betwee8; and$,, thenA[ ¢ 4 S is non-empty.

Let S be a non empty many sorted signature Sebe a non empty subsignature ®f and let
Abe a non-empty algebra ov8f. Observe thaf\[S; is non-empty.
One can prove the following propositions:

(24) LetS, S be non void non empty many sorted signatures Bngibe functions. Suppose
f andg form morphism betweeB; andS,. Let A be an algebra ove®,, 0; be an operation
symbol ofS;, ando, be an operation symbol &. If o, = g(01), then Demol,A[(f!g)Sl) =
Den(oy,A).

(25) LetS, S be non void non empty many sorted signatures &nd be functions. Sup-
pose f and g form morphism betweers; andS. Let A be an algebra ove$, o; be
an operation symbol of;, and o, be an operation symbol d&. If 0, = g(01), then
Args(0,A) = Args(o1, Al (1,5 S1) and Resultor, Al g/S1) = Resultoz, A).

(26) Let S be a non empty many sorted signature ahde an algebra oveS. Then
yS= the algebra oA.

r(Idlhe carrier ovaIdthe operation symbols o8,

(27) For every non empty many sorted signatiamd for every algebra overSholdsA[S=the
algebra ofA.

(28) LetS, S, S3 be non empty many sorted signatures dndg; be functions. Suppose
f1 andgz form morphism betweefs; andS,. Let fz, g be functions. Suppos®& andgy
form morphism betwees, andS;. Let A be an algebra ovess. ThenA[(fz,flAgz,gl)Sl =

Ar(fzgz)sz r(fl-,gl)sl‘

(29) LetS; be a non empty feasible many sorted signat8sege a non empty subsignature of
S1, S3 be a non empty subsignature®f andA be an algebra oved;. ThenAlSs = A[S[Ss.

(30) LetS, S be non empty many sorted signaturéfe a function from the carrier & into
the carrier ofS;, andg be a function. Suppost andg form morphism betweef; andS,.
Let A1, Ay be algebras ove®, andh be a many sorted function from the sortsfafinto the
sorts ofA;. Thenh- f is a many sorted function from the sorts/m‘[(fﬁg)sl into the sorts of

Azl (t.g)Se-

(81) LetS; be a non empty many sorted signatuse pe a non empty subsignature $f, A,
A be algebras ove®;, andh be a many sorted function from the sortsfgfinto the sorts of
A,. Thenh[the carrier ofS; is a many sorted function from the sortsAf|S; into the sorts
of Az FSZ

(32) LetS, S be non empty many sorted signatures dngd be functions. Supposgandg
form morphism betwees; andS,. Let A be an algebra ove®. Then idhe sorts ota - f =

idihe sorts ofAl (t,g)S1
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(33) LetS be a non empty many sorted signatiBgbe a non empty subsignature®f andA
be an algebra oves;. Then idhe sorts ofa [the carrier 0fS = idine sorts ofAlS, -

(34) LetS, S be non void non empty many sorted signatures &gibe functions. Suppose
f andg form morphism betwees; andS,. Let A, B be algebras ove$,, h, be a many
sorted function fronA into B, andh; be a many sorted function from[(ﬂg)sl into Bl(f,g9S1-
Supposeh; = hy - f. Let 0; be an operation symbol & ando, be an operation symbol of
S. Suppose; = g(01) and Arggoy,A) # 0 and Arggo,,B) £ 0. Let x, be an element of
Args(0y,A) andx; be an element of Ar@sl,A[(fmSl). If Xo = X1, thenhy#x, = ho#Xo.

(35) LetS S be non empty non void many sorted signatures AndA, be algebras oves.
Suppose the sorts éf; are transformable to the sortsAf. Let h be a many sorted function
from A; into A,. Supposeéh is a homomorphism of; into A,. Let f be a function from
the carrier ofS into the carrier ofSandg be a function. Suppost andg form morphism
betweerS andS. Then there exists a many sorted functidrfirom A; [(fms’ into Ay [(f,g)s
such that' = h- f andh is a homomorphism 04\1[“’9)8’ into A, [(f’g>s’.

(36) LetSbe a non void feasible many sorted signat@dye a non void subsignature 8fand
A1, Az be algebras ove®. Suppose the sorts @ are transformable to the sorts Af. Let
h be a many sorted function frody into A,. Supposé is a homomorphism of\; into A;.
Then there exists a many sorted functidfirom A;|S into A;[S such thatY = h|the carrier
of S andh is a homomorphism o [S into A;|S.

(37) LetS S be non empty non void many sorted signatudede a non-empty algebra over
S, f be a function from the carrier & into the carrier ofS, andg be a function. Suppose
f andg form morphism betwee8 andS. Let B be a non-empty algebra ov8r. Suppose
B= A[(f’ms’. Lets;, s be sort symbols o8 andt be a function. Suppogés an elementary
translation irB from s; into s,. Thent is an elementary translation f&from f(s;) into f(sp).

(38) LetS, S be non empty non void many sorted signaturiebge a function from the carrier
of S into the carrier ofS, andg be a function. Supposk andg form morphism betwees
andS. Lets;, s, be sort symbols 08. If TransIRe(S) reducess; to sp, then TransIR€IS)
reducesf(s;) to f(s).

(39) LetS S be non void non empty many sorted signatuke®e a non-empty algebra over
S, f be a function from the carrier & into the carrier ofS, andg be a function. Suppose
f andg form morphism betweeS andS. Let B be a non-empty algebra ov8r. Suppose
B= A[(f7g>s’. Let s1, s be sort symbols o8. Suppose TransIRE}) reducess; to s;. Then
every translation iB from s; into s is a translation irA from f(s;) into f(s,).

4. TRANSLATING HOMOMORPHISMS

The schemé&enFuncExdeals with a non empty non void many sorted signatire@ non-empty
algebraB over 4, a non-empty many sorted sé€tindexed by the carrier off, and a binary functor
F yielding a set, and states that:
There exists a many sorted functibfrom Fre€ ) into B such that
(i) his ahomomorphism of Fré€) into B, and
(i) for every sort symbok of 4 and for every element of C(s) holdsh(s)(the
root tree of(x, s)) = F(X,9)
provided the parameters meet the following requirement:
e For every sort symbad of 4 and for every element of C(s) holds F (x,s) € (the
sorts of B)(s).
Next we state the proposition

(40) Letl be a setA, B be many sorted sets indexed hyC be a many sorted subset indexed
by A, F be a many sorted function frosinto B, andi be a set. Supposec I. Let f, g be
functions. Supposé = F (i) andg= (F [ C)(i). Letx be a set. Ik € C(i), theng(x) = f(x).
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Let Sbe a non void non empty many sorted signature any le¢ a non-empty many sorted set
indexed by the carrier @ Observe that FreeGenergid) is non-empty.

Let S, S be non empty non void many sorted signaturesXléte a non-empty many sorted
set indexed by the carrier &, let f be a function from the carrier & into the carrier o5, and
let g be a function. Let us assume thlaandg form morphism betweefs; andS,. The functor
hom(f,g,X, S, yielding a many sorted function from Frieé- f) into FreéX) [t 5 S is defined
by the conditions (Def. 5).

(Def. 5)())  hon(f,g,X,S1,S) is a homomorphism of FreX - f) into FreeX)[; 4 S, and

(i)  for every sort symbols of S and for every element of (X - f)(s) holds
(hom(f,g,X,S1,S))(s)(the root tree ofx, s)) = the root tree ofx, f(s)).

One can prove the following propositions:

(41) LetS, S be non void non empty many sorted signatubege a non-empty many sorted
setindexed by the carrier &, f be a function from the carrier & into the carrier 0%, and
g be a function. Supposgandg form morphism betwee®; andS,. Let o be an operation
symbol ofS;, p be an element of Arde, FregX - f)), andq be a finite sequence. Suppose
q=hom(f,g,X, S, S)#p. Then(hom(f,g,X,S;,$,))(the result sort 0b)({o, the carrier of
S;)-tree(p)) = (g(0), the carrier of;)-treg(q).

(42) LetS, S be non void non empty many sorted signatubege a non-empty many sorted
set indexed by the carrier &, f be a function from the carrier @&, into the carrier ofS;,
andg be a function. Supposkandg form morphism betwee8;, andS;. Lett be a term of
Sy overX- f. Then(hom(f,g,X,S,S))(the sort oft)(t) is a compound term d¥, overX if
and only ift is a compound term d® overX - f.

(43) LetS;, S be non void non empty many sorted signatubede a non-empty many sorted
set indexed by the carrier &, f be a function from the carrier @&, into the carrier ofS;,
andg be an one-to-one function. Suppasandg form morphism betweeB; andS,. Then
hom(f,g,X,S,$) is a monomorphism of Fre¢k - f) into Fre€X) [t g Sr.

(44) LetSbe a non void non empty many sorted signature drize a non-empty many sorted
set indexed by the carrier & Then honfidie carrier ofs, idthe operation symbols & X,SS =

Idthe sorts ofFregX)-

(45) LetS;, S, S3be nonvoid non empty many sorted signatukebe a non-empty many sorted
setindexed by the carrier &, f; be a function from the carrier & into the carrier o, and
01 be a function. Supposk andg; form morphism betwee8; andS,. Let f, be a function
from the carrier ofS; into the carrier ofS; andg, be a function. Suppos& andg, form
morphism betwee®, andS;. Then honffs- f1,02-91,X,5,S3) = (hom(f2,02,X,$9,Ss) -
fl) © hOfT‘(f]_, g1, X 2,8, 82)
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