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Summary. We introduce the basic notions of ideal theory in rings. This includes left
and right ideals, (finitely) generated ideals and some operations on ideals such as the addition
of ideals and the radical of an ideal. In addition we introduce linear combinations to formalize
the well-known characterization of generated ideals. Principal ideal domains and Noetherian
rings are defined. The latter development follows [4], pages 144-145.
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The articles([2B],[19],129],[[10],[16],[12],[[11],[110],[T16],[125],11],[130],.126],.18],171,.[13],. [15],
[21], [24], [22], [28], [17], [14], [27], [12], [3], [5], [18], and[[20] provide the notation and termi-
nology for this paper.

1. PRELIMINARIES

One can check that there exists a non empty loop structure which is add-associative, left zeroed, and
right zeroed.

Let us observe that there exists a non empty double loop structure which is Abelian, left zeroed,
right zeroed, add-cancelable, well unital, add-associative, associative, commutative, distributive,
and non trivial.

We now state the proposition

(1) LetV be an add-associative left zeroed right zeroed non empty loop structuse aibe
elements oV. Theny (v,u) =v+u.

2. IDEALS

Let L be a non empty loop structure and Febe a subset df. We say thaf is add closed if and
only if:

(Def. 1) For all elements, y of L such thak € F andy € F holdsx+vy € F.

LetL be a non empty groupoid and [Etbe a subset df. We say thaF is left ideal if and only
if:

(Def. 2) For all elementgp, x of L such thax € F holdsp-x € F.
We say thaf is right ideal if and only if:

(Def. 3) For all elementg, x of L such thatx € F holdsx- p € F.
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LetL be a non empty loop structure. Note that there exists a non empty sulbsehdath is add
closed.

Let L be a non empty groupoid. Observe that there exists a non empty sulhsehath is left
ideal and there exists a non empty subsdt which is right ideal.

LetL be a non empty double loop structure. One can verify the following observations:

x there exists a non empty subset.ofvhich is add closed, left ideal, and right ideal,
x there exists a non empty subset.ofvhich is add closed and right ideal, and
x there exists a non empty subset.ofvhich is add closed and left ideal.

Let R be a commutative non empty groupoid. Observe that every non empty sulsdethich
is left ideal is also right ideal and every non empty subs@® which is right ideal is also left ideal.

LetL be a non empty double loop structure. An ideald$ an add closed left ideal right ideal
non empty subset df.

Let L be a non empty double loop structure. A right idealLa$ an add closed right ideal non
empty subset of.

Let L be a non empty double loop structure. A left idealLofs an add closed left ideal non
empty subset of.

The following propositions are true:

(2) LetRbe aright zeroed add-left-cancelable left distributive non empty double loop structure
andl be a left ideal non empty subset®f Then g € I.

(3) LetRbe aleft zeroed add-right-cancelable right distributive non empty double loop struc-
ture and be a right ideal non empty subsetRfThen & € I.

(4) For every right zeroed non empty double loop structuhelds{0, } is add closed.

(5) LetL be a left zeroed add-right-cancelable right distributive non empty double loop struc-
ture. Then{O, } is left ideal.

(6) LetL be aright zeroed add-left-cancelable left distributive non empty double loop structure.
Then{0_} is right ideal.

(7) LetL be an add-associative right zeroed right complementable distributive non empty dou-
ble loop structure. Thef0, } is an ideal ofL.

(8) LetL be an add-associative right zeroed right complementable right distributive non empty
double loop structure. Thef0, } is a left ideal ofL.

(9) LetL be an add-associative right zeroed right complementable left distributive non empty
double loop structure. Thef®, } is a right ideal ofL.

(10) For every non empty double loop structurbolds the carrier of is an ideal ofL.
(11) For every non empty double loop structurbolds the carrier ok is a left ideal ofL.

(12) For every non empty double loop structlrbolds the carrier ok is a right ideal ofL.

Let Rbe a left zeroed right zeroed add-cancelable distributive non empty double loop structure
and letl be an ideal oR. Let us observe thatis trivial if and only if:

(Def. 4) | ={0r}.
Let Sbe a 1-sorted structure and Tebe a subset db. We say thaf is proper if and only if:
(Def. 5) T #the carrier ofS
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Let Sbe a non empty 1-sorted structure. One can verify that there exists a suSsehioh is
proper.

Let Rbe a non trivial left zeroed right zeroed add-cancelable distributive non empty double loop
structure. Note that there exists an ideaRofhich is proper.

Next we state several propositions:

(13) LetL be an add-associative right zeroed right complementable left distributive left unital
non empty double loop structurebe a left ideal non empty subsetlofandx be an element
of L. If xel, then—xel.

(14) LetL be an add-associative right zeroed right complementable right distributive right unital
non empty double loop structurebe a right ideal non empty subsetigfandx be an element
of L. If xel,then—xel.

(15) LetL be an add-associative right zeroed right complementable left distributive left unital
non empty double loop structuriebe a left ideal oL, andx, y be elements of. If x| and
yel, thenx—yel.

(16) LetL be an add-associative right zeroed right complementable right distributive right unital
non empty double loop structurkepe a right ideal oL, andx, y be elements of. If x € |
andy € |, thenx—ye .

(17) LetRbe a left zeroed right zeroed add-cancelable add-associative distributive non empty
double loop structurd, be an add closed right ideal non empty subseéR,af be an element
of I, andn be a natural number. Thenac .

(18) LetRbe a unital left zeroed right zeroed add-cancelable associative distributive non empty
double loop structurd, be a right ideal non empty subsetRfa be an element df, andn be
a natural number. Iifi £ 0, thena" € 1.

Let R be a non empty loop structure and lelbe an add closed non empty subseRofThe
functor add(l, R) yielding a binary operation ohis defined as follows:

(Def. 6) add(l,R) = (the addition ofR)[[:1, I ].

Let R be a non empty groupoid and lebe a right ideal non empty subset®f The functor
mult|(1,R) yielding a binary operation ohis defined by:

(Def. 7) mult(l,R) = (the multiplication ofR)[[:1, 1 ].

Let R be a non empty loop structure and lebe an add closed non empty subseRofThe
functor Gi(1,R) yielding a non empty loop structure is defined by:

(Def. 8) Gi(I,R) = (I,add|(I,R),0r(< I)).

Let Rbe a left zeroed right zeroed add-cancelable add-associative distributive non empty double
loop structure and ldtbe an add closed non empty subseRoNote that Gfl , R) is add-associative.

LetRbe a left zeroed right zeroed add-cancelable add-associative distributive non empty double
loop structure and ldtbe an add closed right ideal non empty subsé®.dDbserve that GI,R) is
right zeroed.

Let R be an Abelian non empty double loop structure and Ibé an add closed non empty
subset oR. Observe that Gt,R) is Abelian.

Let R be an Abelian right unital left zeroed right zeroed right complementable add-associative
distributive non empty double loop structure and lbe an add closed right ideal non empty subset
of R. One can verify that Gt, R) is right complementable.

One can prove the following four propositions:

(19) LetR be a right unital non empty double loop structure aruk a left ideal non empty
subset oR. Thenl is proper if and only iflg ¢ I.
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(20) LetRbe a left unital right unital non empty double loop structure bhd a right ideal non
empty subset dR. Thenl is proper if and only if for every elementof R such that is unital
holdsu ¢ 1.

(21) LetRbe aright unital non empty double loop structure ame a left ideal right ideal non
empty subset dR. Thenl is proper if and only if for every elementof R such that is unital
holdsu ¢ 1.

(22) LetR be a non degenerated commutative ring. TRes a field if and only if for every
ideall of Rholdsl = {Og} or| = the carrier olR.

3. LINEAR COMBINATIONS

Let R be a non empty multiplicative loop structure andAelbe a non empty subset B A finite
sequence of elements of the carrielRdf said to be a linear combination Afif:

(Def. 9) For every sdtsuch that € domit there exist elements v of Rand there exists an element
aof Asuch thatit=u-a-v.

A finite sequence of elements of the carrieiRdE said to be a left linear combination Afif:

(Def. 10) For every satsuch that € domit there exists an elemambf Rand there exists an element
aof Asuch thatit=u-a.

A finite sequence of elements of the carrielRdE said to be a right linear combination Afif:

(Def. 11) For every satsuch that € domit there exists an elemeambf Rand there exists an element
aof Asuchthatit=a-u.

Let R be a non empty multiplicative loop structure andAelbe a non empty subset 8 One
can check the following observations:

x there exists a linear combination Afwhich is non empty,
x there exists a left linear combination Afwhich is non empty, and
x there exists a right linear combinationAfvhich is non empty.

Let Rbe a non empty multiplicative loop structure, /¢tB be non empty subsets Bf letF be a
linear combination oA\, and letG be a linear combination &. ThenF ~ G is a linear combination
of AUB.

The following propositions are true:

(23) LetRbe an associative non empty multiplicative loop structlree a non empty subset of
R, abe an element dR, andF be a linear combination &. Thena-F is a linear combination
of A,

(24) LetRbe an associative non empty multiplicative loop structlree a non empty subset of
R, abe an element dR, andF be a linear combination &. ThenF -ais a linear combination
of A,

(25) LetRbe aright unital non empty multiplicative loop structure @de a non empty subset
of R. Then every left linear combination éfis a linear combination oA.

Let R be a non empty multiplicative loop structure, #tB be non empty subsets Bf let F be
a left linear combination oA, and letG be a left linear combination @&. ThenF ~ Gis a left linear
combination ofAU B.

We now state three propositions:

(26) LetR be an associative non empty multiplicative loop structérbe a non empty subset
of R, abe an element dR, andF be a left linear combination &&. Thena-F is a left linear
combination ofA.
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(27) LetRbe a non empty multiplicative loop structuepe a non empty subset Bf a be an
element ofR, andF be a left linear combination &. ThenF -ais a linear combination oA.

(28) LetRDbe a left unital non empty multiplicative loop structure aktle a non empty subset
of R. Then every right linear combination éfis a linear combination oA.

Let R be a non empty multiplicative loop structure, fetB be non empty subsets Bf let F be
a right linear combination oA, and letG be a right linear combination &. ThenF ~ G is a right
linear combination oAU B.

Next we state several propositions:

(29) LetR be an associative non empty multiplicative loop structérbe a non empty subset
of R, a be an element oR, andF be a right linear combination &&. ThenF -a is a right
linear combination oA.

(30) LetRbe an associative non empty multiplicative loop structérbe a non empty subset
of R, a be an element dR, andF be a right linear combination &. Thena-F is a linear
combination ofA.

(31) LetRbe a commutative associative non empty multiplicative loop structurédeda non
empty subset oR. Then every linear combination #fis a left linear combination oA and a
right linear combination oA.

(82) LetSbe a non empty double loop structufFepe a non empty subset §f andl, be a non
empty linear combination ¢¢. Then there exists a linear combinatipof F and there exists
an elemene of Ssuch that; = p~ (e) and(e) is a linear combination df.

(33) LetShbe a non empty double loop structukepe a non empty subset 8f andl; be a non
empty left linear combination df. Then there exists a left linear combinatiprof F and
there exists an elemeabf Ssuch that; = p~ (e) and(e) is a left linear combination df.

(34) LetSbe a non empty double loop structufepe a non empty subset 8f andl; be a non
empty right linear combination d¥. Then there exists a right linear combinatipiof F and
there exists an elemeabf Ssuch that; = p~ (e) and(e) is a right linear combination d¥.

Let R be a non empty multiplicative loop structure, Febe a non empty subset Bf letL be a
linear combination of\, and letE be a finite sequence of elementsf:tifie carrier ofR, the carrier
of R, the carrier oR]. We say thaE represents if and only if:

(Def. 12) lerE = lenL and for every set such that € domL holdsL(i) = (Ei)1- (Ei)2- (Ei)s and
(Ei)2 €A

We now state two propositions:

(835) LetRbe a non empty multiplicative loop structufebe a non empty subset Bf andL be
a linear combination of.. Then there exists a finite sequertieef elements of: the carrier of
R, the carrier oRR, the carrier oR] such thaE represents.

(36) LetR, She non empty multiplicative loop structurdsbe a non empty subset B |1 be
a linear combination of, G be a non empty subset 8f P be a function from the carrier of
Rinto the carrier o5, andE be a finite sequence of elementgdfie carrier ofR, the carrier
of R, the carrier ofR]. SupposeP°F C G andE represent$;. Then there exists a linear
combinationL; of G such that lety = lenL; and for every set such that € domL; holds

L1(i) = P((Ei)1) - P((Ei)2) - P((Ei)3)-

Let R be a non empty multiplicative loop structure, kebe a non empty subset & let L be
a left linear combination of, and letE be a finite sequence of elements|:dfie carrier ofR, the
carrier ofR]. We say thak represents if and only if:

(Def. 13) lerE =lenL and for every setsuch that € domL holdsL(i) = (Ej)1- (Ei)2 and(Ei)z2 € A.
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One can prove the following two propositions:

(37) LetRbe a non empty multiplicative loop structure be a non empty subset & andL
be a left linear combination 0. Then there exists a finite sequerie®f elements of: the
carrier ofR, the carrier oR}] such thaE represents.

(38) LetR, Sbe non empty multiplicative loop structurds,be a non empty subset & 11
be a left linear combination df, G be a non empty subset & P be a function from the
carrier of R into the carrier ofS, andE be a finite sequence of elements|dhe carrier of
R, the carrier ofR]. SupposeéP°F C G andE represents$;. Then there exists a left linear
combinationL; of G such that lefy = lenL; and for every set such thai € domL; holds

L1(i) = P((Ei)1) - P((Ei)2).

Let R be a non empty multiplicative loop structure, lebe a non empty subset & let L be
a right linear combination o\, and letE be a finite sequence of elementsf:.tfie carrier ofR, the
carrier ofR}]. We say thak represents if and only if:

(Def. 14) lerE = lenL and for every sdtsuch that € domL holdsL(i) = (Ej)1 - (Ei)2 and(Ej)1 € A.

The following propositions are true:

(39) LetRbe a non empty multiplicative loop structur® be a non empty subset & andL
be a right linear combination d. Then there exists a finite sequerie®f elements of: the
carrier ofR, the carrier oR] such thak represents.

(40) LetR, Sbe non empty multiplicative loop structurds,be a non empty subset & I3
be a right linear combination df, G be a non empty subset &f P be a function from the
carrier ofR into the carrier ofS, andE be a finite sequence of elements[dhe carrier of
R, the carrier ofR]. Supposé°F C G andE represents;. Then there exists a right linear
combinationL; of G such that lefy = lenL; and for every set such thai € domL; holds

L1(i) = P((Ei)1) - P((Ei)2).

(41) LetR be a non empty multiplicative loop structurkbe a non empty subset & | be a
linear combination ofA, andn be a natural number. ThéhSegn is a linear combination of
A

(42) LetRbe anonempty multiplicative loop structufebe a non empty subset Bf | be a left
linear combination oA, andn be a natural number. ThéhSegnis a left linear combination
of A.

(43) LetR be a non empty multiplicative loop structur,be a non empty subset & | be
a right linear combination of, andn be a natural number. ThdnSeg is a right linear
combination ofA.

4. GENERATEDIDEALS

LetL be a non empty double loop structure andHdte a subset df. Let us assume th&t is non
empty. The functoF—ideal yields an ideal df and is defined as follows:

(Def. 15) F C F—ideal and for every idedlof L such thaF C | holdsF—idealC I.
The functorF—left-ideal yields a left ideal of and is defined as follows:

(Def. 16) F C F-left-ideal and for every left idedlof L such that C | holdsF—left-idealC I.
The functorF—right-ideal yielding a right ideal df is defined as follows:

(Def. 17) F C F-right-ideal and for every right idealof L such that C | holdsF-right-idealC I.

We now state three propositions:
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(44) For every non empty double loop structurand for every ideal of L holdsl—ideal= 1.

(45) For every non empty double loop structureand for every left ideal of L holds
|—left-ideal= 1.

(46) For every non empty double loop structureand for every right ideal of L holds
|-right-ideal= 1.

Let L be a non empty double loop structure and Ibe an ideal of.. A non empty subset df
is said to be a basis ofif:

(Def. 18) It—ideak=1.

Next we state a number of propositions:

(47) LetL be an add-associative right zeroed right complementable distributive non empty dou-
ble loop structure. Thef0, }—ideal= {0, }.

(48) For every left zeroed right zeroed add-cancelable distributive non empty double loop struc-
tureL holds{0 }-ideal= {0 }.

(49) LetL be aleft zeroed right zeroed add-right-cancelable right distributive non empty double
loop structure. ThekO, }-left-ideal= {0_}.

(50) For every right zeroed add-left-cancelable left distributive non empty double loop structure
L holds{0_}-right-ideal= {0, }.

(51) For every well unital non empty double loop structureolds {1, }—ideal= the carrier of
L.

(52) For every right unital non empty double loop structuteolds{1, }-left-ideal= the carrier
of L.

(53) For every left unital non empty double loop structuteolds{1, }-right-ideal= the carrier
of L.

(54) For every non empty double loop structurboldsQ, —ideal= the carrier of_.
(55) For every non empty double loop structurboldsQ, —left-ideal= the carrier ofL.
(56) For every non empty double loop structurboldsQ, —right-ideal= the carrier ofL.

(57) For every non empty double loop structlirand for all non empty subsefs B of L such
thatA C B holdsA-idealC B—ideal

(58) For every non empty double loop structlrand for all non empty subsefs B of L such
thatA C B holdsA-left-idealC B-left-ideal

(59) For every non empty double loop structlirand for all non empty subsefs B of L such
thatA C B holdsA-right-idealC B-right-ideal

(60) LetL be an add-associative left zeroed right zeroed add-cancelable associative distributive
well unital non empty double loop structurié,be a non empty subset bf andx be a set.
Thenx € F—ideal if and only if there exists a linear combinatibof F such thak = 3 f.

(61) LetL be an add-associative left zeroed right zeroed add-cancelable associative distributive
well unital non empty double loop structurié,be a non empty subset bf andx be a set.
Thenx € F-left-ideal if and only if there exists a left linear combinatibérof F such that

x=75f.
(62) LetL be an add-associative left zeroed right zeroed add-cancelable associative distributive

well unital non empty double loop structurié,be a non empty subset bf andx be a set.
Thenx € F—right-ideal if and only if there exists a right linear combinatibof F such that

x=73f.
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(63) LetRbe an add-associative left zeroed right zeroed add-cancelable well unital associative
commutative distributive non empty double loop structure sk a non empty subset Bf
ThenF—ideal= F-left-ideal and-—ideal= F-right-ideal

(64) LetRbe an add-associative left zeroed right zeroed add-cancelable well unital associative
commutative distributive non empty double loop structure afi@ an element oR. Then
{a}—ideal= {a-r : r ranges over elements Bf.

(65) LetR be an Abelian left zeroed right zeroed add-cancelable well unital add-associative
associative commutative distributive non empty double loop structure,dnide elements of
R Then{a,b}-ideal={a-r +b-s:r ranges over elements Bf s ranges over elements of
R}.

(66) For every non empty double loop structiReand for every elemerd of R holdsa €
{a}-ideal

(67) LetRbe an Abelian left zeroed right zeroed right complementable add-associative associa-
tive commutative distributive well unital non empty double loop structAree a non empty
subset oR, anda be an element dR. If a € A-ideal then{a}—idealC A-ideal

(68) For every non empty double loop structiReand for all elements, b of R holdsa €
{a,b}—ideal andb € {a,b}—ideal

(69) For every non empty double loop structuReand for all elements, b of R holds
{a}-idealC {a,b}-ideal and{b}-idealC {a,b}-ideal

5. SoME OPERATIONS ONIDEALS

Let Rbe a non empty groupoid, lebe a subset dR, and leta be an element dR. The functora- |
yields a subset dR and is defined as follows:

(Def.19) a-1 ={a-i;i ranges over elementsBf i € 1 }.

Let R be a non empty multiplicative loop structure, ldbe a non empty subset B and leta
be an element dR. One can check that- | is non empty.

Let R be a distributive non empty double loop structure] Ibe an add closed subsetRfand
letabe an element dR. One can verify thaa- | is add closed.

Let R be an associative non empty double loop structurd, et a right ideal subset &, and
letabe an element dR. One can check that: | is right ideal.

Next we state two propositions:

(70) LetRbe aright zeroed add-left-cancelable left distributive non empty double loop structure
andl be a non empty subset Bf Then G- | = {Or}.

(71) For every left unital non empty double loop struct&and for every subseétof R holds
Ir-1=1.

Let R be a non empty loop structure and letl be subsets oR. The functorl + J yielding a
subset oRis defined by:

(Def. 20) |+J={a+bh;aranges over elements Bf b ranges over elementsBf ac| A be J}.

Let R be a non empty loop structure and let be non empty subsets Bf Observe that +J
is non empty.

Let R be an Abelian non empty loop structure andilel be subsets dR. Let us note that the
functorl 4+ J is commutative.

Let Rbe an Abelian add-associative hon empty loop structure andJldie add closed subsets
of R. Note thatl 4+ J is add closed.

Let R be a left distributive non empty double loop structure andl,Iétbe right ideal subsets of
R. One can verify thak+ J is right ideal.
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Let R be a right distributive non empty double loop structure andl,l&te left ideal subsets of
R. Observe thak+ J is left ideal.

We now state several propositions:

(72) For every add-associative non empty loop strudiiaad for all subsetk, J, K of Rholds
I+ J+K)=(+J)+K.

(73) LetRbe aleft zeroed right zeroed add-right-cancelable right distributive non empty double
loop structure andl, J be right ideal non empty subsetsRfThenl C 1+ J.

(74) LetRbe aleft zeroed add-right-cancelable right distributive non empty double loop struc-
ture andl, J be right ideal non empty subsetsRfThenJ C | +J.

(75) LetRbe a non empty loop structure,J be subsets dR, andK be an add closed subset of
R If | CKandJ CK, thenl +J CK.

(76) LetR be an Abelian left zeroed right zeroed add-cancelable well unital add-associative
associative commutative distributive non empty double loop structure,dnide elements of
R. Then{a,b}-ideal= {a}-ideal+ {b}-ideal

Let Rbe a non empty 1-sorted structure and Je&kbe subsets dR. The functord NJ yielding a
subset oR is defined by:

(Def. 21) INJ={x;xranges over elements Bf xe | A xe J}.

Let Rbe aright zeroed add-left-cancelable left distributive non empty double loop structure and
let1, J be left ideal non empty subsetsRf Observe thatNJ is non empty.
Let Rbe a non empty loop structure and lled be add closed subsetsRf One can check that
I NJis add closed.
Let R be a non empty multiplicative loop structure andlled be left ideal subsets d®. One
can verify that NJ is left ideal.
Let R be a non empty multiplicative loop structure andllel be right ideal subsets & One
can check thattn J is right ideal.
We now state four propositions:

(77) For every non empty 1-sorted structi®end for all subsets, J of RholdsINJ C | and
INJCJ.

(78) For every non empty 1-sorted struct&and for all subsetk J, K of Rholdsl N (JNK) =
(INnd)nK.

(79) For every non empty 1-sorted structi®@nd for all subsets, J, K of R such thakK C |
andK C JholdsK CI1nJ.

(80) Let R be an Abelian left zeroed right zeroed right complementable left unital add-
associative left distributive non empty double loop structlirbe an add closed left ideal
non empty subset d®, J be a subset dR, andK be a non empty subset Bf If J C I, then
IN(J+K)=J+1NK.

Let Rbe a non empty double loop structure and J&tbe subsets dR. The functod xJ yielding
a subset oR is defined by the condition (Def. 22).

(Def.22) | «J = {3 s;s ranges over finite sequences of elements of the carrierRof
/\i:natural number(l <iAi<lens = Va,b:element ofR (S<i> =a-bAael Abe ‘]))}

Let Rbe a non empty double loop structure and |Jekbe subsets dR. One can verify thalt « J
is non empty.

Let R be a commutative hon empty double loop structure andj, Iétbe subsets oR. Let us
notice that the functar J is commutative.

Let R be a right zeroed add-associative non empty double loop structure dnd le¢ subsets
of R. Note thatl *J is add closed.



RING IDEALS 10

Let R be a right zeroed add-left-cancelable associative left distributive non empty double loop
structure and lef, J be right ideal subsets & Note thatl «J is right ideal.

Let Rbe a left zeroed add-right-cancelable associative right distributive non empty double loop
structure and lett, J be left ideal subsets &. Note thatl «J is left ideal.

The following propositions are true:

(81) LetRDbe a left zeroed right zeroed add-left-cancelable left distributive non empty double
loop structure andl be a non empty subset Bf Then{Og} x| = {Or}.

(82) LetRbe aleft zeroed right zeroed add-cancelable distributive non empty double loop struc-
ture,| be an add closed right ideal non empty subse®,aindJ be an add closed left ideal
non empty subset & Thenl xJC I NJ.

(83) LetR be an Abelian left zeroed right zeroed add-cancelable add-associative associative
distributive non empty double loop structure dnd, K be right ideal non empty subsets of
R. Thenl « (J+K) =1%J+1 K.

(84) LetRbe an Abelian left zeroed right zeroed add-cancelable add-associative commutative
associative distributive non empty double loop structure lantdbe right ideal non empty
subsets oR. Then(l +J)«(1NJ) C 1 %J.

(85) LetRbe aright zeroed add-left-cancelable left distributive non empty double loop structure
andl, J be add closed left ideal non empty subsetRofhen(l +J)«(INJ) C1NJ.

Let Rbe a non empty loop structure andllef be subsets dR. We say that, J are co-prime if
and only if:

(Def. 23) | +J=the carrier olR.

Next we state two propositions:

(86) LetRbe a left zeroed left unital non empty double loop structure laddoe non empty
subsets oR. If 1, J are co-prime, thehnJ C (1 +J) « (1N J).

(87) LetRbe an Abelian left zeroed right zeroed add-cancelable add-associative left unital com-
mutative associative distributive non empty double loop structuye an add closed left ideal
right ideal non empty subset 8 andJ be an add closed left ideal non empty subseR.af
I, J are co-prime, thehxJ=1NJ.

Let Rbe a non empty groupoid and llet] be subsets dR. The functor %J yields a subset of
Rand is defined by:

(Def. 24) 1%J = {a;aranges over elementsBf a-J C | }.

Let Rbe aright zeroed add-left-cancelable left distributive non empty double loop structure and
letl, J be left ideal non empty subsetsif Observe thak%J is non empty.

Let Rbe aright zeroed add-left-cancelable left distributive non empty double loop structure and
letl, J be add closed left ideal non empty subsetRoDbserve that%J is add closed.

Let R be a right zeroed add-left-cancelable left distributive associative commutative non empty
double loop structure and letJ be left ideal non empty subsets Rf One can verify that%J is
left ideal andl %J is right ideal.

We now state several propositions:

(88) LetRbe a non empty multiplicative loop structutehe a right ideal non empty subset of
R, andJ be a subset dR. Thenl C | %J.

(89) LetRbe aright zeroed add-left-cancelable left distributive non empty double loop structure,
| be an add closed left ideal non empty subs&®,@ndJ be a subset . Then(l %J)«JC 1.

(90) LetRbe a left zeroed add-right-cancelable right distributive non empty double loop struc-
ture, | be an add closed right ideal non empty subseRo&ndJ be a subset oR. Then
(1%J)*JC 1.
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(91) LetRbe a left zeroed add-right-cancelable right distributive commutative associative non
empty double loop structuré,be an add closed right ideal non empty subse®,cindJ, K
be subsets dR. Then(l %J) %K = 1% (J«K).

(92) For every non empty multiplicative loop structiRexnd for all subsets, J, K of R holds
(INK)%I = (3%I)N(K%I).

(93) LetRbe aleft zeroed right zeroed add-right-cancelable right distributive non empty double
loop structurel be an add closed subset®®fandJ, K be right ideal non empty subsetsiRf
Thenl % (J+K) = (1 %J) N (1 %K).

Let R be a unital non empty double loop structure and Ibe a subset oR. The functory/l
yields a subset dR and is defined as follows:

(Def. 25) /1 = {a;aranges over elements Bf \/,, nawral numper@” € | }-

Let Rbe a unital non empty double loop structure and le¢ a non empty subset Bf One can
verify that+/I is non empty.
Let R be an Abelian add-associative left zeroed right zeroed commutative associative add-
cancelable distributive unital non empty double loop structure ariddetan add closed right ideal
non empty subset d®. Note thaty/I is add closed.
Let R be a unital commutative associative hon empty double loop structure ahthded left
ideal non empty subset & One can check that] is left ideal andy/1 is right ideal.
Next we state two propositions:

(94) LetRbe a unital associative non empty double loop structube a non empty subset of
R, anda be an element dR. Thena < /1 if and only if there exists a natural numbesuch
thata" € v/1.

(95) LetRbe a left zeroed right zeroed add-cancelable distributive unital associative non empty
double loop structurd, be an add closed right ideal non empty subseéR,aindJ be an add
closed left ideal non empty subsetRfTheny/1 «J = /1 NJ.

6. NOETHERIAN RINGS AND PIDs

Let L be a non empty double loop structure andlléte an ideal of.. We say that is finitely
generated if and only if:

(Def. 26) There exists a non empty finite subiSedf L such that = F—ideal

Let L be a non empty double loop structure. Observe that there exists an idealtuth is
finitely generated.

Let L be a non empty double loop structure andHebe a non empty finite subset bf Note
thatF—ideal is finitely generated.

LetL be a non empty double loop structure. We say thigtNoetherian if and only if:

(Def. 27) Every ideal ot is finitely generated.

Let us note that there exists a non empty double loop structure which is Euclidian, Abelian, add-
associative, right zeroed, right complementable, well unital, distributive, commutative, associative,
and non degenerated.

Let L be a non empty double loop structure and Ibe an ideal of.. We say that is principal
if and only if:

(Def. 28) There exists an elemesf L such that = {e}—ideal
LetL be a non empty double loop structure. We say thiatPID if and only if:
(Def. 29) Every ideal ot is principal.

We now state three propositions:
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(96) LetL be a non empty double loop structure &te a non empty subset bf If F £ {0, },
then there exists an elemenodf L such thak # 0. andx € F.

(97) Every add-associative left zeroed right zeroed right complementable distributive left unital
Euclidian non empty double loop structure is PID.

(98) For every non empty double loop structursuch that is PID holdsL is Noetherian.

Let us mention that IN'Ring is Noetherian.

Let us observe that there exists a non empty double loop structure which is Noetherian, Abelian,
add-associative, right zeroed, right complementable, well unital, distributive, commutative, associa-
tive, and non degenerated.

Next we state two propositions:

(99) LetR be a Noetherian add-associative left zeroed right zeroed add-cancelable associative
distributive well unital non empty double loop structure @be a non empty subset &
Then there exists a non empty finite subSeif R such thaC C B andC—ideal= B-ideal

(100) LetR be a non empty double loop structure. Suppose that for every non empty Bubset
of R there exists a hon empty finite sub§ebf R such thalC C B andC—ideal= B-ideal
Let a be a sequence dR. Then there exists a natural numhbmarsuch thataim-+ 1) €
(rg(a]Zm+1))—ideal

Let X, Y be non empty sets, ldtbe a function fronX into Y, and letA be a non empty subset
of X. One can verify thaf [A is non empty.
One can prove the following propositions:

(101) LetRbe anon empty double loop structure. Suppose that for every seqaenétthere
exists a natural numben such thata(m+ 1) € (mg(alZm1))—ideal Then there does not
exist a functiorF from N into 2he carrer ofR g ch that

(i) for every natural numberholdsF (i) is an ideal ofR, and
(i) for all natural numberg, k such thatj < k holdsF (j) c F(Kk).
(102) LetRbe a non empty double loop structure. Suppose that it is not true that there exists a

functionF from N into 2he carmier oR g ch that for every natural numbigroldsF (i) is an ideal
of Rand for all natural numberjs k such thatj < k holdsF(j) C F (k). ThenRis Noetherian.
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