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Summary. We study connections between Major Desargues Axiom and the transitiv-
ity of group of homotheties. A formal proof of the theorem which establishes an equivalence
of these two properties of affine planes is given. We also study connections between trapezium
version of Major Desargues Axiom and the existence of the shears in affine planes. The article
contains investigations on “Scherungssatz”.

MML Identifier: HOMOTHET.

WWW: http://mizar.org/JFM/Vol2/homothet.html

The articles [8], [2], [1], [3], [5], [6], [4], and [7] provide the notation and terminology for this
paper.

For simplicity, we use the following convention:A1 is an affine plane,a, b, o, p, p′, q, q′, x, y
are elements ofA1, M, K are subsets ofA1, and f is a permutation of the carrier ofA1.

One can prove the following four propositions:

(1) Suppose that notL(o,a, p) andL(o,a,b) andL(o,a,x) andL(o,a,y) andL(o, p, p′) and
L(o, p,q) and L(o, p,q′) and p 6= q and a 6= x and o 6= q and o 6= x and a, p ��‖ b, p′ and
a,q ��‖ b,q′ andx, p ��‖ y, p′ andA1 satisfiesDES. Thenx,q ��‖ y,q′.

(2) Suppose that for allo, a, b such thato 6= a ando 6= b andL(o,a,b) there existsf such that
f is a dilatation andf (o) = o and f (a) = b. ThenA1 satisfiesDES.

(3) SupposeA1 satisfiesDES. Let giveno, a, b. Supposeo 6= a ando 6= b andL(o,a,b). Then
there existsf such thatf is a dilatation andf (o) = o and f (a) = b.

(4) A1 satisfiesDES if and only if for all o, a, b such thato 6= a ando 6= b andL(o,a,b) there
exists f such thatf is a dilatation andf (o) = o and f (a) = b.

Let us considerA1, f , K. We say thatf is ScK if and only if:

(Def. 1) f is a collineation andK is a line and for everyx such thatx∈ K holds f (x) = x and for
everyx holdsx, f (x) // K.

One can prove the following propositions:

(5) If f is ScK and f (p) = p andp /∈ K, then f = idthe carrier ofA1.

(6) If for all a, b, K such thata, b // K anda /∈K there existsf such thatf is ScK and f (a) = b,
thenA1 satisfiesTDES.
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(7) Suppose thatK // M andp∈K andq∈K andp′ ∈K andq′ ∈K andA1 satisfiesTDES and
a∈ M andb∈ M andx∈ M andy∈ M anda 6= b andq 6= p andp,a ��‖ p′,x andp,b ��‖ p′,y
andq,a ��‖ q′,x. Thenq,b ��‖ q′,y.

(8) If a, b // K anda /∈ K andA1 satisfiesTDES, then there existsf such thatf is ScK and
f (a) = b.

(9) A1 satisfiesTDES if and only if for all a, b, K such thata, b // K anda /∈ K there existsf
such thatf is ScK and f (a) = b.

REFERENCES
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