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Summary. This article is based ofFoundations of Geometryby Karol Borsuk and
Wanda Szmielew/((]1]). The fourth axiom of incidency is weakened.lIn [1] it has the fimrm
any plane there exist three non-collinear points in the pland in the articldor any plane
there exists one point in the plan&he original axiom is proved. The article includes: the-
orems concerning collinearity of points and coplanarity of points and lines, basic theorems
concerning lines and planes, fundamental existence theorems, theorems concerning intersec-
tion of lines and planes.

MML Identifier: INCSP_1.

WWW: http://mizar.org/JFM/Voll/incsp_1.html

The articlesl[5],[[4],12],1[6], [3], and.[7] provide the notation and terminology for this paper.

We consider projective incidence structures as systems

( points, lines, an incidence
where the points and the lines constitute non empty sets and the incidence is a relation between the
points and the lines.

We introduce incidence structures which are extensions of projective incidence structure and are
systems

( points, lines, planes, an incidence, an incidence2, an incidence3
where the points, the lines, and the planes constitute non empty sets, the incidence is a relation
between the points and the lines, the incidence?2 is a relation between the points and the planes, and
the incidence3 is a relation between the lines and the planes.

Let Sbe a projective incidence structure. A pointis an element of the points & A line of
Sis an element of the lines &

Let Sbe an incidence structure. A planeSis an element of the planes &f

For simplicity, we adopt the following conventioi®is an incidence structurd, B, C, D are
points ofS L is a line ofS, P is a plane ofS, andF, G are subsets of the points 8f

Let Sbhe a projective incidence structure, Febe a point ofS, and letL be a line ofS. We say
thatA lies onL if and only if:

(Def. 1) (A, L) € the incidence of.

Let us consides, let A be a point ofS, and letP be a plane o6. We say tha# lies onP if and
only if:

(Def. 2) (A, P) € the incidence2 o$.

Let us consides, let L be a line ofS, and letP be a plane o We say that lies onP if and
only if:

(Def. 3) (L, P) € the incidence3 o8.

Let Sbe a projective incidence structure, lebe a subset of the points 8f and letL be a line
of S We say thaF lies onL if and only if:
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(Def. 4) For every poinA of Ssuch thatA € F holdsA lies onL.

Let us consides, let F be a subset of the points 8f and letP be a plane of. We say thaf
lies onP if and only if:

(Def. 5) For evenyA such thatA € F holdsA lies onP.

Let Sbe a projective incidence structure andRebe a subset of the points 8f We say thafF
is linear if and only if:

(Def. 6) There exists a linke of Ssuch thatf lies onL.

We introducerF is linear as a synonym &f is linear.
Let Sbe an incidence structure and lebe a subset of the points 8f We say thaF is planar
if and only if:

(Def. 7) There exists a plarieof Ssuch thaf lies onP.

We introduceF is planar as a synonym &f is planar.
We now state a number of propositions:

(11@ {A,B} lies onL iff Alies onL andB lies onL.

(12) {A,B,C} liesonL iff Alies onL andB lies onL andC lies onL.
(13) {A,B} lies onPiff Alies onP andB lies onP.

(14) {A,B,C} lies onPiff Alies onP andB lies onP andC lies onP.
(15) {A,B,C,D} lies onPiff Alies onP andB lies onP andC lies onP andD lies onP.
(16) If GCF andF lies onL, thenG lies onL.

(17) If GCF andF lies onP, thenG lies onP.

(18) F liesonL andAlies onL iff F U{A} lies onL.

(19) F liesonP andA lies onPiff F U{A} lies onP.

(20) FuUGlies onL iff F lies onL andG lies onL.

(21) FuGlies onPiff F lies onP andG lies onP.

(22) If GCF andF is linear, therG is linear.

(23) If GCF andF is planar, therG is planar.

LetI; be an incidence structure. We say thais incidence space-like if and only if the condi-
tions (Def. 8) are satisfied.

(Def. 8) For every lind of |, there exist point#, B of |, such thatA # B and{A, B} lies onL and
for all pointsA, B of I, there exists a ling of 11 such that{ A, B} lies onL and for all points
A, Bof I3 and for all linesK, L of I such thatA ## B and{A, B} lies onK and{A,B} lies on
L holdsK = L and for every plan® of |1 there exists a poirA of I; such thatA lies onP and
for all pointsA, B, C of I; there exists a plan@ of I, such that{A,B,C} lies onP and for all
pointsA, B, C of I, and for all plane®, Q of |1 such that{ A, B,C} is not linear and A, B,C}
lies onP and{A,B,C} lies onQ holdsP = Q and for every lind_ of I; and for every plane
P of I1 such that there exist poings B of |1 such thatA # B and{A, B} lies onL and{A, B}
lies onP holdsL lies onP and for every poinA of |1 and for all plane®, Q of 11 such thaiA
lies onP andA lies onQ there exists a poir of |1 such thatA # B andB lies onP andB lies
on Q and there exist pointa, B, C, D of |1 such that{A,B,C,D} is not planar and for every
point A of 11 and for every lind_ of I, and for every plan® of I; such thatA lies onL andL
lies onP holdsA lies onP.

1 The propositions (1)-(10) have been removed.
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Let us observe that there exists an incidence structure which is strict and incidence space-like.
An incidence space is an incidence space-like incidence structure.
For simplicity, we adopt the following conventiot8 denotes an incidence spacg,B, C, D
denote points o8, K, L, L;, L, denote lines of5, P, Q denote planes d5, andF denotes a subset
of the points ofS
One can prove the following propositions:

(35 If F lies onL andL lies onP, thenF lies onP.

(36) {A,AB}islinear.

(37) {A,AB,C}is planar.

(38) If{A B,C}islinear, then{A,B,C,D} is planar.

(39) If A#Band{A B} lies onL andC does not lie orL, then{A,B,C} is not linear.

(40) If {A,B,C} is not linear and A, B,C} lies onP andD does not lie orP, then{A,B,C,D}
is not planar.

(41) Ifitis nottrue that there exis® such thaK lies onP andL lies onP, thenK #£ L.

(42) Suppose that
(i) itis not true that there exis® such thaL lies onP andL; lies onP andL; lies onP, and
(i) there existsA such thatA lies onL andA lies onL; andA lies onL,.
ThenL # Lj.

(43) Supposé; lies onP andL; lies onP andL does not lie orP andL; # L,. Then it is not
true that there exist® such that lies onQ andL; lies onQ andL; lies onQ.

(44) There exist® such thatA lies onP andL lies onP.

(45) If there existA such thatA lies onK andA lies onL, then there existB such thaK lies
onP andL lies onP.

(46) If A+ B, then there existk such that for everK holds{A, B} lies onK iff K = L.

(47) If{A B,C}is notlinear, then there exisBssuch that for ever® holds{A,B,C} lies onQ
iff P=0Q.

(48) If Adoes not lie or, then there existB such that for ever) holdsA lies onQ andL lies
onQiff P=Q.

(49) SupposK # L and there existé such thatA lies onK andA lies onL. Then there exists
P such that for ever) holdsK lies onQ andL lies onQ iff P=Q.

Let us consideSand let us consided, B. Let us assume tha # B. The functor LingA, B)
yields a line ofSand is defined by:

(Def. 9) {A,B} lies on LindA,B).

Let us consideS and let us consideh, B, C. Let us assume thgtA, B,C} is not linear. The
functor PlanéA, B,C) yielding a plane ofSis defined as follows:

(Def. 10) {A,B,C} lies on PlanéA B,C).

Let us consideB and let us consideh, L. Let us assume th#&t does not lie orl.. The functor
Plan€A, L) yielding a plane oBis defined as follows:

(Def. 11) Alies on PlanéA,L) andL lies on PlanéA,L).

2 The propositions (24)—(34) have been removed.
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Let us consideSand let us considé, L. Let us assume th&t # L and there existé such that
Alies onK andA lies onL. The functor Plang, L) yielding a plane oBis defined by:

(Def. 12) K lies on Plané&K,L) andL lies on Plané&K,L).

The following propositions are true:

(57F 1f A#B, then LingA,B) = Line(B,A).

(58) If {A ,B,C} is notlinear, then Plarid, B,C) = Plan€A,C,B).

(59) If {A B,C}is notlinear, then Plarjd, B,C) = Plan€B, A,C).

(60) If {A B,C} is notlinear, then Plarié, B,C) = PlangB,C,A).

(61) If {A B,C} is notlinear, then Plarié, B,C) = PlanéC, A, B).

(62) If {A B,C}is notlinear, then Plarid, B,C) = Plan€C, B, A).

(64&] If K # L and there exist& such thatA lies onK andA lies onL, then Plané&,L) =
PlanéL,K).

(65) If A# BandC lies on LindA,B), then{A,B,C} is linear.

(66) If A#BandA#£Cand{A,B,C} is linear, then LinéA B) = Line(A,C).

(67) If {A B,C} is notlinear, then Plarié, B,C) = Plan€C,Line(A, B)).

(68) If {A B,C} is notlinear and lies on Plan@A, B,C), then{A,B,C,D} is planar.

(69) If Cdoes notlie ok and{A,B} lies onL andA # B, then PlanéC,L) = Plan€A,B,C).

(70) If {A,B,C} is not linear, then Plarjd, B,C) = PlanéLine(A, B),Line(A,C)).

(71) There exisA, B, C such thafA,B,C} lies onP and{A,B,C} is not linear.

(72) There exish, B, C, D such thatA lies onP and{A,B,C,D} is not planar.

(73) There exist8 such thatA = B andB lies onL.

(74) If A# B, then there exist€ such thaC lies onP and{A,B,C} is not linear.

(75) If {A ,B,C} is not linear, then there exisBssuch that{A,B,C, D} is not planar.

(76) There exisB, C such thafB,C} lies onP and{A,B,C} is not linear.

(77) If A# B, then there exisE, D such thaf{A,B,C,D} is not planar.

(78) There exisB, C, D such thaf{A,B,C,D} is not planar.

(79) There exist& such thatA does not lie or. andL lies onP.

(80) Supposd lies onP. Then there exist, L1, L such thal; # L, andL; lies onP andL;

lies onP andL does not lie orP andA lies onL andA lies onL; andA lies onLo.

(81)
0]
)
(iii)
(iv)
(82)

There exist, L1, Lo such that

Alies onL,

Alies onlLy,

Alies onlL,, and

it is not true that there exis® such thaL lies onP andL; lies onP andL; lies onP.

There exist® such thatA lies onP andL does not lie orP.

3 The propositions (50)—(56) have been removed.
4 The proposition (63) has been removed.
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(83) There exist& such thatA lies onP andA does not lie orn..

(84) Itis not true that there exisks and there exist® such that lies onP andK lies onP.
(85) There exisP, Q such thaP # Q andL lies onP andL lies onQ.

(87E] If L does not lie orP and{A, B} lies onL and{A, B} lies onP, thenA = B.

(88) Suppos® # Q. Then
(i) itis not true that there exist& such thatA lies onP andA lies onQ, or
(i) there existd such that for everfd holdsB lies onP andB lies onQ iff B lies onL.
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