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Summary. A basis for investigations on incidence projective spaces. With every pro-
jective space defined in terms of collinearity relation we associate the incidence structure
consisting of points and of lines of the given space. We introduce general notion of projec-
tive space defined in terms of incidence and define several properties of such structures (like
satisfability of the Desargues Axiom or conditions on the dimension).
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The articles [4], [1], [6], [7], [5], [3], and [2] provide the notation and terminology for this paper.
We adopt the following convention:C1 denotes a proper collinearity space,B denotes an element

of 2the carrier ofC1, andx, y, Y denote sets.
Let us considerC1. We see that the line ofC1 is an element of 2the carrier ofC1.
Let us considerC1. The functorL(C1) yields a set and is defined by:

(Def. 1) L(C1) = {B : B is a line ofC1}.

Let us considerC1. Observe thatL(C1) is non empty.
The following proposition is true

(2)1 x is a line ofC1 iff x is an element ofL(C1).

Let us considerC1. The functorI (C1) yielding a relation between the carrier ofC1 andL(C1) is
defined as follows:

(Def. 2) For allx, y holds〈〈x, y〉〉 ∈ I (C1) iff x ∈ the carrier ofC1 andy ∈ L(C1) and there existsY
such thaty = Y andx∈Y.

Let us considerC1. The functor Inc-ProjSp(C1) yields a projective incidence structure and is
defined as follows:

(Def. 3) Inc-ProjSp(C1) = 〈the carrier ofC1, L(C1), I (C1)〉.

Let us considerC1. One can check that Inc-ProjSp(C1) is strict.
We now state three propositions:

(4)2 The points of Inc-ProjSp(C1) = the carrier ofC1 and the lines of Inc-ProjSp(C1) = L(C1)
and the incidence of Inc-ProjSp(C1) = I (C1).

(5) x is a point ofC1 iff x is a point of Inc-ProjSp(C1).

1 The proposition (1) has been removed.
2 The proposition (3) has been removed.
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(6) x is a line ofC1 iff x is a line of Inc-ProjSp(C1).

For simplicity, we follow the rules:a, b, c, p, q, sare points of Inc-ProjSp(C1), P, Q, Sare lines
of Inc-ProjSp(C1), a′, b′, c′, p′ are points ofC1, andP′ is a line ofC1.

Next we state several propositions:

(8)3 s lies onS iff 〈〈s, S〉〉 ∈ I (C1).

(9) If p = p′ andP = P′, thenp lies onP iff p′ ∈ P′.

(10) There exista′, b′, c′ such thata′ 6= b′ andb′ 6= c′ andc′ 6= a′.

(11) There existsb′ such thata′ 6= b′.

(12) If p lies onP andq lies onP andp lies onQ andq lies onQ, thenp = q or P = Q.

(13) There existsP such thatp lies onP andq lies onP.

(14) Supposea = a′ andb = b′ andc = c′. Thena′, b′ andc′ are collinear if and only if there
existsP such thata lies onP andb lies onP andc lies onP.

(15) There existp, P such thatp does not lie onP.

For simplicity, we adopt the following convention:C1 is a projective space defined in terms of
collinearity,a, b, c, d, p, q are points of Inc-ProjSp(C1), P, Q, S, M, N are lines of Inc-ProjSp(C1),
anda′, b′, c′, d′, p′ are points ofC1.

The following propositions are true:

(16) There exista, b, c such thata 6= b andb 6= c andc 6= a anda lies onP andb lies onP and
c lies onP.

(17) Suppose thata lies onM andb lies onM andc lies onN andd lies onN andp lies onM
andp lies onN anda lies onP andc lies onP andb lies onQ andd lies onQ andp does not
lie on P andp does not lie onQ andM 6= N. Then there existsq such thatq lies onP andq
lies onQ.

(18) Suppose that for alla′, b′, c′, d′ there existsp′ such thata′, b′ andp′ are collinear andc′,
d′ andp′ are collinear. Let givenM, N. Then there existsq such thatq lies onM andq lies
onN.

(19) Suppose that it is not true that there exist pointsp, p1, r, r1 of C1 and there exists a points
of C1 such thatp, p1 ands are collinear andr, r1 ands are collinear. Then it is not true that
there existM, N and there existsq such thatq lies onM andq lies onN.

(20) Suppose that for all pointsp, p1, q, q1, r2 of C1 there exist pointsr, r1 of C1 such thatp, q
andr are collinear andp1, q1 andr1 are collinear andr2, r andr1 are collinear. Let givena,
M, N. Then there existb, c, Ssuch thata lies onSandb lies onSandc lies onSandb lies on
M andc lies onN.

Let x, y, z be sets. We say thatx, y, z are mutually different if and only if:

(Def. 5)4 x 6= y andy 6= z andz 6= x.

Let u be a set. We say thatx, y, z, u are mutually different if and only if:

(Def. 6) x 6= y andy 6= z andz 6= x andu 6= x andu 6= y andu 6= z.

Let C2 be a projective incidence structure, leta, b be points ofC2, and letM be a line ofC2. We
say thata, b lie onM if and only if:

3 The proposition (7) has been removed.
4 The definition (Def. 4) has been removed.
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(Def. 7) a lies onM andb lies onM.

Let c be a point ofC2. We say thata, b, c lie onM if and only if:

(Def. 8) a lies onM andb lies onM andc lies onM.

We now state three propositions:

(21) Suppose that for all pointsp1, r2, q, r1, q1, p, r of C1 such thatp1, r2 andq are collinear
andr1, q1 andq are collinear andp1, r1 andp are collinear andr2, q1 andp are collinear and
p1, q1 andr are collinear andr2, r1 andr are collinear andp, q andr are collinear holdsp1,
r2 andq1 are collinear orp1, r2 andr1 are collinear orp1, r1 andq1 are collinear orr2, r1 and
q1 are collinear. Letp, q, r, s, a, b, c be points of Inc-ProjSp(C1) andL, Q, R, S, A, B, C be
lines of Inc-ProjSp(C1). Suppose thatq does not lie onL andr does not lie onL andp does
not lie onQ andsdoes not lie onQ andp does not lie onRandr does not lie onRandq does
not lie onSands does not lie onSanda, p, s lie on L anda, q, r lie on Q andb, q, s lie on R
andb, p, r lie on Sandc, p, q lie on A andc, r, s lie on B anda, b lie onC. Thenc does not
lie onC.

(22) Suppose that for all pointso, p1, p2, p3, q1, q2, q3, r1, r2, r3 of C1 such thato 6= q1 and
p1 6= q1 ando 6= q2 and p2 6= q2 ando 6= q3 and p3 6= q3 ando, p1 and p2 are not collinear
ando, p1 and p3 are not collinear ando, p2 and p3 are not collinear andp1, p2 andr3 are
collinear andq1, q2 andr3 are collinear andp2, p3 andr1 are collinear andq2, q3 andr1 are
collinear andp1, p3 andr2 are collinear andq1, q3 andr2 are collinear ando, p1 andq1 are
collinear ando, p2 andq2 are collinear ando, p3 andq3 are collinear holdsr1, r2 andr3 are
collinear. Leto, b1, a1, b2, a2, b3, a3, r, s, t be points of Inc-ProjSp(C1) andC3, C4, C5, A1,
A2, A3, B1, B2, B3 be lines of Inc-ProjSp(C1). Suppose thato, b1, a1 lie onC3 ando, a2, b2

lie onC4 ando, a3, b3 lie onC5 anda3, a2, t lie on A1 anda3, r, a1 lie on A2 anda2, s, a1 lie
on A3 andt, b2, b3 lie on B1 andb1, r, b3 lie on B2 andb1, s, b2 lie on B3 andC3, C4, C5 are
mutually different ando 6= a1 ando 6= a2 ando 6= a3 ando 6= b1 ando 6= b2 ando 6= b3 and
a1 6= b1 anda2 6= b2 anda3 6= b3. Then there exists a lineO of Inc-ProjSp(C1) such thatr, s,
t lie onO.

(23) Suppose that for all pointso, p1, p2, p3, q1, q2, q3, r1, r2, r3 of C1 such thato 6= p2 and
o 6= p3 andp2 6= p3 andp1 6= p2 andp1 6= p3 ando 6= q2 ando 6= q3 andq2 6= q3 andq1 6= q2

andq1 6= q3 ando, p1 andq1 are not collinear ando, p1 and p2 are collinear ando, p1 and
p3 are collinear ando, q1 andq2 are collinear ando, q1 andq3 are collinear andp1, q2 andr3

are collinear andq1, p2 andr3 are collinear andp1, q3 andr2 are collinear andp3, q1 andr2

are collinear andp2, q3 andr1 are collinear andp3, q2 andr1 are collinear holdsr1, r2 andr3

are collinear. Leto, a1, a2, a3, b1, b2, b3, c1, c2, c3 be points of Inc-ProjSp(C1) andA1, A2,
A3, B1, B2, B3, C3, C4, C5 be lines of Inc-ProjSp(C1). Suppose thato, a1, a2, a3 are mutually
different ando, b1, b2, b3 are mutually different andA3 6= B3 ando lies onA3 ando lies on
B3 anda2, b3, c1 lie onA1 anda3, b1, c2 lie onB1 anda1, b2, c3 lie onC3 anda1, b3, c2 lie on
A2 anda3, b2, c1 lie on B2 anda2, b1, c3 lie onC4 andb1, b2, b3 lie on A3 anda1, a2, a3 lie
onB3 andc1, c2 lie onC5. Thenc3 lies onC5.

Let I1 be a projective incidence structure. We say thatI1 is partial if and only if the condition
(Def. 9) is satisfied.

(Def. 9) Let p, q be points ofI1 andP, Q be lines ofI1. Supposep lies onP andq lies onP andp
lies onQ andq lies onQ. Thenp = q or P = Q.

We say thatI1 is linear if and only if:

(Def. 10) For all pointsp, q of I1 there exists a lineP of I1 such thatp lies onP andq lies onP.

We say thatI1 is at least 2-dimensional if and only if:

(Def. 11) There exists a pointp of I1 and there exists a lineP of I1 such thatp does not lie onP.

We say thatI1 is at least 3-rank if and only if the condition (Def. 12) is satisfied.



INCIDENCE PROJECTIVE SPACES 4

(Def. 12) LetP be a line ofI1. Then there exist pointsa, b, c of I1 such thata 6= b andb 6= c and
c 6= a anda lies onP andb lies onP andc lies onP.

We say thatI1 is Vebleian if and only if the condition (Def. 13) is satisfied.

(Def. 13) Leta, b, c, d, p, q be points ofI1 andM, N, P, Q be lines ofI1. Suppose thata lies onM
andb lies onM andc lies onN andd lies onN andp lies onM andp lies onN anda lies on
P andc lies onP andb lies onQ andd lies onQ andp does not lie onP andp does not lie
onQ andM 6= N. Then there exists a pointq of I1 such thatq lies onP andq lies onQ.

LetC1 be a projective space defined in terms of collinearity. Note that Inc-ProjSp(C1) is partial,
linear, at least 2-dimensional, at least 3-rank, and Vebleian.

One can verify that there exists a projective incidence structure which is strict, partial, linear, at
least 2-dimensional, at least 3-rank, and Vebleian.

A projective space defined in terms of incidence is a partial linear at least 2-dimensional at least
3-rank Vebleian projective incidence structure.

Let C1 be a projective space defined in terms of collinearity. Observe that Inc-ProjSp(C1) is
partial, linear, at least 2-dimensional, at least 3-rank, and Vebleian.

Let I1 be a projective space defined in terms of incidence. We say thatI1 is 2-dimensional if and
only if:

(Def. 14) For all linesM, N of I1 there exists a pointq of I1 such thatq lies onM andq lies onN.

We introduceI1 is up 3-dimensional as an antonym ofI1 is 2-dimensional.
Let I1 be a projective space defined in terms of incidence. We say thatI1 is at most 3 dimensional

if and only if the condition (Def. 16) is satisfied.

(Def. 16)5 Let a be a point ofI1 andM, N be lines ofI1. Then there exist pointsb, c of I1 and there
exists a lineSof I1 such thata lies onSandb lies onSandc lies onSandb lies onM andc
lies onN.

Let I1 be a projective space defined in terms of incidence. We say thatI1 is 3-dimensional if and
only if:

(Def. 17) I1 is at most 3 dimensional and up 3-dimensional.

Let I1 be a projective space defined in terms of incidence. We say thatI1 is Fanoian if and only
if the condition (Def. 18) is satisfied.

(Def. 18) Letp, q, r, s, a, b, c be points ofI1 andL, Q, R, S, A, B, C be lines ofI1. Suppose thatq
does not lie onL andr does not lie onL andp does not lie onQ ands does not lie onQ and
p does not lie onR andr does not lie onR andq does not lie onSands does not lie onSand
a, p, s lie on L anda, q, r lie on Q andb, q, s lie on R andb, p, r lie on Sandc, p, q lie on A
andc, r, s lie onB anda, b lie onC. Thenc does not lie onC.

Let I1 be a projective space defined in terms of incidence. We say thatI1 is Desarguesian if and
only if the condition (Def. 19) is satisfied.

(Def. 19) Leto, b1, a1, b2, a2, b3, a3, r, s, t be points ofI1 andC3, C4, C5, A1, A2, A3, B1, B2, B3 be
lines of I1. Suppose thato, b1, a1 lie onC3 ando, a2, b2 lie onC4 ando, a3, b3 lie onC5 and
a3, a2, t lie on A1 anda3, r, a1 lie on A2 anda2, s, a1 lie on A3 andt, b2, b3 lie on B1 andb1,
r, b3 lie on B2 andb1, s, b2 lie on B3 andC3, C4, C5 are mutually different ando 6= a1 and
o 6= a2 ando 6= a3 ando 6= b1 ando 6= b2 ando 6= b3 anda1 6= b1 anda2 6= b2 anda3 6= b3.
Then there exists a lineO of I1 such thatr, s, t lie onO.

Let I1 be a projective space defined in terms of incidence. We say thatI1 is Pappian if and only
if the condition (Def. 20) is satisfied.

5 The definition (Def. 15) has been removed.
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(Def. 20) Leto, a1, a2, a3, b1, b2, b3, c1, c2, c3 be points ofI1 andA1, A2, A3, B1, B2, B3, C3, C4, C5

be lines ofI1. Suppose thato, a1, a2, a3 are mutually different ando, b1, b2, b3 are mutually
different andA3 6= B3 ando lies onA3 ando lies onB3 anda2, b3, c1 lie on A1 anda3, b1, c2

lie onB1 anda1, b2, c3 lie onC3 anda1, b3, c2 lie onA2 anda3, b2, c1 lie onB2 anda2, b1, c3

lie onC4 andb1, b2, b3 lie on A3 anda1, a2, a3 lie on B3 andc1, c2 lie onC5. Thenc3 lies on
C5.

One can check that there exists a projective space defined in terms of incidence which is Desar-
guesian, Fanoian, at most 3 dimensional, and up 3-dimensional.

One can check that there exists a projective space defined in terms of incidence which is Pappian,
Fanoian, at most 3 dimensional, and up 3-dimensional.

One can verify that there exists a projective space defined in terms of incidence which is Desar-
guesian, Fanoian, and 2-dimensional.

Let us observe that there exists a projective space defined in terms of incidence which is Pappian,
Fanoian, and 2-dimensional.
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